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Foreword

John Vinti was one of the few surviving figures from the American Golden Age
of Science that began during the 1930s. After entering the Massachusetts Institute
of Technology (MIT) on a scholarship, he received an S.B. Degree in mathemat-
ics. Awarded a James Savage Fellowship at MIT, he pursued graduate studies in
physics. It was during this time that he became interested in Hamiltonian mechan-
ics. Then, as now, the Hamilton—Jacobi equation was regarded by most physicists
as only a point of departure for quantum mechanics. Years later, he was to be the
first to apply it effectively to an important practical problem in orbital mechanics.
He began his doctoral dissertation on atomic wave functions under the physicist
Rudolf Langer and finished his thesis under Philip Morse, who is famous for the
Morse potential for diatomic molecules. It was the approach of finding a “solv-
able problem” suggested by Morse that became a dominant factor in Vinti’s later
scientific career.

After receiving a Doctor of Science degree in physics from MIT, Vinti spent
two years in postdoctoral research at the University of Pennsylvania and produced
a number of research papers. The most important of these papers for space sci-
ence was the calculation of the continuous absorption spectrum of helium; this
extraordinary contribution is referenced in the Encyclopedia of Physics. Several of
his publications in electromagnetic wave propagation and gamma-ray scattering,
which appeared in the Physical Review during this period, are still widely quoted.
Although the devastating effect of the Great Depression on America’s academic
institutions halted a well-deserved rapid rise of his professional career, his sci-
entific work is nevertheless noted for its creative versatility. First as a theoretical
physicist, he made fundamental contributions to atomic and molecular physics
as well as related fields, resulting in more than 70 important papers in physics,
mathematics, and engineering. These unique accomplishments earned him the
following honors: Fellow of the American Physics Society in 1936; Fellow of the
British Interplanetary Society in 1960; Fellow of the Royal Astronomical Society
(London) in 1961; Member of the Cosmos Club, Washington, D.C., in 1961; Fel-
low of the Washington Academy of Sciences in 1963; and Fellow of the American
Association for the Advancement of Science in 1967.

With the advent of World War II and the effects of the Great Depression begin-
ning to recede in the early 1940s, Vinti moved to the Aberdeen Proving Ground
in Maryland. The genesis of Vinti’s interest in celestial mechanics began at Ab-
erdeen. It was while working on interior ballistics of rockets that he met Boris
Garfinkel, an astronomer, and Joel Brenner, a mathematician, both of whom had
a major influence on his subsequent career. Garfinkel helped direct his efforts in
celestial mechanics, while Brenner reinvigorated his focus in finding a solvable
solution of the Hamilton—Jacobi equation in orbital mechanics. It was also during
his stay at Aberdeen that he developed a close association with giants such as John
von Neumann, Martin Schwarzchild, Subramanyan Chandrasekhar, and Josef and
Maria Goeppert-Maier.

In 1957, Vinti was invited by Robert Dressler to join his Mathematical-Physics
Division at the National Bureau of Standards (NBS), Washington, D.C., where
Vinti was free to choose his own research areas. This gave Vinti the opportunity
to work on his orbital ideas. In 1959, he produced his first series of papers on the
motion of a close-Earth, drag-free satellite by means of separable Hamiltonian. By
introducing a gravitational potential in oblate spheroidal coordinates, Vinti was
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able simultaneously to satisfy Laplace’s equation and to separate the Hamilton—
Jacobi equation. Since the assumed potential is very close to that of the Earth,
the resulting equations of motion, which are solved in closed form, yield very
accurate and rapid results. Until that time, standard general perturbation methods
used in orbit determination were both computationally intensive and relatively
low in accuracy for use in orbit prediction. In a single brilliant effort, this changed
overnight. Scientists and engineers especially in the Soviet, French, Japanese, and
Chinese space communities were quick to recognize this work and adapt it to their
needs in both research and applications.

In 1968, Vinti returned to MIT where he had started his career, combining
the teaching of celestial mechanics and research at the Measurement Systems
Laboratory. Several papers emerged during this period. Work on the problem
of the stability of free rotation of a rigid body led to new quantitative results.
Another paper showed the feasibility of representing the higher harmonics of the
Earth’s gravitational field by means of a monopole layer on a spherical surface
just containing the Earth. These higher harmonics amount to perturbations of only
a few parts in a million, but there are hundreds of them that have to be accounted
for in calculating an accurate satellite orbit as a baseline for satellite geodesy.
At the urging of scientist-astronaut Dr. Philip Chapman, Vinti and colleague
Leonard Wilk completed an analysis of an experimental method for determining
the gravitational constant G in a large manned orbiting laboratory. The motivation
was to search for possible variations in G with gravitational potential to test Robert
Dicke’s modification of general relativity.

As a teacher, Vinti was acclaimed by both his students and fellow researchers.
While at Aberdeen he resumed his academic career in 1940, serving at various
times as lecturer in physics and mathematics for the Universities of Delaware
and Maryland. From a course in theoretical mechanics he delivered at Aberdeen
for the University of Maryland, two-thirds of the students went on to receive
doctoral degrees in physics, and each of them pointed out that more than half of
the material on their written comprehensives had been covered in Vinti’s course.
In the academic environment, Vinti always put his students’ concerns above all
else. His teaching method was unique: He made his students lecture to him from
the blackboard. Invariably, that they said that his courses were the most valuable
they had ever experienced.

G. J. Der
TRW, Los Angeles, California
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Preface

This book presents one of the many extraordinary contributions given to the aerospace
sciences by the late Professor John Pascal Vinti. It contains the text of lecture notes that
Vinti used in a course first given at the Catholic University of America in 1966, and which
was later refined for a similar course he taught at MIT. The step-by-step derivations could
have been shortened by drastically reducing the number of equations, but Vinti endeavored
to achieve, above all, clarity and rigor, as well as elegance and practicality.

As both a researcher and a professor of physics, Vinti is able toaddress and relate the
various topics in orbital and celestial mechanics starting from the first principle. The text
is organized to bring together work from different areas of satellite astronomy so as to
examine critically the discipline from the viewpoint of classical mechanics. Advanced
courses in classical mechanics have long been a time-honored part of the graduate physics
curriculum. As such, it remains an indispensable component of a student’s education. In one
or another of its advanced formulations, it serves as a springboard to various branches of
physics including the applications to celestial and orbital mechanics. Thus, the technique of
action-angle variables, which was needed for the older quantum mechanics, is invaluable for
the discussion of conditionally periodic Staeckel systems. The Hamilton—Jacobi equation,
which in modern physics provided the transition to wave mechanics, is now seen as the
starting point for the Vinti spheroidal method for satellite orbits and ballistic trajectories.
Lagrange and Poisson brackets, and canonical transformations, which also were of signal
importance in modern physics, are indispensable in the theory of general perturbations.
Moreover, the approach to celestial and orbital mechanics affords both the student and
researcher the opportunity to master many of the mathematical techniques necessary for this
discipline while still working in terms of the familiar universal concepts of classical physics.

With these objectives in mind, the traditional treatment of the subject, which was in large
measure fixed in the latter part of the 19th century, is no longer adequate. The present book
is an exposition of celestjal and orbital mechanics that fulfills the new requirements. Those
formulations that are of importance to this field have received emphasis, and mathematical
techniques have been introduced whenever they result in increased elegance, compactness,
and understanding. For both students and workers in celestial and orbital mechanics, a great
deal of effort was made to keep the book self-contained. Much of Chapters 14 is devoted,
therefore, to material usually covered in preliminary courses. Until now, no connected
account was available on the classical foundations arising from forces that are not derivable
from a potential. This powerful concept is included in Chapters 12 and 13 on the Gaussian
variational equations for both the Jacobi and Keplerian elements. A natural followup to this
is the effect of drag on the orbits of Earth satellites, which is covered in Chapter 18.

The Vinti spheroidal method, which is many years ahead of its time, predicts position
and velocity vectors for satellites and ballistic missiles almost as accurately as numerical
integration. Those nonspecialists who may not be familiar with the underlying mathematics
or who may not have access to sophisticated numerical integration routines can simply use
one of the available Vinti computer routines to obtain accurate solutions for a satellite orbit or
ballistic trajectory. To save memory and improve numerical integration efficiency, the Vinti
spheroidal method was implemented onboard one of our ballistic missile targeting programs
with great success more than 20 years ago. The targeting portion of the computer code has
deliberately been deleted for clarity. It is simple to apply a Vinti trajectory computer routine
to solve a targeting problem. The important routines are commented, to help interested
readers who wish to understand the Vinti spheroidal method in detail. Helpful hints and
clarifying details are presented in various appendices.

XV
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Introduction

ROFESSOR John Pascal Vinti is an example of a brilliant American scientist

whose outstanding works have gone essentially unrecognized. This book is a
belated tribute to the extraordinary contributions of Vinti in the fields of orbital and
celestial mechanics. Until Vinti, standard general perturbations methods and semi-
analytic satellite theories applied to orbit determination were computationally
intensive and low in accuracy. With a single brilliant stroke, this changed overnight.
Vinti was the first physicist to apply effectively the Hamiltonian—Jacobi equation
to solve analytically the orbit prediction problem in mechanics. His revolutionary
method for the orbits of satellites about an oblate Earth is, to this day, yet to be fully
acknowledged. This was due, in part, to the advanced nature of his techniques, as
well as his lack of self-promotion for his work.

The first eight chapters of this book provide the fundamentals of orbital and ce-
lestial mechanics: Newton’s Laws, The Two-Body Problem, Langrangian Dynam-
ics, The Hamiltonian Equations, Canonical Transformations, Hamilton—Jacobi
Theory, Hamilton—Jacobi Perturbation Theory, and Vinti Spheroidal Method for
Satellite Orbits and Ballistic Trajectories. By introducing a gravitational potential
in oblate spheroidal coordinates, Vinti was able simultaneously to satisfy Laplace’s
equation and to separate the Hamilton—Jacobi equation. Since the assumed poten-
tial is very close to that of the Earth, the resulting equations of motion, which are
solved in closed form, rapidly yield very accurate results. Today’s extremely fast
computers motivate numerical integration of trajectories in almost every applica-
tion. Very often, numerical techniques are not well understood, making the numer-
ical solutions erroneous and/or computationally inefficient. Analytic methods for
long-term satellite orbit prediction and short-term ballistic missile impact-point
prediction are indispensable. A Vinti trajectory propagator has the same input and
output formats as a Kepler routine but gives solutions that approach the accuracy
of numerical integration in most cases, especially for a drag-free satellite and a
long-range ballistic missile. A Vinti trajectory propagator is difficult to implement,
and once developed, it is usually guarded as proprietary software. Through the
generosity of his friends and students, this book includes six Vinti trajectory prop-
agators that have been independently developed by Wadsworth, Izsak—Borchers,
Bonavito, Lang, Getchell, and Der—-Monuki. Appendix A describes the coordi-
nate systems and coordinate transformations used in the Vinti spheroidal method.
Appendix B provides the computational procedures of two Vinti trajectory al-
gorithms. Appendix C presents a set of examples to address the accuracy and
robustness of the Vinti spheroidal method.

The remaining chapters of this book consist of additional topics of several
important elements of orbital and celestial mechanics: Delaunay Variables, The
Lagrange Planetary Equations, The Planetary Disturbing Function, Gaussian Vari-
ational Equations for the Jacobi Elements, Gaussian Variational Equations for the
Keplerian Elements, Potential Theory, The Gravitational Potential of a Planet, El-
ementary Theory of Satellite Orbits with Use of the Mean Anomaly, Elementary
Theory of Satellite Orbits with Use of the True Anamoly, The Effects of Drag
on Satellite Orbits, The Brouwer—von Zeipel Method I, The Brouwer—von Zeipel
Method 1I, Lagrange and Poisson Brackets, Lie Series, Perturbations by Lie Se-
ries, The General Three-Body Problem, The Restricted Three-Body Problem, and
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Staeckel Systems. This latter part is based on Vinti’s lecture notes used at the

Catholic University of America and MIT.

The equations of motion of orbital and celestial mechanics can be traced to
the works of Newton, D’ Alembert, Lagrange, Hamilton, Jacobi, and many others.
They formulated the kinematical problem by providing the equations of motion
expressed in either a set of N second-order, ordinary differential equations or 2N
first-order, ordinary differential equations. Few of these great mathematicians and
physicists were able to provide even a single analytic solution to the equations of

motion of orbital and celestial objects.

The primary purpose of this book is to describe Vinti’s potential theory in
orbital mechanics and his interpretation of the elements of celestial mechanics.
Vinti’s potential theory leads to the best analytic solution to the equations of
motion for the satellite orbits and ballistic trajectories about an oblate Earth. By
analytic, we mean that the algorithm does not involve any numerical integration.
Vinti’s interpretation of the elements of orbital and celestial mechanics provides
refreshing, yet simple and logical, reading. A secondary purpose is to provide
several practical Vinti trajectory algorithms that are included on the floppy disk.
A Vinti trajectory algorithm, which gives an accurate analytic solution to Kepler’s
problem, computes the position and velocity vectors r(¢) and v(¢) at a given final
time ¢, from the given initial position vector r(fy), the initial velocity vector v(),

and the initial time (zp).

Figure 1 shows that the equations of motion can be solved by special pertur-
bations or general perturbations. Special perturbations methods, which employ
numerical integration, theoretically provide the most accurate solution at the ex-
pense of computational time. General perturbations methods, whose solutions are
analytic, can be represented by three basic methods: Kepler, Brouwer, and Vinti.
Other general perturbations methods that employ a reference orbit, power series,
averaging process, and special rectangular coordinates are usually application-
specific and, thus, omitted from this discussion. A conceptual comparison of
typical numerical and analytic solutions for Kepler’s problem is depicted in Fig. 2.
The Vinti solution is usually very close to the numerically integrated solution for

the satellite state prediction or the ballistic missile impact-point prediction.

SPECIAL GENERAL
PERTURBATIONS PERTURBATIONS
Numerical Kepler Brouwer Vinti
Integrators
. Term-by-term R
Solution of analytic Solution of
Numerical Eﬂ;ﬁ integration of ?;‘;‘Q‘im"'
integration 4 Lagrange equation
. planetary q
Equations of equation

More general
form of the

Most
accurate
solution

equations of motion

motion with no
perturbations

Most
simple

analytic
solution

Equations of motion include
some perturbed accelerations

Analytic solution
with singularities
and initialization

difficulty v

Analytic solution
with neither
singularities

nor initialization
difficulty

Fig. 1 Methods of solution for the equations of motion in orbital mechanics and

celestial mechanics.
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Vinti's solution

v(t) ° e Kepler's solution
Numerically
integrated
solution

Kepler's Problem
Given: r (to ), v (to Yt st

Find: r (), v (?)

object at N

Numerically

integrated
(t 0) sofution

Kepler's solution

Vinti's_solution

object dt ¢

Fig.2 A conceptual comparison of numerical and analytic methods for satellite-state
prediction and ballistic missile impact-point prediction.

Kepler and Newton provided the most simple analytic solution for the unper-
turbed problem, in which the equations of motion are reduced to three
homogeneous second-order, ordinary differential equations. Brouwer performed
successive canonical transformations and analytic term-by-term integration us-
ing the von Zeipel averaging technique. A Brouwer (or Kozai) method often
encounters numerical difficulties in the neighborhood of the singularities of zero
eccentricity, zero inclination, or critical inclination. Vinti formulated the equa-
tions of motion with the oblate spheroidal coordinate system (the Earth is an
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NEWTONIAN MECHANICS
Classical Formulation Hamilton~Jacobian Formulation
Equations of motion Equations of motion
% _ _%r ‘a, o= - BH(aqq,kp, t) g = BH(‘;Ip,kp, )

where g's and p's are respectively coordinates and
Given: r(t,),v{ty), 5, t momenta, and k = 1,2, 3.
Find: r(1),v(r) Given: r(ty), v(ty), ty, t

Find: r(z),v(t)

Kepler's method: Vinti's method:
(1) Assume no perturbations (1) Define Hamiltonian and generating function:
or zero disturbed H=T+V ad S = 5(q9,P)
acceleration: @; = 0 where T is the kinetic energy and and V is the

potential energy that includes perturbations.
(2) Solve the unperturbed Kepler's

. 2) Define the spheroidal gravitation potential:
equation: @ - pu( b+ 5"? P
F@=0 Vo e
where x is the universal variable. which simultanuously satisfies the Laplace's equation
(3) Express solution in the form: and separates the Hamiltonian-Jacobi equation
oS
o) =L 2] [v) e e
4t FI 1] vity) resulting in three kinematical equations
where f& f gare functions L+ B, = R +cIN,
ot x. By = -0y Ry vy N,
By = ¢+ o3 Ry - oy N,

where o's, R's, N's and B's can be computed at ¢, .

(3) Substitute the 8's back into the kinematical equations
and solve for p, 7, ¢ and then p, 7, ¢ at ¢, which then
transform into r(¢)and v(¢).

Fig. 3 Computational procedures of Kepler and Vinti methods of solution for the
equations of motion from the Newtonian mechanics point of view.

oblate spheroid) and then took advantage of separation of variables to solve ana-
lytically the Hamilton—Jacobi partial differential equations while simultaneously
satisfying the Laplace equation. Even though Vinti’s method includes only the
second-, third-, and about 70% of the fourth-order zonal gravitational harmonics
in the perturbed accelerations, his method is not only the most computationally
efficient (fastest and most accurate), but also demonstrates no singularity behavior
whatsoever. :

Figure 3 depicts the computational procedures of the Kepler and Vinti methods
from the classical mechanics point of view. Kepler’s method of solution is a
classical formulation of Newtonian mechanics by directly solving the second-
order, ordinary differential equation. The Brouwer’s method, which is not included
in Fig. 3, uses the Delaunay form of the canonical equations of motion and
eliminates the lower case variables from the Hamiltonian by means of successive
canonical transformations. The canonical equations are essentially the Lagrange
equations of motion. Kozai used the classical element form of the canonical
equations of motion and developed almost the same solutions as Brouwer’s. In a
programmabile (first-order) Brouwer’s algorithm, only the first-order short periodic
terms, second-order secular terms, and long periodic terms can be kept. Using the
von Zeipel averaging technique and analytic term-by-term integration by brute
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force, Brouwer’s solution must also begin with a set of mean (averaged) orbital
elements. Vinti’s method, which is a Hamilton—Jacobian formulation of Newtonian
mechanics, is straightforward and elegant. The equations of motion for the classical
and Hamilton—Jacobian formulations are expressed in terms of force and energy,
respectively.

The trajectory propagation algorithms of Brouwer and Kozai, which are repre-
sented by the simplified general perturbations (SGP) and its derivatives (SGP4,
SDP4, SGPS8, SDP8), have been developed by the North American Aerospace
Defense Command (NORAD) and used for over 30 years. For comparison pur-
poses, an unofficial version of these SGP algorithms and the necessary conversion
algorithms are also included on the floppy disk. These SGP algorithms, which
were downloaded from a computer at the U.S. Air Force Institute of Technology
via the Internet, are slightly modified for true double precision computing.

The singularity problems that we have described are insignificant when com-
pared with the difficulty of initialization or starting procedure. The input state
vector for a term-by-term analytic integration method such as Brouwer’s requires
a six-dimensional mean vector (the six mean elements in the NORAD two-card
element setare n, e, i, 2, @, M). The mean anomaly 7 is used instead of the mean
semi-major axis a. Thus, all SGP propagators start with a given mean vector, and
their output is the predicted (osculating) position and velocity vectors r(¢) and v(r),
which can be transformed to the osculating elements (a, e, I, 2, w, M), if desired.
Osculating elements are the ones that are usually available, and the reconstruction
of mean elements must begin with osculating elements. Therefore, the SGP prop-
agators that accept only mean elements as input are difficult to use because they
require an additional step of converting osculating elements to mean elements.
Conversion is unnecessary if the input and output are initial and final position and
velocity vectors. Although Vinti’s method starts with the given osculating position
and velocity vectors, it actually computes a set of mean elements and then outputs
the predicted position and velocity vectors r(¢) and v(t). That is, the input and
output formats of Vinti’s method are identical to those of Kepler’s method, and this
transparency of mean elements alone presents a formidable advantage of Vinti’s
method over any term-by-term analytic integration method.

The Hamilton—Jacobi equation was regarded by most physicists only as the
point of departure for quantum mechanics. Vinti mathematically solved the
Kepler problem by separating the Hamilton—Jacobi equation and simultaneously
satisfying the Laplace equation and exploited the spheroidal Earth to provide the
physical meaning. The Vinti spheroidal method relies not just on a solid mathemat-
ical foundation, but also on the laws of physics. Formulating this potential in terms
of oblate spheroidal coordinates is in itself a combination of masterful insight and
hard work. The editors’ objective is to make this elegant theory understandable
and to make its great practical utility for satellite orbit and ballistic missile launch
and impact-point prediction accessible to a new generation of astronomers, physi-
cists, applied mathematicians, and engineers. Goddard Space Flight Center was an
active center for the development of Vinti’s work. Vinti and scientists at Goddard
published numerous reports that extended Vinti’s analytic method to include drag
and perform differential correction in orbit determination.
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Chapter 1

Newton’s Laws

I. Newton’s Laws of Motion

RBITAL and celestial mechanics are based almost entirely on the mechanics

of Newton. According to this, we can attach anumber, called the inertial mass,
to any given particle, and this number governs its response to its environment. Let
the position vector of the particle be r, its vector displacement from the origin O
of some reference system that we call inertial. Such an inertial system is said to be
at rest relative to the “fixed stars,” or more accurately, with respect to the universe
as a whole.

If ¢ is time, we denote a time derivative by a superscript dot. The velocity v
of any particle is then given by v = F, and this is the quantity that the ancients
supposed to be directly responsive to the environment for all objects below the
moon. Galileo and Newton gave up this idea and assumed that it is the second
derivative 7, the acceleration, that plays this role. Thus, # is some function of
position (and sometimes velocity) that governs the motion.

Newton’s first two laws of motion can be expressed as

mi =F

where the environmental function F is called the force acting on the particle and
where m is called the inertial mass.

Newton’s third law of motion, of action and reaction, is concerned with the
interaction of two particles A and B. It states that they exert equal and opposite
forces on each other, not necessarily along the line joining them. The caveat,
important only when the forces are electromagnetic and the relative velocity is
high, does not affect orbital and celestial mechanics.

II. Newton’s Law of Gravitation

If two particles A and B are separated by a distance r, Newton’s law of gravi-
tation states that they attract each other, along the line joining them, with a force
proportional to (M Mp)/ r%. Here M, and Mg are numbers called the gravitational
masses of the particles. As an equation

F = —GMaMgr/r?

where r is their separation vector and G is a gravitational constant very nearly
equal to (2/3)107%° km’® /(kg s?).

At a given point in space, the gravitational field strength is defined as the grav-
itational force per unit gravitational mass on a test particle placed at the point. If

7
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M is the gravitational mass of the test particle and the field strength is f, the force
on the test particle is

F=Mf

It is well known that all bodies fall to the Earth with the same acceleration g
if atmospheric resistance is eliminated. Thus, for any two particles with inertial
masses m, and gravitational masses My (k = 1,2), we have mig = M, f and
myg = M, f, where f is the gravitation field strength at the place of fall. Thus,
my /My = my/ M, so that m is proportional to M. By a suitable choice of units they
may be treated as equal. With such a choice of units the law of gravitation becomes

F=—-Gmim, r/r3

and the gravitational field strength produced by a particle of mass m at a vector
distance r is

f=-Gmr/r?

III. The Gravitational Potential

Consider a source point of mass m,, with position vector r, relative to some
origin O, and a field point at P, with position vector r (Fig. L.1).If p, =r —ry,
the source point produces at P the field strength

Je= —Gmkpk/pf

Suppose we keep the source mass fixed at r; and vary the field point P. Then
dr =dp, and

Gmk Gmk Gmk
Si-dr=— 3pk'dpk=__2dpk:d( )
Px P

Fig. 1.1 Gravitational potential.
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Let us now consider a gravitational field to be produced by n source masses
my, ma, ..., m,. The total field at point P will then be

f= ka ZGp’""

k

If we keep the sources fixed but move the field point by dr, then dp, = dr and
Gmy ) = (Gmy
fear=—3 S, ap, —dZ(—) =—dv
1 pk 1 pk
where
n
Gmk)
V=- —
25

is called the gravitational potential at P.

In rectangular coordinates f -dr = —dV becomes
Z frdx = — Z — dx
Xyz xyz

Since dx, dy, and dz are independent, we find

. aVv av . av
=% D=7 T
so that
f=-VV

We thus represent the vector field f by a scalar potential field V. The potential
produced by a point mass m at a distance 7 is then

V=-Gm/r

The potentials produced at a field point by a number of point sources are scalar
additive.

The equation for the potential produced by a number of point sources is readily
generalized to the case of a continuum of sources. If dt’ is a volume element, ¢
the mass density, and ' the position vector of a volume element, the potential at a
field point at r outside a distribution D is

edt’

Ir —r’|
It is a simple matter to show that in free space V satisfies Laplace’s equation

Vv =0
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IV. Gravitational Flux and Gauss’ Theorem

The integral [f -dS over a closed surface § is called the flux from S. Here dS is
a vector surface element pointing along the outward normal. If m is the total mass
enclosed by S, Gauss’ theorem states that

/f-dS: —4nGm

The proof for the case of discrete particles inside S is as follows: Surround each
particle by a small sphere of radius a;, with my at its center. Consider the free space
R bounded by § and the totality of spherical surfaces . The outward normal for
R is outward from § and inward into each small sphere. Then

/Sf-ds+f2f-d5=fRf-ds

Since V has no singularities in R, the divergence theorem holds:

/Rf-ds=/Rv-fdr=—fRVZth=o

since f = —VVand V2V = 0 in free space. Thus,

/Sf-dS+f):f-dS=0

Since T consists of a number of spheres %y, X, ..., Z,, this becomes

/f~dS=—Ek f-ds
N i

If we let each a; — 0, the value of f over the sphere % is

Gmk

fi= "k+0(al?)

)
a

the quantity O (a) being produced by the sources other than m and n is the unit
vector along f;. Then

G
f-dS = n;"_4na,f + 0(a})
ps a
Asa, — 0
f-dS - 4nGm,
p2
Thus

n
ff-dS =—47GY m = —4nGm
S 1

This is Gauss’ theorem.
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V. Gravitational Properties of a True Sphere

Define a true sphere as a body with a spherical surface and with density &(r),
a function only of the distance r from the center of the sphere. By symmetry the
field outside the sphere is then

f = W(l’)l,

where [, is the unit vector r /r. Thus
ff -dS = 4nr?y(r) = —47Gm
s

m being the total mass of the sphere. Then ¥(r) = —Gm/r? and
f=—Gmr/r

just as though all the mass were concentrated at the center of the sphere. The active
gravitational behavior of a true sphere is the same as that of a particle.

The passive behavior of a true sphere in a gravitational field is the same as that
of a particle. The relevant theorem is

F=mf,

where m is the sphere’s mass, f. the gravitational field at its center, and F the
resulting force. To prove this, consider the external field as arising from # point
masses my (k = 1, ..., n). The sphere attracts each point mass m; with the force
Gmmgry/ r,?, where r is the vector from the mass m, to the center C of m. By
Newton’s third law, each my exerts a force ~Gmmyry/ r,? on the sphere. The total
force on the sphere is thus —Z,Gmmyr;/ r,?, which equals m f,.. Here

fc = -—Zkakrk/r,f

the total field strength produced at C by the external particles. Thus, F = m f,., as
stated.

It is now a matter of simple integration to prove that a single external particle
exerts zero gravitational torque on a true sphere. By addition, any external dis-
tribution of mass produces zero gravitational torque on it. For orbital motion, we
may treat a true sphere as a mass point, both actively and passively. Moreover, its
spin motion can never be coupled with its orbital motion.
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Chapter 2

The Two-Body Problem

I. Reduction to the One-Center Problem

ET m; and m; be the masses of two true spheres. They may be the sun and
a planet, a planet and a satellite (natural or artificial), or a double star (see
Fig. 2.1). Let the reference system Oxyz be inertial; let 71 and r, be the position
vectors of m and m,, R that of their center of mass C; and let s; and s, be the
position vectors of m; and m, relative to C. With m as the primary, let r be the
position vector of m; relative to m.
Then

r=sy;—S1=r;—ry R = (my + mp) ' (miry + myry)
The equations of motion are
mi ¥ = Gmlmzr/r3 MmoFy = —Gmlmzr/r3
so that
miF|+myfFy =10

from which R =0, R = Co + C 1.
Now consider motion relative to C. We have

ri=R+s, ro=R+s,
With use of the definition of R, these give
s1=ry—(my+mo) " (miry+myry) = (my +m) 'my@ry —ry)
= —(my + my) ' myr
s2=ry— (my +mp) " (miry +myry) = (my+my) 'mi(ry —ry)
= (my +my) 'myr

These equations show that the orbits of m | and m; relative to the center of mass
have the same behavior, both in regard to shape and time, as the orbit of m, relative
to m;. The only difference is a distance scale factor in each case. Any characteristic
length for the relative orbit will be multiplied by my(m; + m,)~! for the orbit of
m, relative to C or by m(m; + my)~! for the orbit of ms.

The orbit of m; relative to m, is characterized by

r(t)=ry—ry F(t) =Fy —F

13
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Fig. 2.1 The two-body problem.

but

i'1=szr/r3 i‘2=—-Gm1r/r3
so that

F(t) = —G(m, +m2)r/r3 = —,ur/r3

where ;4 = G(m;+m;y). This is the same as for a particle of unit mass moving under
the attraction of a center with gravitational mass m +m, and infinite inertial mass.

II. The One-Center Problem

Before integrating #(r) = —ur/r>, let us consider the more general problem
of a particle moving in a field derivable from a potential V (g, t). Such a potential
depends not only on the coordinates, but also explicitly on the time ¢. Then #(t) =
—VVig,1).

Such a system is called monogenic; if ¢ does not appear explicitly, it is called
conservative. An example for V (g, r) would be the drag-free motion of a satellite
around a spinning planet with equatorial ellipticity. An example for V(g only)
would be the drag-free motion of a satellite around an axially symmetric planet.

If V depends only on the distance r from the planet, then

F(t) = —VV () = =V,

where [, is the unit vectorr/r.
Then

d
0=r x¥(t) = — X F
rXE() = XF)
so that if L is the angular momentum per unit mass

L =r x F = constant vector

The total angular momentum is conserved, and the orbit lies in a fixed plane. To see
this, note that L is perpendicular to both r and 7, which determine the instantaneous
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plane of the orbit. Since L is constant, the normal to the orbital plane remains fixed
in direction, and the orbital plane remains fixed for such a central field.

If the field is not central but is symmetric with respect to the axis Oz, then
V = V(r, z) and the z-component L, of angular momentum is constant. To show
this, note that per unit mass

L,=xy—yi L,=xy—yx
with
v aVx 3V aVy

= - y:—— —_——

= —— =
ax or r ay ar r
so that
xyoV  xyaV —0

Z=r8r roor

and L, is constant. If V depends only on g, then
V=Vi+V,y+Vz=VV.F

On scalar multiplication of #(t) = —VV by F, we obtain

Fef=-VV.-r=-V
so that
1d

1d o _ ¢
2=V

and
%(i'z) + V(g) =const =W

Here W is the energy integral, so that this theorem is the conservation of energy.
Thus, #(t) = —VV(q) is called a conservative system.

For the two-body problem F(t) = —G(m; + my)l,/ 12, so that the energy inte-
gral becomes

L, Gomi+my _
2 r -

where v is the relative velocity.
By using the relations that reduced the two-body problem to a one-center prob-
lem, it is easy to show that

w

1 Gmim mim
—mp? + —mgrd — 2 = T2
2 2 r (my + my)

where W is the constant just met and v; and v, are the velocities of m; and m;
relative to the center of mass.

III. The Laplace Vector

If L is the angular momentum per unit mass, the vector

R=rxL-—yul,
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is constant. It is known by various names: Laplace, Runge-Lenz, perifocus vector,
or e-vector. To prove its constancy, we begin with motion in a general central field
V(r) and show that V() must be —u/r for the theorem to hold.

Write

F)=—-VV(@r)=-V'(r)l, =-V'("r/r
Then since L = r X F is constant, it follows that

%mezfoz—Wvﬁ”rxL
=V trx @ xr)
==V r r(r-#)—r’Fl
==V'(r)yrrri) —r’F]
==V @)ir+ V' (@)rr
==V({)r+ V(s

However,
Vr::fi(Vr)—-Vf
dr
thus
i(i‘ xL)= —i(Vr) + Vi +rV'(r)F
dt dt
and

d d
a(i‘ x L+Vr) =r"a—;(rV)

This equation yields an integral of the motion if and only if

d
E(r Vy=k
is a constant. In such a case
rV=kr—pu
or
v=k-£
-

Since k vanishes for a planet (potential vanishing at infinity), we obtain such an
integral of the motion if V = — u/r. This corresponds to the two-body problem

if u = G(m + my). Then
d
—(I‘ x L — ﬁr) =0
dt r
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or
FxL—u,=R

where R is the Laplace vector, now proved constant.

Any function of the coordinates and momenta, and possibly of the time ¢, is
called an integral of the motion if it remains constant. In rectangular coordinates,
the momenta are simply X, y, z per unit mass of the orbiter.

We have found seven integrals for the two-body problem: the energy W, the
three components of the angular momentum L, and the three components of the
Laplace vector R. They are not all independent, however, because there are two
relations connecting them. One of these is R« L = 0; we shall write down the
other one later. This leaves five independent integrals. Later, we shall discover a
sixth independent integral.

IV. The Conic Section Solutions

Since the angular momentum L is perpendicular to the orbital plane and since
the Laplace vector R is perpendicular to L, it follows that R lies in the orbital
plane. If fis the angle from R to the position vector r, then

r-R=rRcosf=r-¢¢ xL—pul)=L*—ur
Solution for r gives
L*/u
" T T+ (Rjpycos f
This is the equation of a conic section

r=—>r
1+ecosf

with the semi-latus rectum p = L2/, the eccentricity e = R/u > 0, and the true
anomaly f. Note the relations L2 = up and R = pe.

A conic section may be defined as the locus of a point A, the ratio of whose
distances to a focus F and a directrix dd remains constant (see Fig. 2.2). Let FC
be a perpendicular from the focus F to the directrix dd and FB a perpendicular to
FC intersecting the conic at B. From the definition

r/D =const=e=(D+rcos f)!p

Then D = r/e and
P

V= —
14+ecosf

For the two-body problem, L? = up and R = pe. This second relation explains
the occasional use of the term e-vector for R. The point P, for which r is a mini-
mum, is called the pericenter, and we denote by i a unit vector pointing from F
toward P.

We next prove that

R = pei L?=puQ + e,

where 7, = FP.To do so, we may evaluate R and L at P, since they are constants.
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Fig. 2.2 Conic section.

At P, since r L r, with the orbiter moving counterclockwise, it follows that
L = r x F points out from the figure at P. Then r x L points from F toward P.
However, at P, withr = v

2
; 2

Ll =L =r,vp |r><L[=rpvp=r—

J2

Then
¢ x L), = (L?/rp)i
From R =7 x L — ul, we find

LZ
R,,=(i‘XL),,——/Li=(-———pL>i
Tp

L2
p

Since L% = up and r, = p(1 + €)', we find that

Then

R=[u(l+e)— pli = pei

as was to be shown. On eliminating p between the two equations for L? and r P
we obtain

L =ul+or,

which also was to be shown.
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If v =7, the energy W per unit mass is W = %vz — (u/r), a constant that may
also be evaluated at P. From L = r,v,, r, = p(1 +¢)™!, and L? = pu(1 + e)r),
it follows simply that W = (/2p)(e* — 1). If e > 1, then W > O and the curve
is a hyperbola. Comparison with r = p(1 + ecos f)~! shows thatcos f > —1/e,
so that f cannot exceed cos~!(—1/e), and this reveals the asymptotes. If ¢ = 1,
the speed v vanishes as r — ©0, and the curve is a parabola. If e < 1, then
W < 0, and only those values of r occur for which u/r > —W, i.e., for which

r< —u/W.
With 0 < e < 1, the orbit is an ellipse, and we can define a quantity a by
15 " 9
W=——=—("-1
2a  2p (e )

wherea > Oand p = a(l — ¢2). Here a will be the semi-major axis.
At this point, it is easy to find the remaining relation connecting the seven
integrals already found. From

W=2@-1) R=pe L[*=pp
2p

elimination of ¢ and p yields
R*=p*+2WL?

Before going into elliptic orbits in detail, it should be mentioned here that the
inverse square law of gravitation has led us to Kepler’s first law: The planets
move around the sun in elliptic orbits with the sun at one focus. This conclusion
follows from the finiteness of only those orbits with e < 1. It has also led to Kepler’s
second law, since we have shown the constancy of angular momentum. Specifically,
consider L =r X F = const. Withr = rl, we have

d
P =il +r—1
F=r +rdt r

But (d/dt)l, = fl 7> where {; is a unit vector along the transverse. Thenr x 7 =
ri, x fl; = r? fk, where k is a unit vector normal to the orbital plane. However,

r? f is twice the rate at which area is swept out by the planetary vector. This is
constant, and we have Kepler’s second law.

V. Elliptic Orbits

Here, the orbit is a closed curve, periodic in the time ¢ by the law of equal areas
and symmetric about f = 0. The quantity fis the true anomaly in the equation

r=p(l+ecos f)~! e<l1
The energy equation is

1
_U2_ﬁ=ﬂ(e2_1)=_i
2 r 2p 2a
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ae a(l—e)

Fig. 2.3 Elliptic orbit.

Since p = a(l — €?%), we find
rmin = p(1+ &)~ =a(l —¢)
Foax = p(l —e&) ' =a(l +e)
therefore
Fmin + rmax = 2 a

a being called the semi-major axis or “mean distance.” It is only the arithmetic
mean of the extreme distances and not the time mean. To put the equation in
rectangular coordinates £ and y, with the center of the ellipse as origin, write
r=p(l+ecos f)~!, p =a(l — e?), and note that FP = a(l — e) as shown in

Fig. 2.3. Then
a(l —e®)cos f  a(e +cos f)
§=a3+ B
1+ecosf 1+ecosf
y=rsinf

It is a simple exercise to show that

() (=) -

so that the semi-minor axis

b=av1—e

The Eccentric Anomaly E

We next introduce an important variable, the eccentric anomaly E. To do so,
circumscribe an auxiliary circle around the ellipse, and draw a perpendicular from
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Fig. 2.4 Eccentric anomaly E.

the orbiter at B, intersecting the circle at C as shown in Fig. 2.4. Draw OC from
the center of the ellipse to C, and define the eccentric anomaly E as the counter-
clockwise angle from the major axis to OC. (We shall always view an orbiter so
that pericenter is at the right and so that the motion is counterclockwise.)

To relate E to f, we first derive an important lemma,

bsinE =rsin f

To do so, regard CA and BA as signed quantities, plus when C and B are above
the major axis and minus when below. Then

(€AY =d® -’
(BAY = y* = (b*/a’)(a® — &7)
from the equation of the ellipse. Then
cA_a
BA b
because CA and BA always have the same sign. However,

CA=asinE BA=rsinf

so that

asinE a

rsinf b

The lemma follows immediately. It should be remarked that the anomalies f and
E are to be thought of as always increasing, so that f > 0 and £ > O for all
time t.
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Cosine Relation

a(l —e*)cos f  a(e +cos f)
l+ecosf  l4ecosf

&E=acosE =ae+

Thus
e+ cos f

cosf = ——
14 ecosf

Sine Relation
Rewrite the lemma b sin E = r sin f as
am sinE = a(lli—:?ossl;—f-
Then
V1 —=¢2sin f
14+ecos f

Before inverting these relations, note that » = a (1 — e cos E). This follows from

e(e +cos f) 1 —é?

sin £ =

1l—ecosE=1-— =
l+4+ecos f 1+ ecosf
since
a(l — &%)
y = —
14+ecosf
The inverted relations are
E —
cos f = o8 ¢ =g(cosE—e)
1—ecosE r
V1 —e2sinE
sinf=$=g\/1—ezsinE
1—ecosE r

Note that, as the orbiter goes round and round, f and E agree at all multiples of 7,
so that f = E.
There is an important relation connecting the half-angles f/2 and E /2. To derive
it, note that
sin f = 2sin(f/2)cos(f/2) = /1 — e2sin E(1 — ecos E)!

=2y1 — e?sin(E/2)cos(E /2)(1 — ecos E)™"
2c0s*(f/2) =1+4cos f =1+ (cos E —e)(1 —ecos E)~"

=(1 —e)1 —cos EX1 —ecos E)™!
= 2(1 — e)cos*(E/2)(1 — ecos E)™!
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! [1+e E
tan — = tan —
2 1— 2

2

By division

Kepler’s Third Law

We next show that u = n%a3, where n is the “mean motion,” defined byn =
27/ T, T being the period. Because the area of the ellipse is mab, we have

IL| =r?f =2A =2nab/T =nab=na*J/1—e?

Here A is the area swept out in time ¢. However,

Ll = Vip = ypa(l — ¢?)

Thus, na® = \/;1a, so that . = n%a®. This is essentially Kepler’s third law, which
states that among the planets the square of the period is proportional to the cube
of the semi-major axis. If m, is the sun’s mass and m; and m, are the masses of
two planets, we have i, = G(m, + m;) and py; = G(my + my). Then

z-2en. 2 (o)

H2  myg+my T a
Kepler’s third law is thus an approximation. It would be rigorously true if the
planets all had equal masses and if there were no planetary interactions.

Kepler’s Equation
If 7 is the time of passage through pericenter, this states that
E —esinE =n(t — 1)
where n(t — 7) = £ is called the mean anomaly. To prove it, begin with

r 1 —e?

—=1—ecosE = ——
a I+ecosf

Differentiate with respect to ¢ to find
(1-eMefsinf esinfrif

eEsnE = =
(1 +ecos f)? a*(l —e?)
_enabsinf ensinf  ensinE
T a¥(1-¢?)  J1—& 1—ecosE
Thus
Ee=—21" a EE
T 1—ecosE € cos ="

Integration with respect to time gives
E —esinE =n(t — 1)

where —nt is the constant of integration. Here 7 is the sixth independent integral
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of the motion. Unlike the other integrals, it is not algebraic:
1 1 1
T=1t——cos | [—(1 - i)j| + ¢ sin{cos_l[—(l - i)jl}
n e a n e a

a=—u/2W e=+1+2WL?/u n=+pa3

where

VI. Spherical Trigonometry

Before putting the orbit in three-space, it is desirable to state here the two laws
of spherical trigonometry that will be of use. Let A, B, C be the three angles of a
spherical triangle and «a, b, ¢ be the respective opposite sides.

Law of cosines:

cosc =cosacosbh +sinasinbcos C

Law of sines:
sin A sin B sinC

sina sinb sinc
There are simple vector derivations of these two laws.

VII. Orbit in Space

We draw an octant of the celestial sphere; its radius is arbitrary. For the case
of a planet moving around the sun, we take its center at the center of mass of the
sun. For motion of a satellite around the Earth, we take its center at the center of
mass of the Earth. Ox points toward the vernal equinox of some fixed date, say
1950.0. For a planet around the sun, Oz points toward the pole of the ecliptic and,
for a satellite around the Earth, toward the north pole of the equator. A line from
O to the orbiter intersects the celestial sphere at the suborbital point; the orbit is
represented on the celestial sphere by the locus of its suborbital points, of which
NPS is an arc. In Fig. 2.5, S is the orbiter, P the pericenter, N the ascending node,
ON the line of nodes, w the argument of pericenter, f the true anomaly, and [ the
inclination of the orbit to the xy plane. The latter is the plane of the ecliptic for a
planet or the equatorial plane of the Earth for a satellite of the Earth.

If we draw a meridian through the suborbital point, the position of the orbiter is
fixed by the angles 8 and ¢ and the radial distance r. For a planet, 9 is the ecliptic
latitude A and ¢ the ecliptic longitude 8; for a satellite, @ is the declination § (same
as geocentric latitude) and ¢ the right ascension «.

Let €2 be the longitude or right ascension of the node. To put the orbit in space,
we need to find the rectangular coordinates as functions of r, 2, w, I, and f. Call
w + f = i, the argument of latitude, and apply spherical trigonometry to the
spherical triangle SON. We have

sin @ = sin I sin 2.1
cosf = cos x cos Y + sin x sin i cos / 2.2)
cos Yy = cos x cosf 2.3)

where x = ¢ — Q. Multiply Eq. (2.2) by sin x to find
cos 8 sin x = sin x cos x cos ¥ + sin®y sin ¥ cos [ 2.4



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

THE TWO-BODY PROBLEM 25
z
S
r
7/,
0 So/p |0

I o y

X “ w%

h Q

,C/Q—Q-—”{"-/;j
‘______/47

Fig. 2.5 Octant of the celestial sphere with 1 = w + f (argument of latitude), ¢ =
2+ x (right ascension), O, =r cos 0, and O, = O, cos ¢ =r cos 8 cos ¢.

Now apply Eq. (2.3) in sin x cos x cos ¥ to find
cos @ sin x = sin x cos®x cos @ + sin®x sin ¥ cos [
A transposition gives
cos @ sin x(1 — cos?x) = sin’y sin ¥ cos [
and cancellation of sin® throughout yields
cos @ sin x = siny cos/ 2.5)

The rectangular coordinates satisfy

x =rcos@cosgp =rcos@cos(+ x)=rcosf [cos§2cos x — sinQsin x]

y=rcosfsing = rcosfsin(2+ x) = r cos 8 [sin 2cos x+ cos 2 sin x|

z=rsind =rsinlsiny
(2.6)

In Egs. (2.6), insert cos x cos# = cos v and cosé sin x = siny cos I and
replace ¥ by w + f. The result is

x =r[cosQcos(w + f) — sin Qcos I sin(w + f)]
y = r[sin Qcos(w + f) + cos Qcos I sin(w + f)]

z =rsinl sin(w + f)
Then
r=ix+jy+kz

where i, j, k are unit vectors along the Cartesian axes.
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Eccentric Anomaly
To find r in terms of the eccentric anomaly, we use
rcos f =a(cos E —e)
rsin f =bsinE
derived previously, and write
r=lIsrcos f+Igrsinf

where [ 4 is a unit vector pointing from the force center O to pericenter and [z is a
unit vector pointing from O parallel to the semi-minor axis as shown in Fig. 2.6.
Then

r =A(cosE —e)+ BsinE

where A =1l a and B = lgh = lga~/1 — e2.
Comparison of the expression for r in terms of E with that for r in terms of f
yields

A, = alcos Qcosw — sin Q cos I sin w)
A, = alsin Qcos @ + cos §2 cos I sin w]
A, =asinlsinw
B, = —b[cos Qsinw + sin 2 cos I cos w]
By = b[—sin Qsinw + cos Q cos I cos w]

B, =bsinlcosw

C
b a
r
E f
0 >IA
ae | @

Fig. 2.6 Eccentric anomaly in the octant of the celestial sphere.
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A useful form forr is
r=Re[(l,+ilg)re "]

where ¢ is the base of natural logarithms.
The velocity 7 is obtained most easily in terms of E.

F=(—AsinE + BcosE)E
Here E is to be found by using Kepler’s equation

E—esinE=n(t—1)

We have
(1—ecosEYE =n
so that
(r/0)E =n and E = (an/r)
Thus

F=(an/ry{(—AsinE + Bcos E)

wherer = a (1l — ecos E).

Derivation of A and B by Use of Rotations

Examination of Fig. 2.6 shows that if we take the orbital plane as an xy plane,
the position vector r is expressible as the column matrix CM, where

rcos f a{cos E — e)
CM=<rsinf):( bsinE )
0 0

If we perform a rotation about the normal through O to the orbital plane through
the angle (—w®), we obtain ON as a new x axis. The square matrix [—w] for this

rotation is
cosw —sinw O
[-w] =] sinw cosw O
0 0 1

If we now form the matrix product [—~w]CM, we obtain a second column matrix
for r, with a new x axis along ON and a z axis still perpendicular to the orbital
plane.

Next, examine Fig. 2.5. If we perform a rotation about ON as x axis through
the angle (—1), we obtain a new representation for r as a column matrix with ON
as x axis and a new z axis in the inertial direction Oz. The square matrix [—1] for

this rotation is
1 0 0
[=I]1=1}10 coslI —sinl

0 sinl cosl

The result [—I][—w]CM is again a column matrix.



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

28 J. P VINTI

Finally, if we rotate the axes through the angle (—®) about the inertial axis Oz,
we obtain a column matrix for r in the actual inertial system. The square matrix

[—£2] for this rotation is
cos2 —sinf2 O
[-R]=]{ sinf2? cosQ2 O
0 0 1

The final result for r is the column matrix

a(cos E — e)
[—Q-1[-w] ( bsin E )
0

The reader should carry out the preceding matrix multiplication, always multi-
plying a column matrix by the adjacent square matrix so as to diminish the labor of
calculation. One obtains another derivation of A/a and B/b as functions of Q, w,
and 1.

There are some other orbital elements that are often used in celestial mechanics,
especially in planetary theory. The first of these is @ = w + €2, called the longitude
of pericenter. It has the peculiarity of being the sum of two angles in different
planes, i.e., a “broken angle.” Variables based on it are & + f, called the “true
longitude,” and & + £, called the “mean longitude”; these are also broken angles.
To see how they might appear, consider a term in a perturbing function, the product
of cos Q and cos(w + f). On writing this out one obtains cosines of @ + f and
w + f — 2. The mean rates of change of the true and mean longitudes are both
equal to the mean rate of change of the longitude ¢. To see this, divide Eq. (2.5)
by Eq. (2.3). The result is

tan x = tan(¢ — Q) = cos I tan Y = cos I tan(w + f)
Whenever w + f increases by 7, so does ¢ — €, so that
d—Q=w+f
p=o+f+Q=b+f=0+1¢

Here we are anticipating the later use of w and €2, like the other Keplerian elements,
as time variable quantities when pertubations are considered.

Algorithm for the Orbit Generator

Given i, a, e, I, w, Q, and 7, calculate r and  at time ¢. Calculate n = /pua=3,
£ = n(t — 1), and E from E — esin E = £. Then calculate /4 and Iz from
their preceding formulations as functions of w, I, and 2. With A = I4a and

B =1za+/1 — €2, then
r =A(cosE —e)+ BsinE
F =(an/r)(—Asin E 4+ Bcos E)

where r = a(l — ecos E).
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VIII. Orbit Determination from Initial Values

Giveninitial coordinates x;, y;, z; and velocities ¥;,y;, Z;, calculatea, e, I, w, 2,
and 7. It will simplify matters to drop the subscript i, understanding that all the x
and x are for the same initial time.

For g, calculate v* = £+ 32+ 7%, r = /x2+ y2 + 22, and W = 502 — (u/r).
Thena = —(u/2W).

For p, calculate L? = (yz — z3)* + (zx — x2)? 4+ (xy — yx)%. Then p = (L*/u).

For e, since p = a(l — €*), e = /(1 — p/a).

For I, since Ly = LcosI,cos = L3/L = (xy — yx)/L, where L? is given
in a preceding equation. It is useful to find sin I as a check. If [y is a unit vector
pointing from 0 toward the node,

kxL=IyLsinl
On writing L =iL; + jL, + kL5, we find
IyLsinl =jL;—ilL,

sin] = /L2 —L}/L

where L| = yz —zy and Ly = zx — xZ.

Of course, cos I alone determines /, which ranges from 0-180°, cos I being plus
for direct orbits and minus for retrograde orbits. (A direct orbit goes from west to
east.) However, sin I is a useful check.

For 7, from Kepler’s equation,

so that

E—esinE=n(t—1)

we have (1 — ecos E)E = n. Sincer = a(l —ecos E),wefind E =na/r.

Thus
i=(aesinE)E =n az(e/r) sin E
Since
n=+pa3
ri = /uaesinE
then
“nE — T _ XX+ yy+zz
e /ua e./ua

Also

1 r
cosE=—-|1--
e a

From sin E and cos E, determine E. Then 7 is found by putting # = 0 in Kepler’s
equation:

t=—(E —esinE)/n
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For w, use the Laplace vector
R=v xL—pul, = pel,
Here A, = asin [ sin w, so that
R,=xLy—3yL; — u(z/r) = pesinlsinw
Thus
XLy —yL, z
I r

esin] sinw =

To find e sin I sin w, use
LxR=Lx{XxL)—puLxl,=pneL xl,
This gives

Lxr

vL? —p = uelLlp

since l4, Ip, and I} form a cyclic orthonormal triad of vectors. Now, B, =
b sin I cos w, so that the z component of the preceding equation gives

L
L% — E(Lly — Lox) = %b sin f cos w
P

Thus
Lz Liv—1L
esinl cosw = — + (Liy — Lox)
2 Lr

This equation, along with the one for e sin / sin @, permits the evaluation of sin w
and cos w, and thus w.
For 2, use k x I = Iy L sin I. Scalar multiply by i to find

i-kxL=i-IyLsin/
However,i -k x L=i xk-L=—j-L =—Lp. Alsoi-Iy =cos{Q. Thus

Ly
Lsinl

cosd = —

To find sin §2, form
ixkxLy=ixIyLsinl =ksinQLsin/
k(i-Ly— L({i-k) =k sinQL sin/
Herei -k =0andi-L = L, so that

Having cos 2 and sin €2, one then finds €.
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Chapter 3

Lagrangian Dynamics

I. Variations

HE purpose of this chapter is to develop some general formulations of dy-

namics that will be useful in treating nondissipative systems. Let a dynamical
system be characterized by N generalized coordinates g;, i = 1,..., N, and let
f(qi, gi, t) be any function of the ¢’s and the generalized velocities ¢;. Call it
f(qi, gi, t) for short. There may or may not be constraints among the g’s; if there
are k constraints, the number of degrees of freedom is N — k.

We call the space of the g’s the configuration space (Fig. 3.1); this would be
ordinary space if N = 3. During the motion, the system proceeds in configuration
space from point A with coordinates gi4, i = 1,..., N at time ¢ = 0 to some
point B at time ¢ with coordinates g;3, i = 1,..., N. The system goes through
a succession of points in the configuration space that we call the dynamical path.
Let us next imagine a varied path, permitted by the constraints, that would take
the system from A to B in the same time. Let P be a point reached at time ¢
on the dynamical path and P’ be the point supposedly reached at the same time on
the varied path; here P and P’ are corresponding points. Also let f(g, ¢, t) be any
function of the ¢’s, ¢’s, and t at P and F(g, g, t) its value at P’ at the same time.
Define the variation §f by

Sf=F—f
Then
F—f= d B
-f—E( f)
However,
f—7=35f
so that
- df _i
5f—5<a7>—dt(5f)
That is,

dd =dé

so that d and § are commuting operators. The function f may be either a scalar or
a vector.

31
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Faan o7
P'/

dynamical path

Fig. 3.1 Variations in the configuration space.

II. D’Alembert’s Principle

Let us consider the system to be made up of a number of mass points, the k’th
having a mass m;. A given mass point k will be acted on by some applied force
F; and a constraint force Cy. Constraint forces are forces that do no work. An
example would be the normal force produced on a particle constrained to move on
a surface; the frictional force, being tangential and doing work, would be called
an applied force, but we shall soon rule out such dissipative forces.

If r; is the position vector of particle k in some inertial system, then

mi ¥y =Fp +Cy (3.1

If we now imagine the particle to be displaced by a vector amount éry, in a way
compatible with the constraints, we call dr; a virtual displacement of k; this is the
displacement to a varied path. On forming the scalar product of §r; with Eq. (3.1)
and summing over all the particles, it follows that

Ekmki" . 5rk = Eka . (Srk (32)
since the constraint force C; is normal to ér,. Now Eq. (3.2) can be written as
Ek (Fk —mk?k) '5"k =0 (33)

an equation that is known as D’ Alembert’s principle.
If the applied forces are monogenic, then

SyFyéry = —5V(q,l) (3.4)

Here the ¢g’s may be generalized coordinates. In applications to artificial satellites,
V will be the gravitational potential energy of a satellite; it will depend explicitly
on ¢t when the departure of the Earth from axial symmetry is taken into account.

III. Hamilton’s Principle

Theorem: 8, and F; are parallel, therefore 7y - 8¢ = 8(%#%)‘ (See Fig. 3.2.)
Hamilton’s principle selects the correct dynamical path from all possible var-
ied paths and gives f(; 8(T — V)dt = 0 for a conservative system.
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A(t=0)

Fig. 3.2 Hamilton’s principle selects the correct dynamical path.

Proof: Let us integrate Eq. (3.2) from O to #:

! t
Ek/ F,-dr dt = Ek_/ myFy - 8ry dt (3.5)
0 0

t t t t
/fk-Srkdtzf8rk-di'k=i'k-6rk —/i‘k-dérk
0 0 0 0

Since 8ry = 0 at the endpoints, the first term on the right vanishes. Also d(8ry) =
8(dry) = 8(F)dt, so that

t t 1 t
/fk-drkdt=—/ik-5ikdt=——/ 8r,2cdt
0 0 2Jo

t t
Ek/ myFy - 6rp df = —-/ 8T dr 3.6)
0 0

Here

and

where
2

T = 3 Tumyi}
If the system is monogenic
Y Fy - dry = -8V 3.7

On inserting Egs. (3.6) and (3.7) into Eq. (3.5), we find

t
f ST —V)dt =0 (3.8)
0

This is then the property of the dynamical path that distinguishes it from all possible
varied paths. It is one form of Hamilton’s principle.
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At this stage it is customary to take the & outside the integral sign. This is possible
if the system is holonomic, but not otherwise.! A holonomic system is one with
integrable constraints. For a system without constraints—and we shall consider
only such systems—the § always commutes with the integral sign. The question
does not really concern us very much because if we took the § outside the integral
sign, we should later find ourselves always putting it back inside. Thus, Eq. (3.8)
expresses Hamilton’s principle as we shall use it for unconstrained systems.

IV. Lagrange’s Equations
Define the Lagrangian function L by
L=T(q,q,t)—V(q,1) 3.9

Here ¢ is inserted as an argument of 7 in case we decide to use a rotating frame of
reference. To apply Hamilton’s principle

t
/ sLdr =90 (3.10)
0
we must form
aL aL
SL=2%; | —8qx + —8q 3.1
0qx Gk

there being no term in 3L /3t because varied points are reached at the same times
as the corresponding dynamical points. Since

f 84 taLd(a )dt
W= ) g a0
_aL f /‘d(BL)g dr
Tage o Jo @ \ag) "

with the 8¢; vanishing at the endpoints, we find

! d aL d (3L
SLdt = / > l:— - — ( )] 8q; dt 3.12
/o o “log  drt oGy qk (12

Consider only the case of no constraints. We may then choose

Sqp = Orer(t) k=1,...,N

oL d (dL
Q=== (=
aqx dr gy

and where g,(¢) > 0, always small and vanishing at A(r = 0) and B(¢). Then Eq.
(3.12) becomes

where

f T Q2 e (t)dt =
0

If we choose each £;(t) to be continuous and assume Q@ to be continuous, then
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each Qy must vanish over the whole range from 0 to . It follows that

d ( aL ) oL
—|—}=— k=1,...,N
dr \ 9k dqk

These are Lagrange’s equations of motion, sometimes called the Euler—Lagrange
equations. There are cases where such a Lagrangian function L can be found, even
though L may notbe 7' — V. An example would be the mechanics of special rela-
tivity with electromagnetic forces. In general, any function L(g, ¢, t) that satisfies
these equations is called a Lagrangian and can be used to set up the so-called
Hamiltonian formulation of dynamics. We next proceed to this Hamiltonian form.

Reference
"Pars, L. A., A Treatise on Analytical Dynamics, Wiley, New York, 1963, p. 528.
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Chapter 4

The Hamiltonian Equations

HE Lagrangian equations contain generalized coordinates g, and generalized
velocities ;. The Hamiltonian equations contain generalized coordinates gy
and generalized momenta py.

Here
aL(g,q,1)
=440 4.1y
gy

If the ¢’s are rectangular coordinates,

L = Sygme(2 + 3} +22) — Vx, 1) 4.2)
in which case

Px, = My Py = M Py =My (4.3)

The reason for the name is thus apparent. In this special case the p’s are dimen-
sionally ordinary physical momenta, but this will not be true in general.

Next, introduce the Hamiltonian function H(g, p, t) by means of the Legendre
transformation.

H(qv p’t)= Ekpqu_L(q’q.vt) (44)

Since H is to depend on the ¢’s and p’s and not on the ¢’s and ¢’s, we must regard
the ¢’s in Eq. (4.4) as functions of the ¢’s and p’s. Then from Eq. (4.4)

dH(q, p,1) g AL 84
ap; ap; 9q, Op;
aL \ 3
=g:.+ % I T .3
@t k(pk 34k> ap;j
=q; 4.5)

by virtue of the definition (4.1) of py. It is thus a purely algebraic result, with no
use of dynamics, that

dH(q, p. 1)
Ge=—"(7——
dpj
To obtain the equation for p; as a derivative of the Hamiltonian, we have to

apply some dynamics, in the form of the Lagrangian equations, along the dy-
namical path. Begin with the Legendre transformation (4.4), applying 3/dg; to it.

(4.6)

37
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We find
dH(q, p,t) 5 3G oL aL 0qg,
R A S £ =y —=E
g, dq;  9q; 0gx 9g;
AL\ 34y aL
=X\l —— | ———
dqr /) dq;  0q;
0L(g,q,t
9q;

with use of Egs. (4.1) and (4.3) for p;. Now return to the Lagrangian equations,
they state that

aL(g,q,t d (dL dp;

(q q ) — __( - ) — Dj (48)
3qj dt 8q, dt

again with use of the definition (4.1) of p,. Thus, by Egs. (4.7) and (4.8)

d dH(gq, p,t

dpe _ _3HG. p. 1) (4.92)

dr qu
We also had

dﬂ _ dH(q, p,t)

4.9b
dt Bpk ( )

Equations (4.9) are the Hamiltonian or canonical equations of motion.
To get some idea of the physical meaning of the Hamiltonian H, we need to
consider the kinetic energy

1
T = 5 Tumy FHg, 1) (4.10)
The velocity vector 7 is expressed here not only as a function of the generalized

coordinates gy, but also as an explicit function of the time ¢. This is to take care of
the possibility that we may be using a rotating coordinate system. Thus

Brk ark
Fr = Skl — Jg;, + — 4.11
Fi k(aqj>q"+ a7 (4.11)
On squaring Eq. (4.11) and inserting the result into Eq. (4.10), we find that
T =To(g, )+ Ti(g, 1)+ Ta(g, 1) (4.12)

where 7,,(q, t) is a homogeneous function of the ¢’s of degree N. Such a function
has the property

T.(0q1, M2, ..., Agn) = AT, (41, G2, - - ., GN) (4.13)
and thus satisfies Euler’s equation
N
oT,
Z‘?JT =nT, (4.14)
j=1 4j

Now consider

H(g,p,)=Suprgr — L =Zupege — T +V (4.15)
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Here
. . 0L(g,4.1) T
SkpPrge = Equ# =g — (4.16)
Gk Gk

since L = T — V and V does not depend on the ¢’s. However,

T /8T, T, AT,
g = g | — —+— ) =T1+20 (4.17)
dqr g dqr I

by Eq. (4.14). Thus

Ekpqu = T] + 2T2 (418)
From Eqgs. (4.15) and (4.18)
H=NT+2L - (Th+Th+T)+V
4.19)
H=T-Ty+V

In the usual case where the position vectors do not depend explicitly on the time f,
i.e., in a nonrotating reference system, Ty and 7; vanish, so that T = +4T5. In this
usual case

H=T+V (4.20)

the total energy.
Even in this case, however, V may depend explicitly on ¢, and if so, H also does.

I. An Important Theorem

dH o0H
- 421
dt ot ( )
To prove this theorem, write
dH_ oH +6H, +8H @22)
ar M\ T 5q ) T o :

Insertion of the canonical equations (4.9) then gives

dH—E( ,.+_')+8H_8H
a K\~ Prqr T 4k Pk 5 - o1

and the theorem is proved. It follows that H is constant if it does not depend
explicitly on t.

II. Ignorable Variables

If H does not contain ¢; explicitly, g; is called an ignorable or cyclic coordinate,
and

LG

Pr= agq;
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so that p; = «;, a constant. If all the g’s were ignorable, we should have

H=H(p, ps..., PN)

and each
bj=¢q;
_0HpO _ ) (4.23)
= ———=vi{0,0,...,&
qj 3p; &y, 0 N
where each v; is a constant depending only on the constants p; = «;, j =
1,..., N. Then,
q]' = th + ,8_,‘ (424)
We should have a complete solution of the canonical equations, with 2N constants
of integration, «y, o, ..., ay and By, B2, ..., By
We shall use this idea to try to solve the canonical equations, introducing new
canonical variables Qy, Py, k = 1, ..., N, which will make all the Q’s ignorable.

Otherwise we must do it piecemeal, one at a time. To do so, we have to consider
the theory of transformations from canonical variables g, px to new ones Qy, Py,
1.e., the theory of canonical transformations.
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Chapter 5
Canonical Transformations
I. The Condition of Exact Differentials
G IVEN the set of canonical equations
; dH(q, p, 1) . _9H(g,p,1)
PR LY LD L N T Y .1)
gk Opx
we wish to find which time-dependent mappings to new variables P, P, ..., Py,
Q1, O, ..., On will preserve the canonical form of these equations. That is, we
map by means of
pe=p(Q, P, 1) q=q(Q, P,1) (5.2)
to find conditions on this mapping and on a new function K(Q, P, ), so that
. 0K(Q, P, 1) . dK(Q, P,t)
Pp=——"""—= = ———— (5.3)
a0y 3P,

To do so, we begin afresh, with the ¢’s and p’s defined only by Egs. (5.1) and the
Hamiltonian H{g, p, t). Regarding the ¢’s and p’s as independent variables, with
given initial values, we look for a variational principle that will take them from their
initial values at ¢ =0 to the same final values at time ¢ that would be produced by
Eqgs. (5.1). The form of the variational principle will resemble Hamilton’s principle
but will not really be the same.

We call the space of the g’s and p’s the phase space, as is usual in mechanics.
Theorems of existence and uniqueness of solution then show that for given initial
values ¢ (0), pr(0), k =1,..., N, the system (5.1) follows a unique path in the
phase space from the initial point Py[gx(0), pr(0)] to the final point P{gx(t), pe(t)];
this is the dynamical path D. Other paths might be geometrically possible but would
violate Egs. (5.1). Any other adjacent path with the same endpoints, traversed in
our imagination in the same time, is called a varied path V. For such a varied path,
denote the variations at the same time from the dynamical path by

Sqr = qrv() — qep(t)  Spx = prv(t) — prp(2)
Theorem I: For arbitrary variations g, px, k = 1,..., N, the condition
t
f S(kpede — H(g, p, Dldr =0 (5.4)
0

is necessary and sufficient that the ¢g’s and p’s satisfy Egs. (5.1), i.e., that the ¢’s
and p’s be canonical with respect to H as Hamiltonian.

41
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To show this, note that

S[Zkprgr — H(g, p, t)] = % |}]k5pk + pidgy

0H(q,p,1t) dH(q, p,1)
i LY 12T PR N 1LY Y (5.5
Gk dpk
However, g, = (d/dt) (8gi), so that
d
Préqr = E(Pk&h) — Pidaqx (5.6)
Insertion of Eqs. (5.5) and (5.6) into Eq. (5.4) then yields
! . ! . 9H(@g.p,t)
/ 8[Zkprge — Hig. p, )] dt = / Ek[—(pk + —gp—)r?qk
0 0 gk
. 0H(q, p,t d
+ (qk - L))apk} dt + T pdas| 57
apk 0
Since the endpoints are fixed, however,
Seprdarly = 0
Thus
! . ! . 8H . 0H
S[Zrprgr — Hldt = | Zp|— pk+3_ Sqr + g — —— |opi | dt
0 0 Gk Apy
(5.8)

If Eqgs. (5.1) hold, the integral vanishes, so that condition (5.4) is necessary.

To prove sufficiency, assume that Eq. (5.4) holds, so that the integral in Eq.
(5.8) vanishes. If we should assume that some of the terms p; + (3 H/dqx) and
gr — (0 H /3 py) fail to vanish, we may choose our variations so that

oH o0H
Sqp = —(Pk + —>8k(f) Spr = (C'Ik - —)nk(t) (5.9
gk apx

where the £;(¢) and 7, (¢) are small arbitrary nonnegative functions of ¢, vanishing
at the endpoints. Then

! dH > d H \?
f i (pk -+ —) g () dr + f Ej (q, — —) T]j(t)dt =0 (5.10)
0 g 0 ap;

the summations being taken over those values of k and j for which the corresponding
terms have been assumed nonvanishing. However, Eq. (5.10) is false unless Eqs.
(5.1) hold. This completes the proof of sufficiency and thus of Theorem 1.

If we map from the ¢’s and p’s to Q’s and P’s, Theorem 1 shows that the condition

/ S[Zk POy — K(Q, P,1)]dt =0 5.11)
0
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is necessary and sufficient that the Q’s and P’s be canonical with respect to
K(Q, P, t) as Hamiltonian.

Suppose now that the mapping of Egs. (5.2) between ¢, p and Q, P has the
Jacobian determinant.

A B
M= ’ o (5.12)
where A, B, C, and D are square matrices such that
g aq api api
R L U L Y U 513
ij 3 Qj i an i P) Qj t an ( )

If the Jacobian does not vanish at q1, g2, ..., gn, P1, P2, - - ., PN, then Egs. (5.2)
determine Qi, Q, ..., On, P1, P2, ..., Py at any such point. (A very simple
example would be the point transformation x = rcos8,y = rsinf, with the
Jacobian r; in this case,  is determined for all x and y, except x = y = 0, where
r = 0.) With the nonvanishing of the Jacobian, any function F(Q, P, t) can be
expressed, at least in principle, by

F(Q,P,t)y=G(q,p,t) (5.14)

Theorem 2: If there exist functions H(q, p, t), K(Q, P, t), and F(Q, P, t)such
that

. d
Tepege — Hg, p, 1) — [Ze PO — K(Q, P, )] = EF(Q’ Pty (5.15)

then, if the g, px are canonical with respect to H(g, p,t) as Hamiltonian, the
Qy, P, will be canonical with respect to K(Q, P, t) as Hamiltonian.

To prove this theorem, we form the time integral of the variation of Eq. (5.15)
from a fixed path in the phase space of Oy, Py. The varied path is to have the same
endpoints and be traversed in the same time as the fixed path. Since

dF(Q,P,1) i
8T =3 [6F(Q, P,1)] (5.16)

we find
t t
f MZeprgr — H(g, p,1)]dt = / 8=k POy — K(Q, P,0)]dt (5.17)
0 0

since §F(Q, P, )l = 0.

The nonvanishing of the Jacobian guarantees no singularities in the mapping,
so that 8gi and 8py exist for any & Q) and 8 P, at any point in the phase space of
the O’s and P’s. If we now impose the condition that the gy, p are to be canonical
with respect to H(q, p,t), the fixed path in the phase space of the ¢’s and p’s
is the dynamical path. The integral on the left side of Eq. (5.17) vanishes by the
necessity feature of Theorem 1. Since the integral on the right side of Eq. (5.17)
also vanishes, the Qy, Py are canonical with respectto K(Q, P, t) as Hamiltonian,
by the sufficiency feature of Theorem 1. This completes the proof of Theorem 2.

If the Jacobian does not vanish, we may replace F(Q, P, t) in Eq. (5.15) by
G(q, p,t) by virtue of Eq. (5.14). On reversing the roles of the gy, pr and Qy, P
in the preceding argument, we find that if Eq. (5.15) is satisfied, and if Q,, Py
are known to be canonical with respect to K(Q, P, t) as Hamiltonian, then gy, py
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will be canonical with respect to H(q, p, t) as Hamiltonian. This is a corollary of
Theorem 2. The latter and its corollary can be combined into one statement, as
follows.

If the Jacobian from g, px to Qp, Py does not vanish in the region of phase
space with which we are concerned, the condition

Te(prdge — PedQy) +[K(Q, P, 1) — H(gq, p,)]dt =dF(Q, P, 1) (5.18)

is sufficient for a canonical property of either set (g, pi) or (Qg, Pi) to ensure the
canonical property of the other.

This is not a necessary condition, as a simple example will show. Let Oy =
Pre, Pr = g, and K = —H. It is verifiable at once that this is a canonical trans-
formation, but it does not satisfy the perfect differential condition (5.18).

A condition that is both necessary and sufficient is

AXi(pr qu — Hdt) — (P, dQy — K dt) = perfectdifferential (5.18a)

where A is a constant and not necessarily equal to 1.12

II. Canonical Generating Functions

a) Suppose that
g=4q(Q,P, 1) p=pQ,P1) (5.19)
is such a mapping that
as as
Dr = — Py =—— (5.20)
gk 00k
where § is a so-called generating function of the form
§=358@4,Q,1 (5.21)
With use of the summation conventiononk = 1, ..., N, it follows that
. S as . ds as
Peqr — POy e gx + 20, o) e (5.22)
We may write this as
) ds as
(Pka—H)*(Pka—K)=Et“l‘K—H“E (5.23)
ds as
= — if K =H+ — 5.24
dr ! + at (5.24)

By the sufficiency criterion of Sec. I, if the g, p are canonical with respect to H
as Hamiltonian, the Q, P will be canonical with K as Hamiltonian if

K(@Q,P, )= H(q,p,t)—i—g (5.25)

b) With
S=S(p, P, t) (5.26)
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if the mapping is such that

25 N
- = — 5.26
G . O 3P, (5.26a)
then
. : d ; ;
prgy — POy = a(Pka = PO —aqipr + Qi Pr (5.27)
d S as .
= — - P — —P 5.27
& (prax — P Q1) + Py pr+ ap, k (5.27a)
d aS
= — — P §— — 5.28
” (prgr — P Or + S5) a7 (5.28)
and

. d aS
(prgx — H) — (P Oy — K) = a(Pka PO+ S +K—-H—- m (5.29)

The sufficiency criterion then shows that if ¢, p are canonical with H as Hamil-
tonian, the Q, P will be canonical with

aS
K=H+— (5.292)
at
as Hamiltonian.
c¢) With
S=38@4, P01 (5.30)
as as
pk = —— k = — (531)
aqk aPk
we have
, . . . d
Pedr — PrQp = prge + Qi P — E(Pka)
_as + a8 d( 00
B TR T
ds d 25
== (PO - — 532
& dt( Q) o (5.32)
Then

i ) d aS
(Pka—H)—(Pka—K)=a—t(S—Pka)+K—H—¥ (5.33)
The sufficiency criterion shows that, if ¢, p are canonical relative to H, then Q, P
will be canonical relative to K as Hamiltonian if
as

K=H+— 5.33
+ o (5.339)



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

46 J. P. VINT!

d) With
S =S(p, 0,1 (5.34)

a5 A
g = —7— k=

—— 5.35
Opk eyey (535)

we find

. d .
Prdr — PrQr = —rgr + E(‘Dqu) -~ PO,

) . d
= apk + a—Qka + E(Pka)
ds dS BN

=g TP — 57

. d as
(g — H) = (PeQy = K) = —(S+ peg) + K = H — —= (5.36)

Thus, if g, p are canonical relative to H, then O, P will be canonical relative to K
as Hamiltonian if

s
K=H+— (5.36a)

In case S = S(p, Q), the reader can readily verify that the minus signs can be
dropped in Egs. (5.35) and the Q, P will still be canonical relative to the same
Hamiltonian K = H. The only reason for using the minus signs in Egs. (5.35)
is to obtain K = H + (3S/38t) when S depends explicitly on z. Case d falls
into line with cases a, b, and ¢, which yield K = H + (95/4dt). Not all canonical
transformations can be derived from the preceding four generating functions. An
example is py = Q1,91 = — Py, p2» = P», ¢2 = O, which satisfies

. . . d
P — PrQp = —01P1 — P10, =_E(QIPI) (5.37)

Such a mapping is canonical, without change of Hamiltonian, but it cannot be
produced by means of any of the above generating functions.

As seen in Table 5.1, case ¢ will be useful in the Hamilton-Jacobi theory and
case d, without the explicit dependence of S on ¢, in the von Zeipel perturbation

Table 5.1 Summary of canonical generating functions

Casea: g, Q Caseb:p, P Casec: g, P Cased: p, Q
_984¢.0.0 __aS(p, P __38@¢.r. 0 __3Sp, 2.0

T T 0 P T ST
35(¢g. Q.0 as(p. P, 1) a8@g. P, 1) as(p, 0.1
p=—pr—" Uh=———7r"—" Q=——"+—" P=t—n—""

30k P P a0

3S as aS aS

K=H+22 K=H+:" K=H+2> K=H+"

at ar 5t at
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method. A simple example of case ¢ is § = X;prqs. This gives the identity
transformation p; = Py and g, = Q4. Incased, without the explicit dependence on
tand with use of the plus signs, § = £y p Oy also gives the identity transformation.

II1. Extended Point Transformation

Suppose we have ¢’s and p’s canonical relative to H{(q, p, t) as Hamiltonian.
A point transformation is one in which the new Q’s are functions only of the ¢’s
(and perhaps of ), but not of the p’s. The new P’s can be found by expressing the
kinetic energy T in terms of the Qy, Q,, t and then using

Py =3T(Q, 0,1)/30;

There is another method of doing this, however. Suppose

Ov=filg1, 92, ..., qn, 1) (5.38)
Choose a generating function of case c, viz.,
S=X;P;ifilg.t) (5.39)
with
0 _3S_f( £) (5.40)
k= P, = Jr\qg, :
The new P’s are to be found from
A afilq. t)
=— =3P (5.41)
i Gk T gy

Such a transformation is called an extended point transformation. It results in a
new Hamiltonian

K(Q,P,t)=H{g,p,t)+ % (5.42)

Just to show how the method works, we shall devote the rest of this section to a
simple example, which is not really very fruitful. Then, in the next section, we shall
consider an example where an extended point transformation yields an important
result.

IV. Transformation from Plane Rectangular to Plane Polar Coordinates

For a particle of mass m with rectangular coordinates x, y momenta p; =
mx, p, = my, potential energy V(x, y), we have

H = (1/2m)(pi + p3) + V(x, ) (5.43)
The equations of point transformation are
X =rcosf y =rsinf (5.44)
We could transform directly to plane polar coordinates by writing

T = (m/2) (F* + r?4?)
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Then
oT oT .
-87 P1 = mr —8-5- P2 = mr29
so that
1 P2
T=—(Pt+-2%
2m( it r2)

Ul PE
H=5; P1+‘r7 +V(r,6)

The method of the extended point transformation goes as follows
O1=r=fix,y) = G*+yH?

0> =0 = fo(x,y) = tan"(y/x)

afi x af2 y sin 6
— = — =cosf —_— = =—
ox r dx x4 y? r
afi y . af2 X cos g
—— = = =sinf —-— = = —
3y r dy  x2+y? r
The equations
f
¥, Pj— =
I S Pk
become
Py sin @
Picos8 — 29mY P
. P, cos6
Pysing + =p2
r
with the solution
Py = pi1cos6 + p;siné
Py =r(—p;sinf + pycosf)
To verify their correctness, use p; = mx, p, = my and form
P+ (iPy/r) =m@ +iy)e
However,
x +iy=re?
X+iy = +irf)e
so that

Py + (iPy/r) = m(F + irf)
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and

which are correct.

V. The Jacobi Integral

Consider an artificial satellite in orbit about the Earth as shown in Fig. 5.1. If
r = geocentric distance, § = geocentric latitude, and ¢ = right ascension, its
kinetic energy per unit mass in the usual inertial system is

1. , .9
T = 3(F2 4+ r*0* +r?cos’ 6¢")

Then p; = 7, p, = r?0, and p3 = r? cos? ¢, so that

1 Py, _ P
T=2(p24+22 4 £33
2(171 * r2 + r2cos? 6

With neglect of drag, the system is monogenic and the potential

V=V, 6,1
K

*Nonh celestial pole

Greenwich
meridian_at ¢

mean equator

mean vernal
equinox

Fig. 5.1 Artificial satellite in orbit about the Earth.
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where A = geographic longitude (or geocentric longitude). However,
A =¢ —u(t)

where u is the angle from the meridian through the vernal equinox to the meridian
through Greenwich. It is called the Greenwich sidereal time and satisfies

= w, U = wet + ug

where w, is the sidereal rate of rotation of the Earth and ug is the Greenwich
sidereal time at t = 0. Thus

V=V[r6,¢ —u()]

The Hamiltonian is then

RN (I S . S WV R
2\ T 2oste T
depending explicitly on the time. Thus

dH oH A% av
—_—— = = U = =W
dr at dA o
since ¢ is kept fixed in evaluating 3V /dA. From Eqgs. (5.1), ps = —(3H/3¢) =
—(0V /d¢), thus
dH
dr

This suggests finding a transformation that will take us to a constant Hamiltonian

= wepS

K=H—-wp3
To do so, introduce an extended point transformation
Q1 =r 0, =96 Os=¢p—u=2»2
S=2Z;Pifilg,0)
In the notation of the previous section,
fi=qu=r fi=q@=0  fi=qg—-u
where u = w,t + ug. The equations

as

Pr=—
¢ gk

give

3.
;P /i

— = pk
]aqk

which become

P = p; P, =p; P = p;
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Also

EX) af; afs du

— =3P~ =P~ =—-Py— = —@,P

ar e T 5y Sor @t

The new Hamiltonian

aS
K=H+5t—=H—weP3=const

where

H=2 p2+££+————p§ + V(0,6 —u)
2\ T 2 T r2cos26 T

The net result of this extended point transformation is that simply by changing
from right ascension to geographic longitude as a new Q, we find that the corre-
sponding Hamiltonian K is a constant. This new Hamiltonian is called the Jacobi
integral. In the special case that the Earth is considered to be axially symmetric,
H — w.P3; would be constant, but so would H and P separately.

References
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Chapter 6

Hamilton-Jacobi Theory

I. The Hamilton—Jacobi Equation

UPPOSE we have a system with Hamiltonian H (g, p, t) where the ¢’s and
p’s are to be solutions of

dH(q, p,t) . dH(q, p.1)
—_— CIk = —————
qr opy

Transform to new variables Q, P by means of a generating function S(g, P, t). The
appropriate equations are

_ 35, P.1) 0 398(q, P, 1)
3qx k 9P,

from case c¢ in Table 5.1. If the ¢, p are canonical with H as Hamiltonian, the Q, P
will then be canonical with

by = k=1,...,N

Pk

k=1+2
at
as Hamiltonian. Also, if Q, P are canonical with K as Hamiltonian, the g, p will
be canonical with H as Hamiltonian.
The bold step to the Hamilton—Jacobi equation is to require that the transforma-
tion be such that

K(Q,P,t)=0
If we can find such a transformation, then
. 0K , 0K
= — = P = = = 0
O A k 20%

so that
Or = P Pr = oy k=1,...,N

where the o’s and B’s are all constant. The original problem will then be solved,
since we can then find ¢y, p; from

_ 098G, 1) b = 35(q, o, 1)

k=1,...,N
3G doy,

Pk

The key step is putting
a8(q, P, 1) _
ae

K =H(q,p,t)+ 0

53
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If we replace py by 35 /9qx, we obtain

a5 0S(q, P,t
H<q,_,, +_(q;__’_)=0
aq at

a partial differential equation for S, called the Hamilton—Jacobi equation. If we
can solve this equation for S, we can find the required canonical transformation.
The integration constants arising in the solution will serve as the new P’s, which
will be the same as the constants «’s.

II. An Important Special Case
If H is explicitly independent of ¢, then

H=q
a constant. Then
as
Fr
and
S = —ait + W(g)
Thus
_9S  aW(q)
pe= dqr  dq

The HJ equation reduces to

(+55)
Hlg, —,t) =0
dq

To write down this equation, construct the Hamiltonian H (g, p, t), replace each
pr by 8W /0¢q;, and set H equal to the constant ¢ .

In most cases one cannot solve this equation in closed form or by quadratures.
In some cases, however, one can solve it by separation of variables, and these cases
are important. If N = 3 and we can separate variables, we shall find two separation
constants & and a3, which along with «;, will be the new P’s. We can find

W = W(q1, g2, g3, @01, 02, 03)

so that
S=—-ait+W
and
as ow
P e
po= o 2 B@2 Dy, S0
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We thus obtain, as the kinematical equations of motion,

aWi(q,
M=t+ﬁl
30[1
oW(q, o)
a—qzﬂz
an
oW(g,a
a0 _ g
8063

To find the ¢’s as functions of ¢, we have to invert these equations, obtaining
qr = qelaw, B, t)  k=1,2,3

To find the p’s, we use

aw
D= — k=1,2,3
G
The ¢’s then follow from the p’s by means of
0H(g.p,n) .
=P8 = fg iy k=123
apx

II. The Hamilton—-Jacobi Equation for the Kepler Problem

If r is the radial distance, 6 = latitude, and ¢ = longitude or the right ascension,
the Hamiltonian for a unit mass is

1 2 p2
H=—<p3+&+ A IS

2 r2  r2cos’é

where V() = —u/r, 0 = G({my + my). On replacing py by dW/dqy, the HJ

equation becomes
(%)
Hig,—,t)=o
dq

IRNE AR T AN 1 aWwN?| u
V=) +Ts5l= ) + 55—\ —— =
2 or r2\ 86 r2cos?d\ 3¢ r

We try to separate variables by placing

W = Wi(r) + W2 (0) + Wi(¢d)

If a prime denotes the derivative with respect to the indicated argument, this
becomes

or

1 1 21
N2 N2 2 —
) +;—2—(W2) +r200529(W3,) o =2
Then

W;? = 2a1r2 cos? 6 + 2pr cos? 0 — r2 cos? OW,2 —cos? OW,2 = a2 (6.1)
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a constant, because the left side depends only on ¢ and the right side only on r and

8. Thus
Wi =3
where o3 may have either sign, because
oW ,
Po =S5 =W

and
py =rcos’0¢
which is L, the z component of angular momentum. To show this, note that
L,=xy—yx =Im(x —iy)x +iy)
However, if p = r cos 8
—id

x —iy=pe x+iy=pe?  x+iy=(p+ipd)s”?

Thus
L; =Im[(pe™"*)(p +ip)e®] = Im[pp +ip’p] = p¢
=r?cos’0¢ = p,
On dividing Eq. (6.1) by cos? @ and transposing, we find
200r 4+ 2ur —r*w{* = W;* + a5 sec’ 6 = o

a constant, because the left side depends only on r and the right side only on 6.
We may assume o, > 0 without loss of generality.
Then

W =r=2(—a3 + 2ur + 204r?)
W = ol —ajsec’ 6

and

D~

W = 2r~ (a3 + 2ur + 201r?%)

W} = % (o — of sec” 6)%

Since W| = p, =i and W; = ps = r?0, the plus sign holds for W] when 7 > 0
and the minus sign when 7 < 0. Similarly the plus sign holds for W’ when 6 > 0
and the minus sign when § < 0.

From W; = a3, we obtain

W3 = a3¢

In integral form

o=

,
124 =/ :{:r'l(—a§+2,ur+2a1r2) dr

r

o i
W, =/ + (0f — af sec® ) do
0
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where the integrands are always nonnegative. The lower limit ry allows for a
constant of integration.
Note that for real motion, o — o3 sec? 6 > 0, so that
sec?d < O{%/Ol% cos* 0 > 0532/01%
Since cos?f < 1, we find oz§ < oz%. The minimum value of cos@ is |as|/as.
As 6 increases from O toward /2, cos 8 diminishes until it equals |az]/o,. As 6

diminishes from 0 toward — /2, cos 8 again diminishes until it equals |os]|/cs.
Thus

Omax = COS_l(IOl3|/C(2)
Omin = —Bmax = —cos™ (Jaa|/e2)
Total energy is

1
C¥1=—v2——l£
2 r

where v is magnitude of the velocity. For a bounded orbit
o <0

else v would remain real as » — o0.

The integrals W; and W are difficult to evaluate, but we need only aW, / dory,
oW, /day, dW,/da, and W, /das since they are the quantities that appear in the
kinematic equations

oW (q, a) aW,
t = — _
+h day 80:1
oW(g, o aW oW,
B = ____(i_l A
3052 aOlz 3052
aW(q,a) aw.
=P =gy 2
30{3 8053

We shall see that we can express the derivatives of W, and W, with respect to
the «o’s as integrals. Before evaluating these integrals, it is well to say what the «’s
and B’s will turn out to be in terms of the Keplerian elements @, ¢, I, w, 2, and 7.
We shall see that

o = —-% ﬁ] =-T
=[pa(l-e)) fr=o (62)
o3 = aycos B3 =

At this point the question may arise: Since we have already solved the Kepler
problem, why solve it again with such a complicated piece of machinery as the HJ
procedure? The answer is this: The HJ solution will yield a canonical transforma-
tion of the Cartesian ¢’s and p’s or the spherical coordinate ¢’s and p’s to the «’s
and 8’s, which are so closely related to the Keplerian elements. Most problems
in orbital mechanics and celestial mechanics are solved by a method of perturba-
tions, beginning with a solution of a problem already solved, such as the Kepler
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problem. If we begin with the Keplerian solution, we use the Keplerian elements
as variables in the perturbed problem. Once we have solved the perturbed problem
by finding the variable Keplerian elements as functions of time, we can write down

the solutions for the position vector r and the velocity 7, as we did before, viz.,
r=A(cosE —e)+ BsinE
6.3)
i =4L(—AsinE + BcosE)

where

n=aa

r=a(l —ecoskE)
E—esinE =n(t —1)

Note that A and B are functions of a, ¢, 2, w, and I as derived in Chapter 2,
Sec. VII, for an elliptic orbit. Equations (6.2) and (6.3) together always hold; they
express a canonical transformation from the old p’s and ¢’s to the new ones, which
are simply the «’s and B8’s. As such they hold for the perturbed problem as well
as for the unperturbed (Kepler) problem. Moreover, the HJ procedure will get us
started on the perturbation calculations to find the perturbed «’s and 8’s.

IV. The Integrals for the Kepler Problem
Integrals Involving Only W)
The oy Integral

Consider
d 1
Wy, = / :i:r_‘(—a% + 2ur + 20[1r2)2 dr
r

where that dr > 0 is for the upper sign and dr < 0 is for the lower sign. Let
F@r)y= —a% +2ur + 200% = 200(r — r)(r —r2) = =200 (r — r1)(ra — )

having the real positive zeros 7| and r, for oy < 0, satisfying r; <r < r,. Solution
of the quadratic equation F(r) = 0 gives

— . 2 2
=21 14 28%
20 u?

— 2, 2
rz:l(ur 1+ O“fz)
20 iz

where r is the pericenter distance and r; the apocenter distance. For a satellite of
the Earth, the names are perigee and apogee; for a planet going around the sun,
they are perihelion and aphelion. Here r; and r; satisfy

1 —_
rn<r=n a=§(r1+r2)=27ﬁ:



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

HAMILTON-JACOBI THEORY

giving the integral

The oy Integral
To find 8W1/8(x1

r
W, =/ :i:r“lF%(r, oy, an)dr

ro

where that dr > 0 is for the upper sign and dr < 0 is for the lower sign.

Then

Wy f L Lpd 1 OF d 1 F2( )
= r ro, 01, 0y ) —
80(1 e 2r oo ¢ o=

This equation follows from the theorem

—/ fx,)dx —/ —dx+f(b ot)—b—f(a oz)—

59

If we choose rg = ry, the term F1/2(rg, o1, o) will vanish, because r; is a zero
of F(r, a;, o). Another choice of ry would give different 8’s, but ro = r; is the

most convenient choice, because it will lead to 8y = —t. Thus

(e

.
Wy = / :{:r‘l(—a% +2ur + 2a1r2) dr

L8

ow r —1
- =/ fcr(—a%+2/ur +2a1r2) 2dr
,.

8011 .

= fr £r[ =20, (r — r1)(ry — 1)]77 dr

I

=(—2aﬂ_%/'ifKr—fﬂﬁz—fﬂ_%df

r

Now define @ and e by

1 _
a=—(r1—+—r2)=—u >0 since a; <0
2 2(11

1
— 2 2\ 2
e =2 rl:(l—}- 0“5(2) <1 sothat 0<e<1
w

ro+n
giving the integral
o = [pa(l — &)}
The B Integral

Then
ry=a(l —e) rn=a(l+e)

(6.4)
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To avoid the double-valued function in the integrand, introduce a uniformizing
variable £ defined by

r=a(l —ecosE) E>0  foralls (6.5)
Then

F =aeEsinE

so that the sign of sin £ is always the same as that of 7. Now by Egs. (6.4) and
(6.5)

(r—r)(rp —r)=a’e*sin’ E
[ — 1) (ra — r)]? = aelsin E|
In the integrand of aW; /0¢;,

in E
[ — )y — ) = e =
aelsinkE |

since the upper sign is for 7 > 0 and sin £ > 0 and the lower sign is for 7 < 0 and
sin E < 0. Note also thatr =rj givescosE; = lor Ey =2nq (¢ =0,1,2,...).
Since oW /ooy = aW; /0w,

W r
f4 B = b = (—20y)2 / rdr
30{1 r

E
= (—2oq)“%f a(l — ecos E)dE
2mq

= (—20)"*a[E —esin El|,

Since —2a; = p/a, therefore (—2a;)~/2a = 1/n, where n = \/pa=3. Thus
t+ B =n"YE —-2mg —esinE) (6.6)
or
E —esinE =n(t + By)
If we let E = 0, then ¢t = 7, giving the integral
Br=-t

Now by Eqg. (6.5) r is periodic in E with period 27. Also, by Eq. (6.6), when
AE = 2m, we have At = 27t /n. The motion is periodic in ¢ with period

T =27/n 6.7

and n = /pa™3 is the mean motion. Equation (6.6) is Kepler’s equation, which
was discussed earlier, and » = /a3 can be written

w=n%a’ (6.8)

essentially Kepler’s third law.
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The summary of results of t + 1 = W (g, a)/da; = 3W, /0w, is as follows.

r=a(l —ecoskE)

—H
a=—
2(11
2 2\ 2
e=(14252) <
W
leading to
2
0 = ——(1 =) =pa(l —e*) = pp
]
where

p=a(l —ez)

E —esinE =n(t+ By)

w = nd®

We thus recognize the orbit as a Keplerian ellipse, where a is the semi-major axis,
e the eccentricity, p the semi-latus rectum, » the mean motion, 8; = —t, 7 is the
time of perigee passage, and E is the eccentric anomaly.

Integrals Involving Both W, and W,
The o Integral

W, a ow ow.
g = Wa0) oW, | W,
30[2 8(12 30[2

We had

r 1
W, = / +r7! (—a% + 2ur + 2051r2)7 dr

"
where that dr > 0 is for the upper sign and dr < 0 is for the lower sign.
Then

oW d iy
AR az/ $r"1(——a§ +2ur + 2a1r2) 2dr
3042 r

— / =200 (r = r)(rs — T dr

71 |
= op(—201)"? / FoU =)z = )] 7= dr

To eliminate the double sign in the integrand, introduce a new uniformizing variable
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/. defined by
f>0  forallt
. a(l —é?) (6.9)
" 1+ecosf

With r; = a(l — ¢) and r, = a(l + e), Eq. (6.9) covers the physical range
r1 <r <rp. Then
_a(l — e?)efsin f
T (14ecos f)?
Note that Eq. (6.9) fixes cos f and that the sign of / is the same as the sign of sin f,

so that sin f and cos f are thus both determined. From Eq. (6.5) and Eq. (6.9), we
then deduce that

(6.10)

CosE —e . /1 —e?sin f
s y —e )

COSf=1—ecosE inf = 1—ecosE
e+cos f . V1= eZsin f

CoOsfF = ——— sinf = ———
14+ ecosf 1+ ecos f

It is evident that f'is the true anomaly.
Return to the preceding integrand. From Eq. (6.9) and r; = a(1 — ¢),r; =
a(l + e), we find

= ae(l1 —e)(1 —ecos f) . ae(1+e)(1+ecos f)
b 1+ecos f 2 - 14+ecosf
Thus
a?e?(1 — eH)sin? f
O = =) =
pl (6.11a)
yae(l—e’)r|sinf]|
[ —r)(ra—1)]2 = T+ ecosf
Also
a(l —e?)esinf
dr = ———d
"= U Fecos . Y
so that
-1 esin f
dr = ——— 6.11b
T 1+ecosf ( )
and
1 | 1 sin f .
- - =g— g a1
r a(l — ¢2)7 Isinf|

Here the upper sign goes with sin f > 0 and the lower with sin f < 0, so that



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

HAMILTON-JACOBI THEORY 63

Eq. (6.12) becomes —d f/[a(1 — e?)7]. Thus
an _ —O(z(—zal)_lﬂ /f
f

af 6.13
dory a(l — e?): / €19

|
Here f) is the value of f corresponding to r = r;. By Eq. (6.9) we then have
fi=2mq ¢=0,1,2,...

We can take f] to be zero, or else it could be absorbed into the §,, since 8, =
oW /da,. Thus

W, —ap(—2a)70

b = W]‘ (6.13a)
By
wy = ua(l—e?) oy =—p/2a
we find
% =—f (6.14)

Next we need dW,/da,. From

(NI

0
W, =/ j:(a% - oz%seczé) de
0

where that d6 > 0 is for the upper sign and dé < 0 is for the lower sign, we find

W, 0 _1
AL a2/ :I:(a% —ao? 56029) > de
30[2 0 N

To evaluate this, write

1 _ cos cos

2 _ o2 sec 2 0520 — o2 2 _ 02 _ g2gint
\/az oz sec*f \/a20059 o \/az oz — o sin”f

2 2)_% cos 6

2
o .
1 — =2 sin%0
;=03

Then
oW, cos 6 do

0
oy
dor [ f *
[2%] 2 _ .2 Jo 2 .
@y — 0 1 — 52 sin%f
oy —ay

Define y, which we shall later identify physically, by

2 2
; Oy — Oy

o .
cosy = — siny = — >0
o2 o2
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giving the integral
03 = W COS Y forO<y <m

The B, Integral
Then

W, 1 /" +cos 6 do
_Siny o

si 2
V-G

To eliminate the double sign, introduce the variable

80!2

sin @

sin y
so that

cos 6 do
w =

siny
Since cos6 > o3|/, > O always, it follows that dw > 0 is for the upper sign
and dw < 0 is for the lower sign. Then

BWZ w +dw

day 0o V1—w?

The double sign is still there; so next introduce a uniformizing variable ¥, with
Y > 0 for all ¢, such that

w = siny
(Note that ¢ is defined as the argument of latitude in Chapter 2, Sec. VI.) Then
dw = cos ¥ dvr
and
+dw +cosyr dyr
JT=w?  leosy]

Since ¥ > 0 always and since dw > 0 for the upper sign and dw < 0 for the
lower sign, it follows that cos ¥ > O for the upper sign and cos ¢ < O for the

lower. Thus
+dw — dy
Wi
and
oW,
S =
where sinf = sin ¥ sin y.
Thus
oW, oW,

o7

o 80{2 80(2
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gives the integral

Br=y¥—f (6.15)

Integral Involving Only W: The 33 Integral

We have
IW(g, a) oW
o= =gt 2
80[3 aa3
where
4 1
W, = / +(o — o sec’d)” df
0
Thus

AW, _/9 a;sec
das o Jai—o] scc20

Removing |as| from both numerator and denominator, we obtain

oW> / _sectf 2p
W = Sgn o3
! / —tan?6
2g
= sgn o / hiad —_— 0
az a* —tan260
However,
2_ 2
any = |25 (6.16)
o3
so that
W, / 0 sec’ @
— =s5gnws F——df
das 0 tan? y — tan2@
Introduce the variable
tan @
U= <1 6.17)
|tan y |

To show the u < 1, note that for real motion

o —ofsec’d >0 giving  sec’d < (03 /03)

or

2

cos’g > (a_%/(x%) giving o) < a3 s

cos’6 <o
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However,
2 2
o5 — o
tan6 = sec?d — 1 < 2 5 2 = tan?y
o

3
using Eq. (6.16). Thus

jtanf| < |tan y|
so that

tan6 < |tan y|

or

Return to the integral. We obtain

oW,

/: do
= Sgndo —_—
dory g o V1—u?

where that du > 0 is for the upper sign and du < O is for the lower sign. The
double sign is still there, but to eliminate it, introduce x by x > 0 for all ¢
and

u =siny (6.18)

Then cos x > O with the upper sign and < 0 with the lower sign. (Note that
x = ¢ — Q gives the physical meaning of the element y in Chapter 2, Sec. VI.)

We have
do cos xdx
T =F = —dx
V1T —u? lcos x|
Thus
oW,
T = —Xsgnog
80[3
where

tanf = |tan y|sin
using Eqs. (6.17) and (6.18). Thus

oW(q, o oW
Ve W
aOl3 8a3

B3
gives the integral

B3 =¢ — xsgnay
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Summary for 3, and 33
Po=¥—f
By =¢ — xsgnay
tang = |tan y|sin x

I
tany = 5— = |tan y [sgn o3
o3
1—¢e? .
r:M (f > 0)
l+ecosf

sin@ = sin  sin y ¥ > 0)

To understand these equations better, we prove some theorems.

V. Relations Connecting 3, and 3; with w and Q
Theorem 1: The orbit lies in a plane passing through the origin.

Proof: Use

xsgnoaz =¢ —pz  x =(¢— f3)sgnus
sin x = sin(¢ — B3)sgn s cos x = cos(¢ — f3)
tan# = |tan y|sin x = |tan y|sgnas sin(¢ — B3) = tan y sin{¢p — B3)

using Eq. (6.19). Thus
sin(¢p — B3) —cotytanf =0
Multiply this by » cos 8, to find

1 cos B[sin ¢ cos B3 — cos ¢ sin B3] — rsinf coty = 0

However, r cos@sing = y,r cos@ cos¢ = x,rsin@ = z. Thus

ycosfy —xsinfs —zcoty =0

67

(6.19)

This is the equation of a plane passing through the origin. It follows that the
intersection of the orbital plane with the celestial sphere is a great circle, so that

we may apply spherical trigonometry.

Theorem 2: B, = w, the argument of pericenter.
Proof:

sinf = siny siny
However, 8, = ¥ — f, so that

sin@ = sin y sin(By + f)
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At the ascending node 6 = 0, so that
sin(B2 + ) =0
cos(fy + f) = +£1

To show that the sign is plus, use

de
cos ed—f = sin y cos(By + f)

Here siny > 0, from the definition siny = ,/a? — a3/,.
Now at the ascending node, d8/df > 0 and 6 = 0, so that

cos(Bo+ f) >0

Thus, cos(B, + f) = 1. Since sin(B; + f) = 0, it follows that 8, + f = 0, modulo
2m, at the ascending node. However, @ + f = 0, modulo 2x, at the ascending
node. Thus, 8 = w, as was to be proved.

Theorem 3: y = I, the inclination.
Proof: Because sinf = sin y sin(8; + f), we now have

sing@ = sin y sin(w + f)

From Fig. 2.5
sin® = sin I sin(w + f)
Thus
siny = sin/
and

y =1 or y=n—1
By definition
cosy = w3/onp
However,
p = r’cos?0¢

so that o3 and thus cos y are positive for direct orbits and negative for retrograde

orbits.
We see that y = [ satisfies these requirements. The assumption y = 7 — [
gives cos y = —cos I, which would lead to a3 < O for a direct orbit and ¢z > 0

for a retrograde orbit. Thus, y = I, as stated.

Theorem 4: Bz = §2, the longitude of the ascending node.
Proof: In the proof of Theorem 1, we had

tan @ = tan y sin(¢p — Bs)
which now becomes

tan@ = tan I sin(¢ — B3)
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At the ascending node 6 = 0, so that
sin(¢p — B3) =0
cos(¢p — B3) = *1
To show that 4-1 holds, differentiate the preceding equation to obtain

sec29ge— =tan ] cos(¢p — B3)
dp :

so that

2
$ec9 d9/4 _ cosio — po)
tan /

At the ascending node, the numerator and denominator are both plus for direct
orbits and both minus for retrograde orbits. Thus

cos(¢p — B3) >0
and thus
sin(@ — f3) = 0
cos(¢p — p3) =1
Thus, at the ascending node
¢ = modulo 27

Also, at the ascending node
¢ =Q modulo 27

Thus, B3 = 2, as stated.

VI. Summary

The results of this chapter show that if (¢, p) are the coordinates and momenta for
the Kepler problem, in either rectangular or spherical coordinates, we have found
new canonical variables (¢, 8), corresponding to a new Hamiltonian K = 0. They

are
I

" 2a

pr=-—1

oy =

a=[pal - pr=w (6.20)

o3 = 0opcosd By =Q
The Kepler problem is defined either by the equation
F@) = —pr/r’

or by the Hamiltonian

1 i
H=(pi+p +p]) ==

where V() = —u/r, p = G(my + my).
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Its solution, given by

r = A(cosE —e)+ BsinE

. an .
F=—(—AsinE + Bcos E)
r

n=+pas3 (6.21)
r=a(l —ecos k)
E—esinE=n—1)

is then a canonical transformation from (g, p) to the new variables (¢, 8).

In the Chapter 7 we shall consider the effects of adding a perturbing term to the
Hamiltonian. A perturbing term Vi(g) added to the Hamiltonian will correspond
to a term —VV(q) added to the ¥ equation. After adding such a perturbation,
we shall treat the «’s and 8’s, or the corresponding Kepler elements, as variables
related to the original ¢’s and p’s by the same equations [(6.20) and (6.21)] as in
the unperturbed problem. If we can find the «’s and 8’s as functions of 7, we have
simply to use Egs. (6.20) and (6.21) to find the orbit.

Bibliography
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Chapter 7

Hamilton—-Jacobi Perturbation Theory

S UPPOSE we have a problem characterized by a Hamiltonian

H(q, p,t) = Holq, p) + Hi(g, p, 1)

where Hy(g, p) leads to a separable problem and Hi(q, p, t) is a perturbing term.
The separable problem leads to the usual scheme.

1) Solve the HJ equation
aS aS
Hol g, — — =0

0(6] 8q> + at

Then Hoy(g, 3S/3g) = const, since it does not depend explicitly on ¢; call it «.
Thus

as
ar
S = _alt + W(C], or, oy, (X})

oW
Ho q,a— =
q

2) Find the ¢’s as functions of ¢ by inverting

-0

oW(g, o

4B = (g, )
80[1

aW(q, o)
g =1
30(2

oW(g, o

By = (g, )
8(13

The g’s are then
g = qile, B8y k=1,2,3
3) Find the p’s from

_aW(g, @)

k=123
gk

Pk

71
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4) Find the ¢’s from

=am@m

k=1,2,3
0Dk

4k

If Ho(q, p) is the Kepler Hamiltonian, this whole procedure is taken care of
by Egs. (6.21). So far, the «’s and B’s are canonical with respect to Hy(q, p) as
Hamiltonian.

To solve the perturbed problem, we introduce the preceding «’s and 8’s as new
variables; that is, we use the relations

qk:qk(a’ﬂ7t) szpk(avﬁyt) k:172:3

as a time-dependent canonical mapping to introduce the new variables &, £ into the
perturbed problem. If Hy(q, p) is the Kepler Hamiltonian, this mapping is simply
Egs. (6.21); the time dependence is a result of Kepler’s equation E — esin E =
n{t + B1). The o’s and B’s will no longer be constant but will depend on time.

It is then clear that the perturbed ¢’s and p’s will be the same functions of ¢
and the perturbed «’s and 8’s, as the unperturbed ¢’s and p’s are of ¢ and the
unperturbed o’s and B’s. It follows that

Hy(perturbed g, perturbed p) = o perturbed

To see the meaning of this more clearly, note that, if v is velocity and Hy(q, p) the
Kepler Hamiltonian, the equation

1
Mool B_ B B

2 r 2a 20

is still exactly true for the perturbed variables.
For the perturbed problem, we have

H(g, p,1) = Ho(q, p) + Hi(q, p, 1)
dH(g, p,t) aW(q, o) 38(q, o, 1)
G g 3
_ dH(q, p, 1) aS(g,a,t)

apy Pr= doy

P =

9k

Thus, S(g, o, t) is a generating function of the form S(g, P, t) for introducing
new canonical variables. It follows that the «’s and 8’s introduced in this way are
canonical with respect to

S

K=H+—
ot

as new Hamiltonian. However,
S=—-ait+W(g, o)
H = Hy(q, p) + Hi(q, p, 1)
so that

K = HO(Qy p)+ HI(CI» prt) —
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Here the ¢’s, p’s, and & are all perturbed variables and
Ho(g, p) = o
so that
K = Hi(q, p,1)
For the perturbed problem,
_9K(@g.p,1) _ 0Hi(g,p1)

=TT 8, 2B
. 0K(g,p,r) dHi(q,p,?t)
Bi = =
Bak Bak

so that the o’s and B’s of the perturbed problem are canonical with respect to the
perturbing term H,(q, p, t) as Hamiltonian.

Our problem is now to solve this canonical system for the &’s and 8’s as functions
of t. After we do so, the ¢’s and p’s that are solutions of

. O0H(q,p,t) 9Hy(q,p) 0Hi(g,p,1)
qx = = +

apy apx Op
. d0H(q, p,1t) dHy(g, p) OHi(q,p.t)
pk = — = — —
9qx g agy
will be found from the relations
a8(qg, a,t) aS(g, «, t)
pk = —3— % = ——— (71)
gk 30lk

Here S(q, o, t) has the same functional form in ¢, the g’s, and the «’s as it has
for the unperturbed problem. If the latter is the Kepler problem, Eqgs. (7.1) are
equivalent to the Keplerian algorithm for the ¢’s and p’s in terms of ¢ and the «’s
and B’s, i.e., to Egs. (6.21).

Actually, we shall find that 8; = —t never appears in H,(g, p,t) or in the
solution except in the combination £ = n(t — 7). It should also be remarked that
Hi(q, p, t) will not ordinarily contain £ explicitly, but rather the true anomaly f; ¢
appears implicitly through the relation connecting f with E and the Kepler equa-
tion E —esinE = £.

In Chapter 8 we shall get rid of 8; as a variable. To understand why, we have
to anticipate later developments. A perturbation in orbital mechanics and celestial
mechanics ordinarily produces variations that are periodic in ¢ or change mono-
tonically with ¢, usually linearly. These monotonic variations are called secular
variations, and any term in ¢ is called a secular acceleration.

If, however, we use §; as a variable, we should find mixed terms of the form
¢ times periodic terms. Authors sometimes call them inconvenient and introduce
other variables to get rid of them. How can we do so if they are really there?
The answer is that they are not. The element 8, = —7 never appears except in
the combination nt — nt, and it so happens that nt introduces mixed terms that
exactly cancel those of nt. We shall prove this later in drag-free satellite theory
by showing that the variations in £ = n(t — 7) are purely linear plus periodic.
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To see the compatibility of mixed terms in T with no mixed terms in £, consider
the drag-free case. Here calculation will show that

L=n(t—1)=ky+ kit + Pi(t)
n=c[l+ Pyt)]

where kg, k1, and c are constants and P;(¢) and P,(¢) are periodic in . It is clear
that nt is mixed because of ¢ P,(¢), so that nt must be mixed.
For t itself
eyt Rtk PO
n c[1+ P()]

so that
T =1—(1/)ko + kit + PyOI[1 — Po(t) + PE(t) + - - |

Thus, t is mixed because of the terms kit Py(t), klthz(t), etc.
Sometimes £ is expressed as

E=nt+o
Here 0 = —nt, which is mixed. If, instead of ¢, one defines a quantity ¢”’, such
that
t
= / ndt + o’
0

then o’ will be free of mixed terms. To show this, note that
b=n+6" =k + P,

and
¢ =ki+P—c—cP,

which is constant plus periodic. Thus, o/ is linear secular plus periodic, containing
no mixed terms.
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Chapter 8

The Vinti Spheroidal Method for Satellite
Orbits and Ballistic Trajectories

I. Introduction

HE Earth is approximately an oblate spheroid. The oblate spheroidal system

of coordinates is one of the 11 systems in which the motion of a particle in
Euclidean space may lead to a separable problem. In this chapter we introduce
this system and find a general form for the potential of the Earth that leads to
separability of the Hamilton~Jacobi equation. We next introduce this form for
the potential into Laplace’s equation, solve it, and then expand this solution in
spherical harmonics. This solution can be fitted exactly to the zeroth and second
zonal harmonics, thereby accounting exactly for the oblateness. Moreover, it makes
the first harmonic vanish, as it should for the origin to be at the Earth’s center of
mass. The fit of the fourth harmonic has the correct sign and about two-thirds of
the correct value. The third harmonic is not accounted for in this first approach but
has since been incorporated into the potential.'™*

II. The Coordinates and the Hamiltonian

Let the origin O be at the Earth’s center of mass, the axis Oz along the polar axis,
and the axis Ox toward the vernal equinox. We then define the oblate spheroidal
coordinates by?

X +iy =rcosfe® = c[(E2+ 1)1 — n?)]2e® (8.1)
z=rsinfd =cén 8.2)

Here €% = exp i¢, r is the geocentric distance of the satellite, € its latitude or
declination, and ¢ its right ascension. The constant ¢ is a parameter to be fitted.
As r — 00, one shows easily that c€ — r and 5 — sin6.

The metric d s? is given by

ds? = h2d&? + hidn® + h2dg? (8.3)
where
R =cME*+nHE*+ D7 (8.4a)
hy = *E +nhH(1 — 0?7 (8.4b)
R =cAE + (A - 1P (8.4¢)

The level surfaces of & are oblate spheroids, those of 5 are hyperboloids of one

75
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z
n=r17
B hyperbolal
E = &
ellipse

0A=c¢ JE+ 1
OB =c¢&
E =&, 0§ s

Plan View ( fromtop )
Equatorial plane ( xy plane )

y
E =0 n = 0
inside circle outside circle
X

Fig. 8.1 The oblate spheroidal coordinates.

sheet, and those of ¢ are meridian planes. (A section perpendicular to Ox is shown
in Fig. 8.1.) The derivations of Egs. (8.1-8.4), the pertinent analytic geometry, and
coordinate transformation are described in Appendix A.

The points Py and P, are foci both of the ellipsoids & = const and of the one-
sheet hyperboloids n = const. The positive z axis satisfies n = +1, the negative z
axis 7 = —1. The foci lie on a focal circle, of radius ¢ in the equatorial plane. Points
in the equatorial plane satisfy & = 0 inside the circle and n = 0 outside the circle.

The kinetic energy per unit mass is

T = (K€% + n2i? + h3$") (8.5)

The generalized momenta are

aT )

= — =h? 8.6a

Pt 9E t3 ( )
aT )

Py = i h% (8.6b)
aT .

pe=—=h; (8.6¢)
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If V is the potential, the Lagrangian L = T — V, and the Hamiltonian

Hg,p.t)y=Skepeqe —L=2T~-L=T+YV (8.7
Putting H = H(q, p, t), thus
H = J(h%p} +h3*pl+hi*ps) +V (8.8)
Now V is a function of r, 8, and A, where A is the geographic longitude.
Since
b=+ ot (8.9)
where w, is the Earth’s speed of rotation, we have
V=V(E nd—owt) (8.10)
The Earth’s rotation will spoil separability unless we demand that V depend only
on & and n:
V=VE, n (8.11)

This means that we cannot account for tesseral and sectorial harmonics, but at
most for zonal harmonics. With such an axially symmetric potential, we obtain
from Eqgs. (8.8), (8.11), and (8.4):

== $2+1p2+1_n2p2+ Pe
20282427 2427 €24+ DL - 1Y)
Because Eq. (8.12) is explicitly independent of time, we have

H=u (8.13)

:| +VE n (8.12)

Here o is the constant energy, with «; < 0 for a bounded orbit, since V vanishes
at infinity. Also, ¢ is not contained in Eq. (8.12), so that it is a cyclic coordinate.

Thus
Do =03 (8.14)
a constant. From Egs. (8.6¢), (8.4¢), and (8.1)
P = €2+ (1 — 11 = r’cos’ 6¢ (8.15)

Since r cos 0 is the distance of the satellite from the z axis and ¢ its angular velocity
about that axis, we identify py = a3 as the z component of angular momentum.
This is always conserved with axial symmetry.

III. The Hamilton—Jacobi Equation
Call the coordinates g, k = 1, 2, 3. If we place

aw

pr=—— (8.16)
dqk
in Eq. (8.12), we obtain the HJ equation. Then
ow
Do 8.17)

e
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so that
W = as¢p 4 afunctionof & and n (8.18)
If we separate Eq. (8.12), we have
W = aap + Wi(§) + Wa(n) (8.19)

Since we know that pgy = o3 in Eq. (8.12), we can write it and apply Eq. (8.16)
only to pg and pj, in Eq. (8.12). Then, with use of Eq. (8.19), we find

o3(5% + )
2+ DA —n?)
+27E + nHVE ) = 276 + )y (820)
Here we have put H = «; in Eq. (8.12). Now

E+DW+ (A - W2 +

E4nt=E+D-0-1) (8.21)
so that Eq. (8.20) becomes
2 2 ‘X% 252 272 0532
@-+UW1—(g+J)—2c§m4%l—nN% +ﬁt75
— 200 + 22 E - HVE ) =0 (8.22)

Inspection of Eq. (8.22) shows that we obtain separability if and only if
AR V)
E2+n?)
This leads us to the problem: What forms must f(&) and g(n) have to satisfy
Laplace’s equation?

(8.23)

IV. Laplace’s Equation
For axial symmetry V2V = 0 becomes”
9 , . av] @ L, AV
2 DI Zla—»Hil| =0 8.24
35[(5‘?" )8§]+3n[( n)anil (8.24)

We require that V satisfy Eq. (8.23), with the requirement that V have no singular-
ities outside the planet. The solution is long, but the result is simple. It is that V
shall be a linear combination of the real and imaginary parts of

V=_@¢E+in" (8.25)
The reader can verify that Eq. (8.25) is a solution of Eq. (8.24). Then
bok — b
o (5.26
(&> +n?)

which has the correct form to yield separability of the HJ equation. The next step
is to find how many of the zonal harmonics we can fit with Eq. (8.26).
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V. Expansion of Potential in Spherical Harmonics

Begin with
(€ +in)’ =& —n” + 2ik7 (8.27)
From Appendix A
G+ E =+ 10— & (8.28)
2/c* =& (8.29)
Thus
it =e+1-n> o E-npt=0%H -1 (8.30)
and
r? Z r? 2i
(E+in?=——-1+2i"=—=—14 =rsinf (8.31)
c? ¢ c? ¢
Then
c 2ic c? -3
E+inp ' = _<1 + Zsing — —2) (8.32)
r ¥ 4
In Eq. (8.32) put
h=—(ic/r) (8.33)
Then
E+in " = (1 - 2hsinG + 2} (8.34)
r
= .
==Y h"Py(sinf) (8.35)
14
n=1

if || < the smaller of |sind =+ (sin?® — 1)'/2] or |h| < the smaller of |sin8 =+
i cos@|. However, [sind % icos8] = 1. The condition for the validity of the
Legendre expansions is thus [#| = ¢/r < 1. We shall see that ¢ will turn out to be
small compared to r, so that the Legendre expansion is valid and

T ic\" .
E+in~t= ;Z<—7) P,(sinf) (8.36)

n=1

The real part of this is given by the terms n = 2k and the imaginary part by the
terms n = 2k + 1. Thus

o) 2k
Re(t +in)~! = 52(-1)"(5> Pou(sin6) (8.37)
r =0 r
¢ ] ¢ 2k+1
Im(§ +in)~" = —Z(—l)"“(—) Pay1(sin ) (8.38)
r =0 r
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Since V = boRe(£ + in)~! 4+ by Im(& + in)~!, we find

b()C . 2k . b]C o0 [ € 2k+1 .
Z( 1 () Pu(sing) — =3 (~1) (;) Pyis1(sin 0)
k=0
(8.39)

This is to be compared with the zonal part V, of the usual spherical harmonic
expansion of the potential [Eq. (15.37a)]:

,LL o0 r n
V, = —7[1 - Z (7) JnP,,(sinQ)} (8.40)
m 00 r 2k o0 r 2k+1
-= {1 - ; <7> T Pa(sin €) = (7) JzkHszH(sine)}

k=0
(8.41)

Zeroth Harmonic

boc = —p (8.42)
Second Harmonic
—boc® = prt, (8.43)
From these we obtain
ct=ril, (8.44)
First Harmonic
—bic* = pr.Ji (8.45)

With the origin at the center of mass, we have J; = 0 and thus b; = 0. That is,
with this model, all the odd zonal harmonics drop out.

Even Harmonics in General

boe (=14 (e)* = pri* Iy (8.46)

2k
ok = (D! (5> (8.47)
re

However, for this model, J, = ¢?/r2, so that we find

With boc = —pu, this leads to

= (— DS (8.48)
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In particular
Jy = —J3F
Js=1J;

For the Earth, J, = (1.08263) x 1072 and r, = 6378.137 km, so that ¢ =~
209.862 km, using the World Geodetic System 1984, WGS84 Earth gravity model.
The value of J, has the correct sign but is only about two-thirds of the correct value.
The higher even harmonics of the model are much too small. They diminish rapidly
with increasing n, while the actual values diminish slowly with increasing n.

Just the same, the fit is remarkably good, since most of the departure from

spherical symmetry comes from the J;. Since by = 0 and by = —p/c, we find
bo§ po
V=—FFit e =———— (8.49)
E+n) @ +n)
Placing
p=ct (8.50)
which approaches r for large r, we find
__k_ple _ Up 851)

c@+m PPt

VI. Return to the HJ Equation
In Eq. (8.22) put V = —up(p* + c*n?) ' and £ = p/c. We find
dwi\> %} dw,\*
2, 2 3 2 2
— ) ——=——= —-2up—2 =—(1- —
v +C)<dﬂ) i L ) e
o?
— 3 4 2uc =k (8.52)
1—n?
Because the left side depends only on p and the right side only on n, each side is
equal to a constant k. Now for a bounded orbit we have oy < 0.
Also, 5% < 1, so that

k<0 (8.53)
Moreover,
kto?=—(1— n2)<dd—:/2)2 420t — ]“5";2 <0 (854
Thus
k< —ai (8.55)
We may put

k=—a (8.56)
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where oy may be taken as positive without loss of generality. Then

a% < (8.57)

On placing k = —a3 in Eq. (8.52), we obtain

2
<%> =(p*+H)F(p) (8.58)
dp
dw,\?
(—d—z-) =(1-1)2GM) (8.59)
n
where
F(p) = o + (p* + ¢*)(~03 + 2up + 2a1%) (8.60a)
G(n) = —a3 + (1 — n*)(eg + 201¢°n?) (8.60b)
Then, by Eq. (8.19),
W = a3 + Wi(p) + Waln) (8.61)
where
p 1
Wi(p) = f +(p*+ A F(p)z dp (8.62a)
p
n 1
Wa(n) = / +(1— )" Gt dn (8.620)
0

It is convenient to let p’ be the minimum p, viz. p;, reached by the satellite. The
motivation for this procedure is the same as in the Keplerian case.

VII. The Kinematic Equations

These are
W W AW,
F4 = = (8.63a)
80{1 8011 8011
aw ow oW
Pr= — = — Ly 2 (8.63b)
80{2 30(2 8012
ow oW IW.
Br=— = — 4 —= (8.63¢)
8013 8a3 8013

Calculate the 3W /d«’s by Eqgs. (8.62) and (8.60) and insert the results into Egs.
(8.63), which become

t+ 1 = R+ 2N, (8.64a)
B2 = —ay Ry + aa N (8.64b)
ﬂ3 = ¢ -+ C2(X3 R3 — (X3N3 (864C)
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Here

p W

R1=/ +p2F~2dp =1 (8.65a)
01 ooy
p 1 1 oW

R2=/ + F idp SO SAN (8.65b)
n [6%) 8012
p 1 1 aw

R3=/ +(p2+ A FTdp =5—— (8.65¢)
o ctoy 0ty
n 1 0w

N = f + 172G dy =——2 (8.66a)
0 c? 3y
n 1 3w,

N2=/ + G2 dn =2 (8.66b)
0 oy dog
n 1 aw.

N, :/ L1 -G Tidy = —— et (8.66¢)
0 oz 0o

The next steps are to evaluate these six integrals for the R’s and N’s and then to
invert Egs. (8.64) to find p, 7, and ¢ as functions of time. Evaluating the integrals
requires factoring the functions F(p) and G(#), and this requires a discussion
of possible mean orbital elements. In turn this requires a discussion of initial
conditions.

VII. Orbital Elements

The constant «; is the energy per unit mass, with &; < 0 for a bounded orbit; o3
is the polar component of angular momentum; and «; is a constant closely related
to the total angular momentum. It is not exactly equal to it because the latter is
not conserved in the noncentral field that we are dealing with. If the subscript i
denotes an initial value and u is the speed,

1, i
=—U; — —— 8.67a
(23] 2”[ plz + C2T)i2 ( )
a3 = rfcos? 6id; = x; 9 — yiky (8.67b)

using Eqs. (8.51) and (8.15), respectively.
For a;, use Egs. (8.52) and (8.54) and the fact that dW,/dn = p, = h%h, where
h3 is given by Eq. (8.4b). The result is
-1 2,
a% = —2c277,-2a1 + (1 - r;,z) [(,ol2 + czr},-z) niz + ag] (8.67¢)
Thus, a knowledge of the initial coordinates and their initial derivatives (see
Appendix A for transformation from the xyz to pnZ system) would provide an

estimate of the «’s and the orbital elements ag, €9, and ig. By using Keplerian
relations,

2
20105
u2

cosig = 2 (8.68)

o

w=—2"  2-14
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If we then define a corresponding semi-latus rectum by

po = ao(l - e(z)) (8.69)
we have
o = 1o (8.70)
The external values p; and p; of p will then be approximately equal to ry and ry,
where
r = ap(l —ep) ry = aop(l + eg) (8.71)

If one can evaluate the integrals (8.65) and (8.66) in terms of ag, €g, and iy, one
can then find the B8’s by means of Eqs. (8.64) and the initial conditions.

Actually, a knowledge of ay, eg, and iy does not lead directly to the factoring of
F(p) that is necessary to evaluate the integrals. At this point, we have to consider
the factoring, and this will lead us to another set of orbital elements introduced by
Ref. 6.

IX. Factoring the Quartics

If p; and p; are the extremal values of p actually reached, we need to factor
F(p) into

F(p) = =2a1(p — p1)(p2 — p)(p*> + Ap + B) (8.72)

where Eq. (8.60a) specifies F(p). Expressing Eq. (8.72) as quartic in p and com-
paring it with Eq. (8.60a), we obtain four equations by equating coefficients of
X, k =0, 1,2, 3. These simultaneous equations express A, B, p; + p2, and p; 02
in terms of ay, eg, iy, and c. For convenience, we also bring in pp = ap(1 — eg).

These equations can be solved by successive approximations or by expansion
in powers of

ko = c*/ p} (8.73)
The solution is given in Ref. 2, in terms of
x=(1-¢)
(8.74)
y = C0S g

Solved for are A, B, p1 + p,, and p; po. From these follow

1 —
a=c(o+p) e=2"2  p_au-& (8.742)

2 P2+ P

in terms of x and y. The a and the ¢ thus introduced are part of another set of orbital
elements that is the set actually used, a set directly related to the factoring.
Factoring G(n) is easier, because it is a quadratic in 2. We have

G(n) = —aj3 + (1 — n*)(e5 + 20 ¢”n?) (8.60b)

If we write it as G(n) = —2a;1c%(n3 — n?)(n% — n?), the solution for ng and 7,
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involves the difference of two almost equal quantities. It is better to write it as
G = (g —ed)n*(n* = ng") (1> = n;") ®75)

Comparison of Egs. (8.75) and (8.60b) shows that 7, 2 are the roots of

((x% — oe%)n_4 + (2a1c2 — oz%)n_z —2a;¢* =0 (8.76)
These are

(1% n37) = 3( = 20%) (e — o) (1 & 0%) (8:772)
0 = (1 +8mic)(? - ad)(@d —20,6) (8.77b)

From these equations it follows that for oy < 0

2_ .2
<25 < (8.78)
@

(Note that the eight constants A, B, p; + p2, p102, 19, %1, are computed based
on the initial set of a’s.)

Instead of ay, €g, and iy, it is more convenient to use a, e, and 7 in setting up
the theory. Reference 2 gives the connections in detail and permits one to derive
either set from the other. The 8’s are the same in either case.

We shall write

no = sin/ (8.79)
as the definition of . The constants A and B are given approximately by
A~ —2kopo cos? i & —2kp cos? I
(8.80)
B~ kopé sin?ip & kp®sin® [
where
ko = ¢*/pg = r;d2/ D
(8.81)
k=c/p* =rlh/p
Thus, A and B are both of order J5, with A < Oand B > 0.

X. The p Integrals
Refer back to Egs. (8.65) and (8.72). From Eq. (8.72)

1
_1 1 1 A B\:?
F(p)™* = (=201)"*[(0 — pr)(p2 — p) " p 1<1 + > + ;—2-) (8.82)
The parentheses in A and B distinguish the present problem from the Kepler prob-
lem. To handle it, we define b, and b; by
A = —2b (8.83a)
B =b? (8.83b)
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Then by > 0, and b, and b% (or A and B) are both of order J,. Let us also define

= by /by (8.84a)
h=by/p (8.84b)
Then
1+%+%=1_%+z_2—1—2m+h2 (8.85)
so that

_1
A B\ °? ol >
I+ =+ = = (1 —2xh + h?) 2=Zh”Pn(A) (8.86)
o p =
provided that the Legendre expansion is valid. From Eqs. (8.80), (8.81), and (8.83),
we find
by = kpcos? I
by=kipsinl (8.87)

Reference 2 used the conditions || < 1 and |A[ < 1 to put limits on the inclina-
tion I. These limits are not correct, however. If one uses the condition

k] < smallerof!k + VA2 - 1| (8.88)

one can prove that the Legendre expansion is valid for all inclinations, provided
that J, < 0.17 (see Ref. 7). This restriction is easily satisfied for the Earth, for
which J, = (1.08263) x 1073,

Thus, we use

A B\ & bz)”
1+ —+4+—= = — | P,(bi/b 8.89
( ; p2> Z(p (b1/b2) (8.89)

n=0

B (E) o

From Egs. (8.82) and (8.86)
F(p)™t = (—20m)" sz” T — p)o2 — PITERG)  (89)

We now have to insert Eq. (8.91) into Egs. (8.65) to work out the p integrals. To
get rid of the double signs in those integrals, we introduce uniformizing variables
E and v, defined by

1 — 2
p=a(l —ecosE) = M (8.92)
1+ ecosv

where E > 0 and v > O for all z. Here E and v are analogous to the eccentric and
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true anomalies in Keplerian motion. Exactly as in that case,
+[(o — p)(o2 — p)) T dp =dE = (1 —e)i(l+ecosv) dv  (8.93)
Insert Egs. (8.91) and (8.93) into Eqs. (8.65a) and (8.65b). The results are

o0 b n
(=20)) 2R, = b E+a(E — esinE)+ (1 — ez)%pz (52)
n=2

X P,(0) / (14 ecos v)"“'2 dv (8.94)
0

(=201) TRy = (1 — eH)ip™! Z(%) Pn(k)/u(l +ecosv)'dv  (8.95)
rn=0 0

In the limit J, = 0, the right sides become a(E — esin E) and (1 — e®)/2 v/ p,
in agreement with Chapter 6.

It is desirable to resolve each result into a secular part proportional to v and a
periodic part. To do so, first define

fm(0) = /U(I +ecosv)" dv (8.96)
4]

Then f,,(v) — vf,,(2m)/2m is an odd function of v, of period 27. However,
fin2m) = 2 £, (), so that

v b1 n
fn(v) = / (I1+ecosv)"dv = % / (14+ecosv)"dv+ Zc,,,j sin ju

0 0 j=1
(8.97)
the periodic part of odd and of period 27, so that its Fourier expansion contains
only terms in sin jv. Also, it is a finite trigonometric polynomial, obtainable as
follows: 1) expand (1 + e cos v)” by the binomial theorem, 2) reject the constant
term, and 3) integrate the remaining periodic terms. To obtain a useful form for

the secular term, use

i
/ (Z + 72— 1cos v)m dv =nP,(2) (8.98)
0
(see Ref. 8). In Eq. (8.98) place z = (1 — ¢?)/2. Then

/H(l +ecosv)"dv =n(l — ez)%Pm[(l -~ ez)_%] = an(\/l — 32) (8.99)
0

where
R,,,(X)'—‘XmP,,,(l/X) (OSX < 1) (8100)

a polynomial of degree [m/2] in x2. Then

n

/ (I +ecosv)’dv = vR,,,(\/ I - ez) + ZC’”/ sin ju (8.101)
0 =
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Thus, R, and R, are given by

2
R] = (—20[1)—% |:b1E + a(E — esin E) -+ 'UAI + Z A]j sinjvi| (8102)

Jj=1

4
Ry = (—2a;)"2 [UAZ + Z A, sinjv:| (8.103)
j=1
To find R3, calculate F~1/2dp for R,. From Eq. (8.65c¢), this has to be multiplied
by
P+ =pT )y (DM (8.104)
j=0

On integration, the result is

1 v &
Ry = (—2ay) 3(1 — e2)2p4/ D,(1 + ecosv)" 2 dv (8.105)

m=0

where
Dy =Y d;s, (8.106)
j=0

summed over all those nonnegative values of j and n for which

2j+n=m (8.107a)
and where
dj = (=1 /Py ou=(ba/ p)" Pu(V) (8.1070)
Then
: 4
Ry = (—20)71 |:vA3 + ) Az sin jvj| (8.108)
=1

The secular coefficients Ay, A, and A3 and the periodic coefficients A, A»;, and
Asz; of Ry, Ry, and Rj3 are listed in the following summary.

Summary: The p integrals Ry, Ry, and R3, which can be computed from Egs.
(8.102), (8.103), and (8.108) are expressed in terms of analytic coefficients. After
the factorization process of Sec. IX, the set of orbital elements a, e, sin I, and p
and the constants A and B are known. The variables x, by, b,, and A can also be
evaluated, which in turn give the Legendre polynomials P,(A) and the functions
R,(x). The exact expressions correct through order J2 for the secular coefficients
Ay, Az, and A; and the periodic coefficients A;;, A2;, and As; are also listed
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as follows:

2
Ry = (—2a,)7 {blE +a(E —esinE)+ vA; + ) Ay;sin jv}
j=1

4
Ry = (=2m)7? |:UA2 + Z Ay; sinjv:l

i=1

4
Ry = (_2051)_% [UA3 + Z A3j sinjv]

j=1

Il

(b
xp Yy ( pz) Py(M)Ry_a(x)

n=2
=xp” Z < . ) Py(M)Ry(x)
Ay =xp™" )" DuRpsa(x)
m=0

Ay = 3exp™(~2bbip + b3)
Ay = (3/32)e*xp~b;

by 3 —b3 9 e? 3
Ap=exp | =+ 2 — pp2( 14+ — )+ ——bj(d+ 3¢
21 = exp [p+ po T 105 +4 +8p4 S(4 4+ 3e%)

PRt € b3)  9bib} L 36+ el
22 = 14 8p2 8p3 32[74
e’ bbb}
Ap=—xp”! |:——2 + —2}
8 p3 p
3¢t
A - ~5b4
%= 556"
3b 2 b3 +2
Ay =exp|2+ H(1+ = LC—(4+3 )
p 4 2p?
1 3b  bE42c?
A = 2 =3 —_ _ _2_._ 2 6
R =ecxp [4 47 32 (e” +6)
by b2’
Ay =

1
Az = —6—46 xp (b2+2c )
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where
c? = rf]z x=(1-— 62)%
A b
2

Rn(x) =x"Py(1/x) (O=x<1)

Dy = Dy =Y (=1)7"c/py " (ba/ pY" Pu(r)  (miseven)
n=0

i

Dy = Doy = (=1 7(c/p)* (by/p)" Pruia(1)  (misodd)

n=0
n/2 k n—2k
W2 (1@ — 20
Pad) = g 2k (n — 26)'(n — k) Eq. (13.71)
Po(A) =1
Py(A) = A

P2y = 332" = 1)
Py = 1511 =33

Py(0) = L(354% — 30% + 3)

XI. The 7 Integrals
Refer back to Eqgs. (8.66) and (8.75). Put
n = nosiny (8.109)

where 1 is to be positive for all ¢. Then 1 is analogous to the argument of latitude,
since 1o = sin I. (5o and 7, are solutions of factorization.) We obtain

+G ()~ dn = (03 ~ 03) (1 — ¢?sin’ )"t dy (8.110)

where
q*(no/m)* (8.111)

of order J,. We find

Ny = (o2 — ) T ndqAF (Y, q) — E(W, )] 8.112)
Ny = (o3 — 3 " noF(P, ) (8.113)

where

]l’ 1
F(¥, q) E/ (1 —g*sin® y)77 dyr (8.114)
0

]// 1
E(Y, q) Ef (1 —g?sin® )2 dy (8.115)
0
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These functions are, respectively, the incomplete elliptic integrals of the first and
second kinds.
We next resolve Ny and N, into secular plus periodic terms. To do so, note that

F(y+m,q)=F,q)+2K(g) (8.116)

w/2 .
K(g) = / (1 —¢?sinx) "7 dx (8.117)
0
where K(q) is the complete elliptic integral of the first kind. One readily shows

that F(¢, q) —(2/7)K(g)¥ is an odd function of ¥, periodic in ¥ with period .
Thus

2 = .
F(,q) = =K(@¥ + Y _ Fymsin2my (8.118)
7 m=1
Differentiation of Eq. (8.118) gives

(1 —¢%sin®y)~ 2——K(q)+2Zqumcos2m1// (8.119)

m=}

The Fourier coefficients Fy, are given by

) /2 .
Fup = — (1 — g sin* x)72 cos 2mx dx (8.120)
0
Expand (1 — ¢?sin® x)/? by the binomial theorem
. ~ Q2n)lg™ sin? x
(1—g%sin®x)"2 =1+ Z PRy (8.121)
Then
) 0 2! 2n m/2
Fuw=— Z (Zn) 9 5 / sin®" x cos 2mx dx (8.122)
wm e 220 (nY* Jo

Express sin®" x as a trigonometric polynomial. To do so, write sinx as (¢'*
— £7%)/(2i) and expand sin> x by the binomial theorem as a sum from j = 0 to
i = 2n. The term j = n will give a constant term. Then group together the terms
j=0ton — 1and the terms j = n + 1 to 2n to yield cosines.

The result is

R ) wool_am % (=D @2n)! .
sin? x = 21 +(=D"2)! 2 ;mcos(h——b)x (8.123)

Insertion of Eq. (8.123) into Eq. (8.122) gives

w1 (271)']2 2n
gm = (=1)"m Z D gy (8.124)

Through order J§ the coefficients are

2

q 3, 3¢*
Fi=—11{14+Z2 F ..
g1 8<+4q>+ @ = 256+
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Thus
FQf,q) = 3K(q)lﬁ — q—2(1 + -%qz) sin 2y + §—q—481n41,b + .- (8.125)
b4 8 4 256
Similarly, one finds
EW,q) = EK(q)xzf + q—2<1 + 1q2) sin 2y + 4" sindyr + .- (8.126)
b4 8 4 256

where
/2
— 202 a3
E(q) =/ (1 —g~sin“x)2 dx
0

is the complete elliptic integral of the second kind.
Placing Egs. (8.125) and (8.126) into Egs. (8.112) and (8.113) then yields

_L 2+ 4%\ . L
Ny = (o — &) 27;3[311/;—( 8q >sm2¢+-gzsm4w+--.] (8.127)

3 4
Ny = (a% —a%) Uo[leﬂ - —(4+3q )sin 2y + —511141//_;_ :|

256
(8.128)

2g72 1 3q% 15q4 17545
B, = K@) — E _ 42 (8129
1 [K(q) 1= 2+ 16 128 2048 + ( )

2 q2 9¢*  25¢°

= ——K =14+—=—4 —+ — 8.130
@=1+-—+ P + 56 + - ( )

so that the terms in 1 are exact. In Nz the periodic terms are correct through order
J?, while in N; they are correct only through order J,. This is all the accuracy

needed, however, because N; is multiplied by ¢ = r2J, in the first kinematic
equation.

The Integral N;
From Egs. (8.66¢) and (8.75)

1 n 1 i
N3=(06%—04§)7/0 (=) (1= n?/md) (1 = ?/md) 2dn (8131

Insert the binomial expansion

_1 20 2m
(1=n*/m) " = Z 22(,” ( ),)2(n/n2>2'" (8.132)

into Eq. (8.131) to find

O3 em)! L,
Ni= (2 —ad)? Z)W 152" Ly (8.133)
m=
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Here
" 1
Lo =/ (1 = 7?7 (1= n?/n3) 0™ dn (8.133a)
0
n
Lo= / F1-7)"'(1 - nz/ng)‘% dn (8.133b)
0

As before, use = ng siny, where ¥ > 0 for all t. Then

+(1- nz/né)_% dn = nodyr (8.1342)
so that

4
Ly = nof (1= ndsin>y) "' dy (8.134b)
0

Here 1y = sin I. Now put
tan x = |cos/|tany (8.135)

In the limiting Keplerian case, the new variable x is then the projection of the
argument of latitude ¢ on the equator. With use of Eq. (8.135), we find

Lo = x|tan /| (8.136)

To evaluate L,,, write the geometric sum

m—1 1 2m
> o= 1 (8.137)
n=0 -
Then
A=)y =1 -y - Z " (8.138)
Put this in Eq. (8.133a). Then
L,=Lo— ZLM (m>1) (8.139)
where
" 1,
Li, = /0 (1 —n°/nd) ™" dn (8.140)
With use of Eq. (8.134a) we find
Lo = noyr (8.141)

and

12
Li, = 2”“/ sin?’xdx (n=1) (8.142)
0
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It takes some care to see how to enter L, into Eq. (8.133). From Eq. (8.139) we

have for L,,:
m=20: Lo
m=1: Lo — Lo (8.143)
m—
m=>2: LO_LIO—ZLM

Entering these quantities into Eq. (8.133), we find

_1 emyt Qm)t .,
N» =( %—C{% 2[L0222mgn ')2 22 LIOZ 22m€n '>2 22

emy
- Zzzm(r:ln')z 22 ZLln:l (8.144)

Now, from the binomial expansion

(1-n?) =) B am (8.145)

ot 22m (1 1) 2

we find
i 2m)! _1
Py C L (8.146)
m=1

Thus

Ny = (0f —a3)” %|:L0(1 —n3) * —noy{(1 - ’72_2)_% —1}

(zm)' B mm 1 Y
— Z;)_zm(my)z ;> nk “/ sin®® x dx (8.147)

n=l1

Here we have used Eq. (8.141) for Lo and Eq. (8.142) for L,,,.
To write down the secular part of the integrals in Eq. (8.147) use the constant
part of sin®* x, viz.,

on (Zn)!

sin = m
as given by Eq. (8.123). The secular part of the integrals in Eq. (8.147) is then
@m)! o o G ©
_1/f Z 22m( y)z n2 £ Mo zzn(n!)z - —UOW;VW,% (8.148)
where
em)yt = @) 2
Vi = Z Ty 0 (8.149)

22m(m1y? &
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We shall use only the term in J2 for the periodic part in Eq. (8.147). It is given by
placing m = 2 in Eq. (8.147); then n = 1. It comes from

4! -4 3 v i.2 d
—Zaah M A sin” x dx
The periodic part of sin® x is —(cos 2x)/2, so that our whole periodic contribution

4! 1

_ o 3 _ .
2_6"24"31 sin2y = 57,24773 sin 2y (8.150)

Putting everything together, we obtain

—
(X

_ _1 _
s = (o =) (1 = ) (1 - 3?)
3
+ B3y + ’72 170 sin 2y + - ] (8.151)

where

_1
Ba=no[1 (1-m?) Zymn*z’”] (8.152)

The term in x comes from (1—1;%)""/2Ly, and Loy = x| tan I| = yxno(1—n2)~/2.

Summary for the 17 Integrals

The n Integrais N, Ny, and N3 can be computed from Eqgs. (8.127), (8.128),
and (8.151). After the factorization process of Sec. IX, the constants ny and 7, are
known. The given initial position and velocity vectors r and # at time #; can be
transformed to give the spheriodal state vector (p;, n;, &;, fi, i, ¢;) as shown in
Appendix A. Attimet;, the variables v, g, By, Bz, x, and y,, can also be evaluated,
which in turn give the  integrals Ny, N,, and N3. These integrals of the kinematic
equations (8.64a), (8.64b), and (8.64c), which provide expressions correct through
order J2, are listed as follows:

_1 2442 2
M = (o} - d) zng[m_( EE ) 2y + Losinay +-
—_ 2 2 2 3q4
No= (o —03)? o Bzw——(4+3q Sin2y + ez sindy + -

Ny = (2 — o)} [xnoo SR - )

—f—Bql//—i— ’70772 4in 24y + - ]
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where
siny = o ( ) (attimet,)
i
2972 1 q* 15¢* 1754
B = K(@)— E(@] = = + -L
1 [K(g) @] 2+ G + 38 2048
2 q%>  9¢* 25¢°
r= K@=+t e T

1

By = no{l —(1-n?)7" Zymn_z’"}

2m)! ’”Zl 2n)! e

22m(m!)2 22n(n¢)2 o

Ym =

At this point, the Jacobi constants (8, B2, 83) can be estimated from the HJ equa-
tions even though the 7 integrals are computed at time #;. As indicated in Chapter
6, the HJ solution will yield a canonical transformation of the Cartesian ¢’s and
p’s (r and#) or the spheriodal coordinate ¢’s and p’s(p, n, ¢, 0, 7, ¢) to the a’s
and B’s, which are so closely related to the Keplerian elements. Resubstituting the
«’s and B’s back into the kinematic equations, we can solve the perturbed problem
by finding the variable Keplerian elements as functions of the given time £. We can
write down the solutions at time f for the position vector r and the velocity 7. The
first kinematic equation is, of course, a generalized form of the Kepler’s equation
for the perturbed problem, and we shall deal with that in the following sections.

XII. The Mean Frequencies

We need to know the mean frequencies to check the secular parts that we shall
obtain for the anomalies v and E and for iy, the argument of latitude.
The action variables are

) ~”
Ji =§£ppdp=2/ podp
141

Mo
J2= f ppdn = 4[ ppdn (8.153)
0

2
jo=$podo= [ pods = 2raq
0

The mean frequencies are’

8(11
Vp = V] = —
p 1 a1
80(1
Uy =V = — 8.154
n 2 8]2 ( )
80[1
\)¢=1)3=—

aJ3
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To compute them, use

3 8(11 a}m _ 8061

2=t Ojm Boy Doy

Put
Jmn = o,
Then
vijii+vju =1
Vi ji2 +v2jn =0
vijia+vajn +2r3 =0
If

A= jrijn = jizja
the solution of Eq. (8.157) is

Vi = jn/A
vy = — jia/A
2mv3 = =V jin — WV jn

From Egs. (8.62) and (8.153)

02 ;
ji=2 / +(p® + A F(p)} dp
P

1
o
=4 [ 20— Gt an
0
From Egs. (8.60)

oF
— =20+ b

3061
aF
— = 2m(p* +¢%)
3(12
aF
—_—= 2c2a3
3&3
oG
— =2c%(1 - ")y’
Boq
G 2
— =2m(1 — %)
80[2
3G
— =203

80[3

97

(8.155)

(8.156)

(8.157)

(8.158)

(8.159)

(8.160)

(8.161)

(8.162)
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From
3im
o = (8.156)
Jdo

h

and Egs. (8.160)—(8.162), we find

P2
Jn= 2/ +£p?F 3 dp = 2Ri(p2)
P21

P2
ji2 = —2a2f +F 2 dp = 205 Ra(p2) (8.163)
]

I

P2
Jiz = 2% / H(p? + %) FT2dp = 2%3 Re(p2)
o

1

The right sides come from Egs. (8.65). For the others we obtain

7o
Jar = 402f +1*G % dn = 4c2Ny (o)
0
o 1
jo = 4a2f + G772 dn = 4oy Na(no) (8.164)
0

Mo
o = —das f (1= )G} dy = —dasNa(no)
4]

by means of Egs. (8.66).

To obtain the first three j,,,’s, we use Eqs. (8.102), (8.103), and (8.108), putting
E = v = m. To obtain the next three j,,’s, we use Egs. (8.127) and (8.128) for
Nj and Ny, putting = /2. Then in Eq. (8.151) for N3, weput ¥ = x = 7 /2.
The results are

Ju = 27(=2a) i (a + by + Ay)
Ji2 = —2man(~2a1)77 Ay
Jiz = 2c2mon(—2a1)77 Ay

Jo1 = 27102(05% — a_%)_%ng B (8.165)
Jjo2 = 2man(of — Ol_%)_%UoBz
jin = —2mas(o = o) Ho By + (1 =) F (1 = ;)77 |

Insert Egs. (8.165) into Egs. (8.159) to find v; and v,. These mean frequencies
are given by

2wy = (—2011)_%(51 + b1+ A1 + c*n3 A2 By Bz_l)_l
‘ . (8.166)
2mvy = (0 — o) Tng ' AaBy (a + by + Ay + P A2B1 By )

These equations will show that E=1 = 2mv; and 1/—/ = 2mv,. Because the
variables on the right sides of Egs. (8.166) are known, the mean frequencies can
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be computed. From Ref. 2, the mean frequencies can be approximated by
2y = no + 0(J3)
2y = no + [1 + 31(5cos ig — 1] + O(J3)

where the Keplerian mean motion ng is given by u = n(z) ag and ag = —u/Cay).

XIII. Assembly of the Kinematic Equations

We gather together the results that express t 4+ 8; and 8, as functions of the
eccentric anomaly E, the true anomaly v, the argument of latitude 1, constants
depending on the orbital elements a, e, g = sin I, p = a(l — €2), and c? = r2J,.
For details see Ref. 2.

Arranged according to their order in J;, these constants are

J3 e, 0, 03, Ay, By, Ba, p
Jo:ic? A, g% Axl, Ap, by, b3, AL B
JE A, Arg, Az, A
The equations are

t+ B = (——2a1)’%[b]E +a(E —esinE)+ vA; + Ay sinv+ Ajpp sinZU}

L 2+ q* 2
+ c* (o — o3) 2778[&1&—( —;q )sin21/f+gzsin4w}
+ periodic terms of order 123 (8.167a)

By = —ozz(—Za])_% [vAy + Ajysinv 4+ Agpsin 2v 4 Ays sin3v + Ayg sindv]

_1 q* 3g*
+ (03 — o) 2n0[32¢ - ﬁ(4 +3¢%)sin 2y + 756 sin 4:4

+ periodic terms of order 123 (8.167b)
Here p = a(l — ecos E) = a{l — €?)/(1 + ecos v), n = ng sin .

XIV. Solution of the Kinematic Equations

Before solving the kinematic equations (8.167), it is convenient to have several
relations connecting the uniformizing variables E and v. From Chapter 2, Sec. V,

we obtain
cosE —e
CosSV =
1 —ecosE
. V1 —e?sinE
siny = ———
1—ecosE

The requirements that dv/d¢ > 0, dE /dt > O for all ¢ lead to the result that dv/dE
> O for all £. Because of this result, the sin v equation has no ambiguity in sign. For
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agiven value of the eccentric anomaly E, the preceding relations determine the true
anomaly v completely. The three unknowns (E, v, ¥) of Egs. (8.167) essentially
reduce to two. We assume that the Jacobi constants 8; and $; can be estimated from
the application of the initial conditions as discussed in the last paragraph of Sec. X1.
Theoretically, we can solve the two equations of (8.167) for the two unknowns
(E, ¥)or (v, ¥), since all the other parameters in Egs. (8.167) are known.

To solve Eqgs. (8.167), place

E=E+E, v=uv+v, Y=v-+Y, (8.168)

Here the subscript s means “secular” and the subscript p means “periodic.” If p goes
through N; cycles in time Ty and if n goes through N, cycles in time T5, we have®

s —_ . 2 N
E=f=E, =v, = lim 22 = 27y, (8.169a)
T1—o0 T1
- N
Y =y, = lim 2 =27, (8.169b)
T2—>OO 2

Because we have already obtained exact expressions for v; and vy, it is clear
that we can obtain the secular terms exactly for the assumed potential. We shall
also obtain the periodic terms through order J3.

By Egs. (8.169) we can write

E, =v, =M, (8.170)
where M, is the secular part of the mean anomaly. Then
E=M,+E, v=M,+ v, Yo=Y+ Y, (8.171)

We may obtain the secular solution of Eqs. (8.167) independently of Sec. XII
by dropping all the sines in these equations, placing £ = v = M, ¥ = ,, and
solving the resulting equations for M, and . These resulting equations are

(~200) Ha+ by + ADM, + (ol — o) InBig =1+ B (8.1720)

—a(—=201) 72 AaM, + 0y (0 — 03) o Boty = B (8.172b)
giving
B-(¢t a2 2B —1
M, = (<20t 2L B = 1% i (8.173a)
(@ + by + A))By + c?ng A2 B,
L At by + ADay
1/[“ =(05§_05%);77()_1 2( +,31)+(a+ 1+ l)az ,32 (8173b)

(a + b] + A])Bz + Cz?’)%AzBl

Comparison with Egs. (8.166) verifies thatM, = 27 vl,z//.\. = 2mv,, as expected.
We can rewrite these equations as

M, = 2mvi[t + 1 — *ngey ' B2 B1 By '] (8.174a)
W, =21t + B+ (a+ by + Aoy | BrAS ] (8.174b)

If one traces through the constants, one finds that ¢, = M, + S, + O(J;), as
expected, with 8, replacing .
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XV. The Periodic Terms
To solve the assembled equations (8.167), we put, successively,
E,=E v, =1 ¥ =0 (Step 0)
E,=Ey+ E; v, = Uy + Uy Vp = Yo+ V1 (Step 1)
E,=Ey+E+E vy=vwt+vt+vn ¥,=y+%1+¥ (Step2)

In step 0, we retain in Egs. (8.167) only the periodic term of order J?, viz., sin E. In
step 1, we retain all periodic terms of orders J and J,, but none of higher order. In
step 2, we retain all periodic terms through order J2, but none higher. In carrying
out each step, however, we shall suppose that each quantity involved is calculated
to such an accuracy that the error is of order J.

Step 0

On placing E = M, + Ey, v = vy + vy, and ¢ = i, + ¥ into Egs. (8.167)
and retaining only the terms sin E of the periodic terms, we find

M, + Eo — ¢ sin(M, + Eo) = M, (8.175a)
Yo = (—21)"3 (2 — ) 3! Ay By ve (8.175b)
re % (by > 0) (8.175¢)
== < > . C

a-+ b1 ¢ !

on subtracting Eqgs. (8.172a) and (8.172b). Equation (8.175a) is Kepler’s equation
for M, + Ey, with an effective eccentricity ¢’. Suppose it is to be solved by the
most approximate method, which will depend on the value of ¢/. We then have
E = M;+ Epandcanfindv = v, +vg by use of cosv = (cos E —e)/(1 —ecos E)
andsinv = (1—¢%)"/?sin E /(1 —ecos E). Substituting v, into Eq. (8.175b) gives
Y. At this point, we have Ey, vg, and o. Note that here e is the orbital eccentricity
e and not ¢’

Step 1

Knowing M, ¥, Ey, vg, and ¥, weplace E = M, + Eg+E;, v = vo+vg+u,
and ¥ = ¥, 4 ¥, + ¥ into Egs. (8.167), discarding only periodic terms of order
Jzz. We find

My + Eo+ E; — €'sin(M, + Eo+ Ey) = M, + M, (8.176a)
1
Y1 = (=200) 71 (e — )20yt By 1 [Agwr + Ay sin(M, + Vo)
2
£ Ay sin(2M, + 20)] + %B;’ SinQy, + 2y0) (8.176b)

MI = (a + bl)_l ]:—(Al -+ (,‘27’}(2).4231 B;l)vo

c? 422
+ -Z(—Zoq) 2 (a2 — a3)

%né sin(2y + 21/f0)} (8.176¢)
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on subtracting Egs. (8.172a) and (8.172b). Equation (8.176a) is Kepler’s equation
for My + Eo + E, with the effective eccentricity ¢’ defined in Eq. (8.175¢). Using
Laguerre’s method, Kepler’s equation can be efficiently and accurately solved. We
have E = M, + Ey + E; and can find v = vy + vg + v;. Substituting v, into Eq.
(8.176b) gives yr;. At this point, we have Fq, vy, and .

Step 2

Finally, knowing My, v, Eq, Vo, Yo, E1, v1, and ¥, we place E = M, + Eo+
Ei+Ey,v=v,+vg+ v+ vy, and ¥ = ¢, + Yo+ Y1 + ¥, into Egs. (8.167),
discarding only periodic terms of order J23. We find

M+ Eo+ E + Ey — ' sin(M, + Eg+ E; + E3) = M, + M1 + M, (8.177a)

1
Y2 = (—200)77 (0 — 02) g By ' [Agws + Agv; cos(M, + o)

+ 2A5v1 cos(2M + 2vg) + Az sin(3M; -+ 3vg) + Agg sin(4M, + 4vg)]

2

‘12 1 3q° .
+ *8—32_ [% cos(2yry + 2¢6) + =3 sin(2y, + 20)

3q2 .
~ e sin(4y, + 41/f0):| (8.177b)

My =—(a+b)"! {—Alvl + Ay sin(My + vo) + 2A12 sin(2M, + 2vp)

2 —1 1
+ Z(—zao—% (of —3) zné{Bﬂln — V1 cos(29; + 20)

q* q*
iy sin(2y, + 240) + o sin(4yr, + 41#0)}:] (8.177¢)

on subtracting Egs. (8.172a) and (8.172b). Equation (8.177a) is Kepler’s equation
for My + Eqg + E; + E,, with the effective eccentricity ¢’ defined in Eq. (8.175c¢).
Again, using Laguerre’s method, Kepler’s equation can be solved. One could solve
the Kepler equation (8.177a) for E, directly by using

T 1—e'cos(M, + Eqg+ E;)

However, Laguerre’s method has been proven to converge for any value of eccen-

tricity. We then have E = M, + Eq+ E{ + E; and can find v = v, + vy 4+ v; + v3.

Substituting v; into Eq. (8.176b) gives ;. At this point, we have E,, vy, and .
This completes the solution with exact secular terms and periodic terms cor-

rect through order .122 for E, v, and ¢ and, thus, for the spheroidal coordinates

p=a(l —e cosE)=a(l —e?)/(1 + e cosv),n = nysin .

E,

XVI. The Right Ascension ¢

From Eq. (8.64c)
Bz =¢ + 3R — a3N3 (8.64¢)
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In Eq. (8.64c¢) insert N3 from Eq. (8.151) and Rz from Eq. (8.108). The result is

naf—

¢ =B+ as(0; — i) [770(1 — ) (1= 0% Pk + Bax

3 4
+ Engn;‘ sin 2¢] — Po(—20)7 1 l:Agv + Z Az, sinnv:l

n=1
(8.178)

Here ng = sin [ for all J;. In the limit J, = 0, this becomes

1 _1
¢=,53+Ol3(a§——a§) 2770(1—778) Iy
However, in the limit J, = 0, we also have a3 = o5 cos I, so that this reduces to
Br=¢ — xsgnay (8.179)

which is a correct Keplerian equation if 83 = Q. It is a useful exercise to check
that ¢ = 27 ;.

XVII. Further Developments

See Ref. 10 for a treatment of zonal harmonic perturbations. This article uses the
Brouwer—von Zeipel method to handle the effects of J5 and J4 on the spheroidal
problem as developed in this chapter. For further development of the spheroidal
method itself, see Ref. 4. For a summary of the spheroidal method, correcting
all previous errata and showing how to avoid troubles with near-polar orbits, see
Ref. 11.

References 3 and 4 incorporate J3 into the separable potential. The history of
this topic is as follows. Shortly after the publication of Ref. 1, Brouwer and Pines'
discovered that the spheroidal potential of this chapter could be found by use of the
separable problem of two fixed centers.”* To see why this is so, imagine a particle
of half the mass of the Earth placed on the z axis at a distance ¢; north of the
Earth’s center of mass and another one of the same mass also placed on the z axis
but at a distance ¢; south of the center of mass. If P is a field point at distances r;
and r, from these two masses, the potential produced at P by these masses would

be
M1 1
v=-5 (z * z)
where M is the mass of the Earth. If x, y, z are the coordinates of P, then
n=x+y +@-a)
=4y + et a)
Now introduce spheroidal coordinates p, 7, ¢, defined in this chapter, so that
24y ="+ (1 - 1)
=07
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Then
rf=p?+ 1 —nP) + el —2¢10m
ry = p*+c*(1 = n*) +cf +2c10n
If we now formally put ¢; = ic, where i = (—1)!/2, then ¢ + ¢? = 0 and

ri=p*—c*n* = 2icipn = (p —icn)

ry = 0"~ 4 2icipn = (p +icn)?
Thus,
ry=p—icy
rp=p+icy
and
GM 1 1 GMp o
V=- ——+ : =T 22 222
2 \p—icn p+ticy p+cin p*+cn

This, however, is the separable spheroidal potential.
Aksenov, Grebenikov, and Demin!* discovered that if the masses and distances
are all complex, with M;r;° 'and Mory ! conjugate, the potential

also leads to separability. It enabled them to fit not only w and J,, but also J3, with
the origin still located at the center of mass. The author’s endeavor to understand
this possibility in more physical terms led to Refs. 3 and 4.

References 3 and 4 illustrated by the methods of this chapter that J5 could be
incorporated into the separable potential. This now becomes

_ _Mp+nd)
p2+c2n2
where
x +iy = [(p2 + A1 = pH)ze’®
z2=pp—34
2

J
ct= resz(l - —2) ~ril,
J3
8 L5y
=——r,— >
2",
Here c is again about 210 km for the Earth, and § is about 7 km.

Unfortunately, there are a number of errors in Ref. 4. They do not change its
main conclusions but have to be avoided for applications. Reference 11 eliminates
all these errors, except for a final bracket sign for Hz on page 33 and omission of
the e in p = a(l — ecos E) on page 34.
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Chapter 9

Delaunay Variables

HAPTER 8 developed Hamilton—Jacobi perturbation theory with the «’s and

B’s as canonical variables and the perturbing Hamiltonian term Hy(g, p, t) as
Hamiltonian. The unsuitability of 81 as a variable now leads us to introduce a new
set of canonical variables, called the Delaunay variables. In the case of a general
reference Hamiltonian Hy(g, p), they have to be introduced by means of certain
other variables called action and angle variables. For the present, we shall not deal
with them but bring in the Delaunay variables by a special method applicable only
to the Keplerian reference Hamiltonian.

We have
dH oF , oH aF
= ——t = — = — =l k=1,2,3
a,Bk a,Bk 8(1/( aak
where we write F; = —H; and H, = H| (g, p, t). This is to follow Delaunay,

who reversed the sign of the Hamiltonian; all the literature follows this convention.
With Fy as Hamiltonian governing the behavior of the «’s and B’s, the a’s appear
mathematically as coordinates and the 8’s as momenta.

For the generating function that we need, see Ref. 1. With H, as the Kepler
Ho(q, p), we introduce a generating function of the form S{g, P, t):

S =—ait + l/«(—20¢1)_%/31 + a2y + oy

where . = G(m; + m»). Note that the g, are used because of the new P in S. Here
the «’s are the “old” coordinates and the B’s the “old” momenta; the «; are the
“new” coordinates and the g, the “new” momenta. Then

By = 95 L= 95 k=1,2,3
k — aak ak - aﬂ;{ R R )
and the new Hamiltoman will be
a8
F=F+—
at

Thus
Br=—t+u(~20) o = pu(—2a)7
B=p, o =
B = B oy =0

107
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With use of oy = —pu/(2a), where a is the Keplerian perturbed variable for the
semi-major axis and n = \/;F, the perturbed mean motion, we find
o) = /Tia By =+ B~ (—2m)} = ¢
oy = ay = [pa(l — )] B=p=0

o = a3 = [pa(l —eN]icos I B =p3=Q

In Delaunay’s notation

L =./na £=n(+ B
G = [pa(l — M) g=o

H=[ua(l —eMicos I h=%
The Delaunay Hamiltonian is
F=F —-—u
However, oy = —u/(2a) and L? = pa, so that
oy = —(u?/2L%)
and
F =F +u*/2L%
Note that F; = —H,;. The canonical equations in Delauney variables are then
aL _oF e ok
dt al dr aL
4G _oF  dg  9F
dr ag dt oG
dH _oF - dh __oF
dr oh dr oH

the L, G, H now being “coordinates” and the £, g, 2 “momenta.”

Reference

'Garfinkel, B., Space Mathematics, Part I, Vol. 5, Lectures in Applied Mathematics,
American Mathematical Society, Providence, RI, 1996, p. 65.
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Chapter 10

The Lagrange Planetary Equations

ATER on we shall use the Delaunay equations as a canonical system to de-
velop artificial satellite theory, but first it is desirable to use them to derive
equations for the variations of the Keplerian elements. These equations are known
as the Lagrange planetary equations (not to be confused with the Euler-Lagrange
equations of advanced dynamics) or as the V.O.P. equations. The “V.O.P.” means
variation of parameters after a method called “variation of constants” in books on
differential equations. It is not necessary to bring in this latter method, because the
variations of the Keplerian elements are an easy by-product of canonical theory
that we should have had to develop in any event.
First, let us define two Keplerian sets of variables. There is the “slow” set: a,
e, I, 2, w,and T oro = —nt, and the “fast” set: a,e, I, Q,w,and £ =nt + 0 =
n(t — 7). It is the presence of nt in £ that makes the latter the fast set. Our earlier
remarks about §; = —t as a variable should have made it amply clear why we
shall consider only the fast set.
If V, is the perturbing potential, then V; = H; = —F}, and the Hamiltonian in
Delaunay variables is

F =2l + F,
corresponding to the differential equation
F=-2r4vF
3

Here F; = —V; is called the disturbing function. It is clear that the Lagrange

planetary equations will apply only when the disturbing force is derivable from a

potential. Dissipative forces will be taken care of later by the Gaussian equations.
The Delaunay equations

. JF . oF
L=— £=——
8¢ L
.. OF aF
ag aG
. OF . oF
H:——— h:——
ah dH

may be used to calculate 4, ¢, I, 8, @, and ¢ as functions of a, ¢, I, 2, w, and £.
Note that, even though £ = n(t — 1) and n = /a3, the £ and the q are to be

109
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considered as independent variables in these calculations. We begin with

F = (u%/2L%) + Fi(a, e, I, Q, o, £)

a=1L%/u w=g
1—e*=G?*/L? Q=h
cosl =H/G n=,u,%a_%

I. Semi-Major Axis

) 2LL 2LaF, 2/ uadF
a = — = — = —

u u 0f w 9L
so that
_ 20k
na of
II. Eccentricity
1—e*=G*/L?
bl —e) =20G — 2L
e (G _L_1oRm_ 13k
1—-¢2 G L Godw L ¢
so that
o122 (ih Lo
eL 14 G dw
However,
L = /pa = na® L/G=(1—-¢&)?
so that

o 1—€*ToF 21 0F]
¢= R RPN ot 1
naze | 9¢ dw

III. Inclination

cosl =H/G

. H H. 18F, coslIdF
—Isin]l = —=—--—=G - —

G G TG G o
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However,
G =na*y/1—¢?
so that

dF aF
cotl—1 —csc[—l)

. 1
. —
na%/(1 — €2) ( dw 982

For the other three Keplerian elements, it is necessary to keep in mind which
variables are being kept fixed in a partial derivative. The subscript O.D. will mean
that other Delaunays are to be kept fixed, and the subscript O.K. will mean that
other Keplerians are to be kept fixed.

IV. Mean Anomaly
With other Delaunays fixed

oF ] 2 2 JF
P20 __ 2 M—-}-Fl _r_ o
aL aL\2L2 L3 4L
Since
L = /na = na®
_3
P/ = i (pa)y™r =n
Thus
. aF
()
OL Jop.
However,

Fi=Fa,el,Q w1

Of the Keplerian elements, only a and ¢ depend on L. Thus

8F1 _ 8F1 da n BF, de
aL O.D,_ da Jox \OL /op. de Jox \OL /op.

Here
a=L%u
(a_a) _L_ 2t 2
OL/op M s na
1—-e?=G?/L?

de G? 1—é? 1—é?
—e{ — = ——= —— = —
3L Jop. L3 L na?
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3F1 _ 2 8F1 + 1-— 62 8F1
9L Jop. " na\ da OK. na’e \ 3¢ Jok

na da nale de

Thus

so that

In the final Lagrange planetary equations we do not need the subscript, since it is
understood that the variables are the fast Keplerian set.

V. The Argument of Pericenter

. (dF (3R
©=E= G O‘D.— G 0.D.

In Fi(a,e, 1,2, w, £) only e and I depend on G:
1—e?>=G*/L? cos [ = H/G

Thus
oF _ ok de n ok ol
G Jop. — \ de ok \9G Jop, oI Jox \9G /op.
Then
de G (1-eé2)3
—e = — — N -/
3G Jop. L? na?
Also
. (31) H cos !
—sinI{ — =—— =————7
3G oD. G naz(l — gz)i
Thus
(1—e2): 3F, cotl OF

nate  de  pg(1 — e2): ol
VI. The Longitude of the Node

. . aF <8F1
Q=h=—(— =—(—
oH 0.D. oH 0.D.

In Fi(a,e, I, 2, w, £) only I depends on the Delaunay variable H. Thus

OF, ([ 3F, I
oH O.D._ al O.K. oH 0O.D.
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However,
cosl =H/G
. (81 ) 1 1
—sinl{ — =—=-—
oH /o p, G na?(1 — e?)?
Thus

_ cse dFy
B na¥(l — ez 81

VII. Summary

_ 20F

" na 8¢
1—¢e2/dF o0 F
é:—e —1—(1—e2)—%—1-
na’e \ 0f dw

doF, aF
cot]— —csc[—

1
B na2/(1 —ez)( dw a2

(1 —e®: aF cot!  F
w = _— ——
nale 3¢ pg2(1 —e?)s 01

_ cscl 3 F]

B na?(l — 62)% al

These are the final Lagrange planetary equations for the variations of the elements
of the fast Keplerian set. The partial derivatives are the derivatives of the disturbing
function with respect to those elements. Note that £ contains an additive term n,
the mean motion, which is nonvanishing even in the unperturbed case, which is
why this set is called the fast set.

Note that e appears in denominators for ¢, &, and £ and that sin I appears
in denominators for /, ®, and €. These appearances mean trouble for circular
orbits, e = 0, and for orbits in the xy plane, with sin/ = 0. The solution of
these equations leads to e and sin I in the denominators of results for most of the
Keplerian elements. Actually, they do not produce singularities in the resulting
variations of the Cartesian coordinate system of components x, y, z, X, ¥, and 2
but produce the necessary algebra to show this is heavy.

For this reason, other elements are often used that do not lead to such singular-
ities. One such set is the following!: “equinoctial” system—a, &, k, p, g, A. This
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is good for all inclinations except I = 180.
a=a

h = esin{w + Q)

k = ecos(w + )

I
= tan —- sin 2
P 2

I
= tan — cos 2
1 2

Ar=L4+w+Q

The reader will recognize A as the mean longitude. To handle absolutely all orbits,
one may define a “retrograde factor” r, defined by

r=1 0<I <90
r=-—1 90° < I < 180°
Then
a=a
h =esin(w +r)
k =ecos(w+r2)

1
=tan" —sin Q
b 2

I
= tan" — Q
q 5 cos

A=L+w+rQ

Reference

!Computer Sciences Corporation, System Description and User’s Guide for the GTDS
R&D Averaged Orbit Generator, prepared for NASA Goddard Space Flight Center, Green-
belt, MD, 1978, pp. Al, A2.
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Chapter 11

The Planetary Disturbing Function

ET us consider the orbit of a planet about the sun perturbed by other planets

whose orbits are known. The orbit to be solved for may be that of a minor
planet. The main perturbation will then come from Jupiter, with smaller effects
from Mars and Saturn. Such a minor planet would ordinarily be moving in the
asteroid belt between Mars and Jupiter.

The same general form of disturbing function arises in the case of an artificial
satellite of the Earth. In this latter case, the Earth takes the place of the sun, the
satellite the place of the minor planet whose orbit is being solved for, and the sun
and the moon the roles of the perturbing planets. The disturbing function is then
called the lunar—solar disturbing function.

Return now to the minor planet. Part of the disturbing function will arise from
the direct gravitational force of the known perturbing planets, called the direct
part, and another part will arise from the nongravitational forces due to the motion
of the perturbing planets, called the indirect part.

To carry out the derivation, we introduce two reference systems:

1) A globally inertial system—one in which the universe as a whole is at rest.
Operationally, it is one in which no apparent forces appear when we treat the
motion of a particle.

2) An inertially oriented system with origin at the center of mass of the sun,
z axis perpendicular to the plane of the ecliptic and x axis pointing toward the vernal
equinox. (In the case of an artificial satellite, the Earth replaces the sun, and the z
axis is along the axis of rotation, i.e., perpendicular to the plane of the equator.)

Let O be the center of mass of the first system and S that of the second system as
shown in Fig. 11.1. Also, let M be the mass of the sun, m the mass of the solved-for
planet,and m;,i = 1, ..., N, the masses of the N perturbing planets. Let p denote
the position vector of the solved-for planet in the first system, p, that of the sun,
and p; that of a perturbing planet.

Also, let r be the position vector of m relative to the sun and r; that of m;
relative to the sun. Then

r=p—p,  ri=p-p

where r has Cartesian coordinates x, y, z and r; has Cartesian coordinates x;, y;,
z;, both in the second system. Here

Ar=r—r A=A
p=p;+r
pi = pstr
115
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Fig. 11.1 The inertial coordinate systems.

For the sun

Mp, = GMm ZGMm, A (LD
For the planet to be solved for .

mp = — GMm Z mm, (11.2)

Since r = p — p,, we may obtain i by canceling M in Eq. (11.1) and m in
Eq. (11.2) and taking the difference of the resulting two equations. The result is

. G(M + m) N Gmy N Gm;
Ff=—-—" +Z ASI(r[“‘r)~Z'r—3ri (11.3)

3
r o1 B =1 i

In Eq. (11.3), A; has been replaced by r; — r. To simplify the last two terms in
Eq. (11.3), introduce the function

Gm; Gm,»
U= Z—’~ S (11.4)
i=1 i

and differentiate it with respect to x, the x coordinate of r in the system attached
to the sun. Then

N N
=LY (11.5)

However,
A= —x) = -y - C—2z)
so that
dA; X — X;
ax A
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Then Eq. (11.5) becomes

AU N Gm Y Gm
0 Ny =, (11.62)
ox ; A? ; rl-3
Similarly

aUu Gm
L 2y, (11.6b)
dy p A? ;

N N

G z
Z Z (11.6¢)
=] i=l1

Thus, if V,,, is the gradient operator with components 3/dx, 2/0y,and 3/dz, we
find

G Gm
VU = Z YN Z-%n (L7

i=l i
Equation (11.3) becomes

GM
F o= —MHVWU (11.8)

3

The function U is called the disturbing function. Its first term, X;Gm;/A;, is
called the direct term, because it is clearly produced by the direct gravitational
forces of the perturbing planets. Its second term, ;G (m;/ r?)ri -r, is called the
indirect term, because it is produced by the acceleration of the perturbing planets.
A simple way to verify this is to carry through both the inertial mass of the sun and
its gravitational mass, with a separate symbol for each. It will then be found that
the indirect term has a factor sun’s gravitational mass/sun’s inertial mass; thus, if
the sun’s inertial mass were infinite, it would vanish.

Bibliography

'Smart, W. M., Celestial Mechanics, Longmans, Green, and Co., London, 1953, PD.
8-10.
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Chapter 12

Gaussian Variational Equations
for the Jacobi Elements

HE Lagrange planetary equations are applicable when the perturbation is
derivable from a potential. If it is given only as a force not so derivable (e.g.,
if it arises from drag), they are not applicable, and we need another approach. The
appropriate variational equations are known as Gaussian, after Gauss, the great
German mathematician.
When the perturbation is known only as a force, the motion of an orbiter is

F=—-VVy+F (12.1)

where F is not the gradient of any potential. Here V, would be —u/r in the
Keplerian case, but in general V may be any potential function that leads to a
solvable Hamilton—Jacobi equation when F = 0.

If potential V,, leads to a solvable HJ equation, the Hamiltonian is

Hy =T(q, p)+ Vo(q) (122)

and we shall call the corresponding orbit the reference orbit. It is characterized by
Jacobi o’s and B’s, satisfying

_3S(g, . 1) g — 38(q, e, 1)

; (12.3)

J P )

where

Ho+ 25— (12.4)
0 a1 = .

Equations (12.3) and (12.4) will also hold for the perturbed problem, because they
represent a canonical transformation from the g’s and p’s to the «’s and B’s.

Our aim in this chapter is to find equations for the ¢’s and §’s in terms of the
perturbing force F. Before we can proceed with the main derivation, we shall need
certain equations, connecting derivatives among the g’s and p’s, called the Jacobi
relations. There are four of these, but we shall need only two of them, viz.,'

), -()
3By ap ap; q.p '

@,
do / o g api /)y p '

119
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In Eqgs. (12.5) and (12.6) the subscripts («, 8) mean that all the «’s and §’s are
held constant during the differentiation, except f; in Eq. (12.5) and o in Eq. (12.6).
The subscripts (g, p) mean that all the g’s and p’s are held constant, except p; in
Eq. (12.5) and p; in Eq. (12.6).

Proof of Eq. (12.5): From Eq. (12.3) we have

3B, 3%s 3%s /9
0= (ﬁ> - n (ﬂ) (12.7)
dax )5 Bajday  da;dqe \Box /4
with use of the summation convention. Thus
328 (@ a%s
(ﬂ> - (12.8)
dajdqge \ doy w.p dajdoy
Also, from Eq. (12.3)
3B, 328 [ 3qm
8 = %y _ Zam (12.9)
' B/ ap 00i0qm \ Bk /op
and
ap; s /9
8, = (ﬂ) - (ﬂ> (12.10)
' i), , 999 \0pi/,,
Multiply Eq. (12.10) by dq; /3B and sum on j to obtain
3q; d 3%S [ dq;
(i) - (ﬂ) (i) (12.11)
B / up 0pi ) 4. 0900 \ 3B /o p
Because £ and j are dummy indices, we may change £ to j and j to m. Then
g da; 3?s (9
(ﬂ) = (ﬂ) (__q_'”> (12.12)
aﬂk a.p apl q.p 8qmaO{j aﬁk a.f

By Eg. (12.9) we can replace
3%S [ 9gnm
dgm oo (—a—ﬂ_k)a,ﬁ
in Eq. (12.12) by §; «. Equation (12.12) becomes

(), -(2)
IPr a.p i/ gp .

which is Eq. (12.5) that we wished to prove.
Proof of Eq. (12.6): Multiply Eq. (12.10) by 8¢,/ and sum on j to obtain

(?ﬁ) :<@) ) (%) (12.13)
Bak a.p 8p, q‘paqjaozg Bak a.B

Interchange the dummy indices j and £ in Eq. (12.13). Then

(%) =(§fﬁ> S (@) (12.14)
dor oy ap; q,paq@aa_,- 00y B
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%S (dq\ S
3qeda; \doy /o5  Bojdoy

Insert this into Eq. (12.14) to obtain

(36][) _ d 4§ (30[(,’) _ ( a BS)
o «f da; doy \ dp; “p ap; 0o 4.p

However, 35 /da; = By, so that this becomes

()., = (%)
aock a.p 8p,~ q.p '

which is the second Jacobi relation. This completes the proof of the Jacobi relations.
We now return to Eqgs. (12.3). They can be inverted to give the «’s and §’s as
functions of the ¢’s and p’s. The ¢’s and p’s can then be expressed in terms of
the rectangular coordinates x; and rectangular velocities x. In this way, we can
express the «’s and B’s as functions of the x’s and x’s. (Parenthetically, let it be
remarked that we essentially did this in Chapters 6-8 for the Keplerian Hy when
we expressed the Keplerian elements in terms of the x’s and x’s; the further step
of expressing the Keplerian «’s and 8’s in terms of the x’s and s is simple.)
Thus, we may write

However, by Eq. (12.8)

o =a;(x, X) (12.15)
Bj = filx,x)— 13, (12.16)
With the summation convention,
804, N a(xi .
bj =\ = - 12.17
i <3xk )x‘xXk * (35% )x,xXk ( )
. oFf 9F:
Bi=-dn+ (i) X + (—fi) S (12.18)
axy XX dxk XX
However, by Eq. (12.1)
F=-VV;+ F (12.1)
so that
. Vo
h=—-——+F (12.19)
axk

On inserting Eq. (12.19) into Egs. (12.17) and (12.18), we find

30(,' . 8(1/‘ aV() aa/
= —2% — —— + F,— (12.20)
Bxk an Bxk 8xk

: af; . 9f; Vo af;
i T ™ T ok axe + %

@

(12.21)
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or
doj
a;=P;+ Fr— (12.22)
8xk
3B
B =V, + Fiot (12.23)
Xk

We have used here of; /34, = 08;/0x; and have denoted by ®; and \W; the terms
that do not involve Fy.
If we were to turn off the force F at time ¢t = fp, we should have for t >

Dt >1)=0 Wit >1)=0 (12.24)

since we would then be back to the unperturbed problem, where the «’s and 8’s
are constants. Now

CDj = d>.,»(x,x) ‘IJj = \I"j(x, )C)

depending explicitly only on the x’s and x’s and not explicitly on 7. At the moment
to when we turn off the perturbing force F, the acceleration 7 changes instanta-
neously, but the x’s and x’s do not. This means that ®; and ¥; do not change value
at time #y. Because they vanish for r > f3, however, they must also vanish at time
to. However, t; is any time. Thus

®; =0 v, =0 (12.25)
Insertion of Eq. (12.25) into Egs. (12.22) and (12.23) yields

Jo ;
y Fp—2L 12.26
Uj= Iy 9%, ( )
. 3
B = aﬁ ! (12.27)
Xk

Equations (12.26) and (12.27) express one possible form for the desired variational
equations, but not the most convenient one.
To express them in the most convenient form, we need a lemma, viz.,

(3“—’) = (% (12.28)
9x; X,k B aﬁj a,B .
B _ (9%

(5. =-(a)., 229

Proof of Lemma: Begin with

xe = xi(q) (12.30)
3
X = zra—;"q, (12.31)

(It is best to avoid the summation convention in this proof.)
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Thus
X d
<i> il (12.32)
99 /44 94
The kinetic energy per unit mass is
T =1%i (12.33)
so that
<8T> .2 o (1234
Pi=\ 5 kKT = EpXp o .
! an X% aq/ aql
by Eq. (12.32). Now p; also satisfies
3S(q,
py = 2249 (12.35)
dq;

Letus seek a similar equation for %, . To do so, multiply Eq. (12.34) by (dq; /9x, ),
and sum on j. We obtain

] dx; 9g; dq;
Tl — o =X 12.36
kXl 24 f 361_; ax, iPim— ax, ( )
3S(q, @) dgq;
3,284 b4 (12.37)
’ 8q, er
with use of Eq. (12.35). Then
dxy dq, 35(q,
ez, ok 04 _ (354 @) (12.38)
8q ax, 0g; o
Now, because the g’s are functions of the x’s and the x’s functions of the ¢’s, we
have
ad dx aq;
ka=E/'ﬁdq E k r 9 dxr
" 0q; Bq 9x,
dxy 0q,
_ z,z,(—x’i %)dx,
"\ dg; 0x,
Thus
dxg 0
% ( al q’) = 8 (12.39)
aq; dx;

Inserting Eq. (12.39) into Eq. (12.38), we find
35(q, 0G(x,
i =( (g O‘)) - (_M) (12.40)
ox, o 0x, o

S(g,a) =G(x,a) (12.41)

where we have put
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Also
38(q, o) 3G (x, o)
ﬂr = =
oo, ax,

Equations (12.40) and (12.42) have the same form as Egs. (12.3), with x, re-
placing ¢,, X, replacing p,, and G(x, «) replacing S(q, «). In terms of the x’s and
x’s [from Eqgs. (12.5) and (12.6)], the first Jacobi relation becomes

<%) :<?ﬂ> (12.43)
aﬁk a.pB 8)Ci Xk

and the second Jacobi relation becomes

(ﬂ) :_@’?_") (12.44)
E)ak a.p axi Xox

Now, in Egs. (12.43) and (12.44), change k to j and i to k to obtain

801.,' _ 8xk
85(5 P4 B a:BI ap
B\ [
3)'61( X - aO[j @B

The results constitute the lemma we set out to prove.
Now insert the lemma equations into Eqs. (12.26) and (12.27). The results are

. (axk>
a; = F| —
3,34,‘ a.p

. 8xk
b= 50
aaj a.p

In vector form, these become

Y, = F a_r 12.45
%= '(aﬂ.,-)a,ﬁ (1249

Bj=—F- (%) (12.46)
7/ ap

These are the Gaussian variational equations for the Jacobi elements. In the
special case that the perturbing force F is derivable from a potential V;

(12.42)

F=-VV (12.47)
The Gaussian equations then become
. ar
a; = -V V] T
9B;
. or
fr=VVig-

Bozj



dAalAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

VARIATIONAL EQUATIONS FOR THE JACOBI ELEMENTS 125
However,
oV oV aV
dV) = — dx + — dy + —dz = VV;-dr
ax ay 0z

so that the equations become

. vy
0 =——
b= Vv

i aaj

the same as we found in Chapter 7, where Hy = V.

References

'Smart, W. M., Celestial Mechanics, Longman, Green, and Co., London, 1953, pp. 140-
142.

Tisserand, F., Mecanique Celeste, Gauthier—Villars, Paris, 1889, pp. 20-23.

3Vinti, J. P., “Gauss Variational Equations for Osculating Elements of an Arbitrary Sep-
arable Reference Orbit,” Celestial Mechanics 7, 1973, pp. 367-375.



JAIAA

The Hokls From fr dempom Lty PUrChased from American Institute of Aeronautics and Astronautics

This page intentionally left blank



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

Chapter 13

Gaussian Variational Equations for the
Keplerian Elements

I. Preliminaries

HAPTER 12 derived Gaussian variational equations for the Jacobi «’s and
B’s:

For s o (13.1)
3Br T B ‘

where F is the perturbing force. The present chapter will be devoted to obtaining
Gaussian equations that tell how the Keplerian elements a, ¢, I, 2, w, and £ vary
with time because of such a perturbing force. It is convenient to begin with two
lemmas that will be needed in the derivations.

Lemma I: If a vector r rotates around a fixed axis pointing along a unit vector
J, so that the angle (r, J) remains constant (Fig. 13.1), then if 5 is the angle of
rotation

— =Jxr (13.2)

The proof is simple. As 7 increases by dn
|dr| =rsinéde (13.3)

The direction of dr as shown in Fig. 13.1 is along the tangent to the circle in the
plan view (Fig. 13.2). Since rotation of a right-handed screw through dn would
produce screw translation along J, the direction of dr or of 9r /97 is along J x r.

Now
|J xr|=rsin¢ (13.4)
50 that by Egs. (13.3) and (13.4)
X1y
dan

Because dr /dn is along J x r and has the magnitude |J X r|, it follows that

—=Jxr (13.2)
an

127



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

128

OB = r

BC' = dr

oC' = r =r+dr A

AB

r siné
dr = BC'= rsiné dn

BC'= BC whendr—9-0

o

n=¢

J. P VINTI

An orbiter
trajecto

Fig. 13.1 Anexample of n=¢ and J =*L.

Lemma 2: If, in the osculating elliptic orbit shown in Fig. 13.3, r is the position
vector of the orbiter, r = |r|, f the true anomaly, [ 4 a unit vector pointing from
the force center toward pericenter, and I 3 a unit vector perpendicular to /4, so that

f has to increase by 90° to rotate r from I 4 to Iz, then

r = Re[(lA + ilB)rs_"f]

where ¢ = exp(—if).

A

rsin&
J
r
4
O
Elevation

Plan

Fig. 13.2 A vector r rotating around a fixed axis J.
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Fig. 13.3 An osculating elliptic orbit.

Proof:
r=I4rcos f+1pgrsinf = Re[(lA +ilB)r8_if]
The perturbing force F may be expressed as
F=IL,R+1;T+1,W (13.6)

Here I, is a unit vector along ;{7 is a unit vector along the transverse direction in
the plane of the orbit; and [y is a unit vector along the angular momentum, i.e.,
perpendicular to the orbital plane. Thenl,, I1, I form a cyclic orthonormal triad
of vectors, satisfying

L xlp =1, Ipxly=1, 1Iyxl, =Ir (13.7)

Equation for Iy

Let Iy be a unit vector pointing along the line of nodes toward the ascending
node. From Fig. 13.4 (the octant figure) we have

Iy =icosQ2+ jsin® (13.8)
leW =leinI (139)

where I, j, k are unit vectors along the inertial axes.

Equation (13.9) follows from these facts: I lies in both the orbital plane and
the equatorial plane, so that it is perpendicular to their respective normals [y and
k; the angle between these planes is /, so that the angle between k and Iy is 1. If
we form the vector product of k with Eq. (13.9), we obtain

kxkxly)=ktk-ly)—-1ly =k xIysinl (13.10)
From Egq. (13.8)
kxly=jcosQ—isinQ 13.11D)



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

130 J. P.VINTI

Fig. 13.4 Octant figure.

On inserting Eq. (13.11) into Eq. (13.10) and using k - I = cos I, we find

ly =isinQsinl — jcosQsin! +kcos/ (13.12)

Equations for [, Iy, ly

From Fig. 13.3, we have

I, =lscosf+1lgsin f (13.13)

Iy =lgcos(f +m/2)+1gsin(f +7/2)
= —Iasinf +Ilgcosf (13.14)
I +ily =14+ ilg)e™ (13.15)
la+ilg =, +ilp)e (13.16)
Ia xlp =1, xIr =1y (13.17)

II. Equations for ¢¢; and a4
Use Egs. (13.1) and (13.5). Then

9 3 .
& :F°a_5r1 =Re[F-a—m{(lA+ilB)rs"’f}] (13.18)
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Consult Chapter 2 for
4 =i[cos Qcosw — sin §2cos [ sinw]
+ j[sin Qcos w + cos 2 cos I sinw] 4 ksin [ sinw (13.19a)
lg = —i{cos Q2sinw + sin L cos I sin w)
+ j[—sinQsinw + cos Lcos I/ cosw] + ksinlcosw  (13.19b)

Recall that B3 = Q, 8; = w, f; = —1,cos ] = (a3 /).
Thus, I 4 and il 5 do not depend on B, and therefore

& =F- ;—; = R{F a4+ ilB)a%(re-if)] (13.20)
By Eq. (13.16)
F-(u+ilg)y=F-(, +ilp)e =R +iT)" (13.21)
so that
=F. 3—/31 = Re[(R +iT)s 7(%_”)} (13.22)
Now

rcos f =a(cos E —¢e)

rsin f =bsinE b=av1—e?

. ) - , (13.23)
F-(a+ilp)=F -, +ilp)e'l =(R+iT)e'f
re i =a(cos E —e) — ibsin E
In Egs. (13.23), only E depends on ;. However,
E—esinE =nt+ B)
so that
dE dE  na
(l—ecosE)— =n _— = — (13.24)
9p1 B
From Egs. (13.23)
_ dE
—(re ify=(—asinE — ibcos E)—
b1 b1
na
= ——/(asinE +ibcos E) (13.25)
-

Use the anomaly connections

sinE /1 —¢éZsinf cosE  e+cosf

r p r p



dAalAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

132 J. P VINTI
so that
aiﬂl(rg_"f) = —ip—————\/}__ez[sinf + i(e + cos f)]
= _naz ! _ez[le+i8 i
Insert Egs. (13.26) into (13.22) to find
& = —W—P—@Re[(R +iT)(i 4 ies)]
na’s/1 - €2

= —————[eRsin f + T(1 + ecos f)]
p

With use of p = a(1 — &2), this becomes

Gy = \/%[eR sin f + T(1 + e cos f)]
and the semi-major axis is
-
20[1
7 2a?
d= gt ="

= ——2—[eRsinf+ T(1+ecos f)]

na/1 — é?
1. Equations for ¢; and é
Here

) or
&y = F.—

=5

Now

Y=8+f

where the true anomaly f depends on E and e. However, e =

(13.26)

(13.27)

(13.28)

(13.29)

(13.30)

e(a, ay), and

E = E(e, B1, a). Thus, f depends only on ¢, arp, and By, so that it is independent
of B,. Thus, the argument ¥ of latitude has no dependence on 8, through f. It

follows that changing 8, only leads to dyy = df,, so that

or _ ar

o oV
Thus

oo r I

oY

(13.31)

(13.32)
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If r is changed by a change in ¥ only, it gets rotated about an axis perpendicular
to the orbital plane. Here Iy is a unit vector along this axis, and (r, lw) remains
90° during such rotation. Thus, in Eq. (13.2), n becomes , so that

a_r = a_r =lw xr (13.33)
0 Y
Insertion of Eq. (13.33) into Eq. (13.30) yields
dz:lw ><r-.F=lW-r><F (1334)

Since F=1l,R+1;T +1,W, then

rxF=rTly —rWls (13.35)
ly er xF=rT (13.36)

It follows that
G =rT (13.37)

Now to find é, use
cx% = pa(l —e?)
2 bty = bt + boa + 2 (1 — %) (13.38)
2y a4 2et
oy a 1-¢2

In Eq. (13.38), insert Eqgs. (13.29) and (13.37), so that

28 2 [Resin f + T(1 + ecos /)] o7 (13.39)
= esin ecos )] - —————— .
I—¢e*  naJ1—eé? na?v/1 — e2
Thus
/T—e?
b =  [Resin f + T(1 + ecos f) — rT] (13.40)
na
In Eq. (13.40), insert r = a(1 — ecos E) to find
/T—e2
eé = ¢ [Resin f +T(1+ecos f)—T(l —ecos E)] (13.41)
na
so that
/T 22
¢ = ® [Rsin f + T(cos E + cos f)] (13.42)
na
IV. Equations for ¢x3 and 1
Here
. ar
3 =F.— (13.43)

363
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Now B3 = 2 and the longitude
¢ = B3+ x
where, by Sec. VII of Chapter 2,

tan x = cos [ tanyr

(13.44)

(13.45)

Here, according to Sec. III of this chapter, ¥ depends only on «y, ¢, B, and Bs.

Also
cosl = a3/

Thus, x is independent of 83 = 2. It follows that

29 _y
3fs
Then
or  dr 3¢  Or
96 o0popy 09
Thus
4=F. L
a¢

(13.46)

(13.47)

Here ar /3¢ is the rate of change of r as r is rotated around the inertial z axis with
constant 0. That is, in Eq. (13.2), n becomes ¢, and J is k, the unit vector along

the inertial axis Oz. Thus

5(; =kxr
so that
&z =kxr-F
=k-rxF=rk-(1, xF)
With use of
F=lL,R+I1;T+1,W
I, x F=Tly — Wiy
so that
a3 =rk - (Tly — Wir)
However,
k-ly =cosl
and

Iy = —lysin f +lgcos f

(13.48)

(13.49)

(13.50)

(1351

(13.52)

(13.53)
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by Sec. I of this chapter. Also, by Eq. (13.19)
k-ly=sin]sinw

k-lg=sinlcosw

Thus
k-lyr = —sinlsinwsin f 4+ sin/ coswcos f (13.54)
Insertion of Eqgs. (13.52) and (13.54) into Eq. (13.51) thus yields
&3 =r[Tcos] —Wsinl cos(w + f)] (13.55)
To find 1, use
cosl = w3/0 (13.56)
Cising =% 2 (13.57)
oy oy

Insertion of &, = rT and of Eqs. (13.55) and (13.56) into Eq. (13.57) yields
—Isin] = (r/a)[T cosI — Wsinl cos(w + f) — T cos ]

so that, with use of &y = /pa(l — e2) = na’*/1 — €2, we find
i rWcos(w+ f)

(13.58)
na?/1 — e?
V. Equations for 3; =
Here
. or
Py =—F.— (13.59)
8063

Because of the six Keplerian elements only I depends on a3, we may proceed
as follows. Use

1
cosl:ﬁ —sin] — = —
o2 8013 [¢4]
or or ol cscl or
—_— == — (13.60)
30[3 al 80[3 (03] al
Then
B B cscl ar (13.61)
T 31 '

Now ar /81 corresponds to a rotation about Iy, the unit vector along the line of
nodes. In Eq. (13.2) 5 becomes I, and J is . Then

8—1‘ =IN Xr (1362)
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and
. cscl
ﬁ3 = F . lN XF
0%
cscl
= Iy -r xF
[e%]
I
_resc Iy -, x F)
22
1
= 20y (Tly — Wi
24/}

with use of Egs. (13.50). However, Iy - Iy = 0, then

, rcscl
fy=— Wy - Ir)
o

Now
Iy -1, = cscy
and
Iy -l =csc(¥ + 7w /2) = —sinyr
from Fig. 13.4. Thus
rWesc I siny

&3

B:;:Q:
or

rWeseIsinyr

nas/1 —e?

V1. Equations for 8, = w

We begin by proving two lemmas.

(13.63)

(13.64)

(13.65)

(13.66)

(13.67)

(13.68)

(13.69)

(13.70)

Lemma I: With Keplerian elements a, e, I, 2, o, and £ as independent variables

2
2(6)-(3) =

d [a _ a ar
de\r /] r2de

r=a(l —ecos E)

or . oF
— = —qacos £ +aesin E—
de de

Proof

(13.71)

(13.71a)
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However,
E —esinE =¢
so that
JE .
(I —ecosE)— —sinE =0
de
oE _ sin E
de  l—ecosE
Thus
3 sin E —cosE
o acosE4+ -2 _HemcosE) st (1371b)
de 1—¢ecosE 1 —~ecosE
Then

d [fa a\?
%<;> = (;> cos f (13.71¢)

This completes the proof of Lemma 1.

i _ (5 . )sinf (13.72)

Lemma 2:

de ro1—e?

Proof -
cos f = g(cosE —e)
r

With use of Lemma 1 we find

. of a\’ a . _JE
—sin f@ = (;) cos f(cosE —e)+ (;) (—sm EE — l)

However,
oF sin K a .
— =——— = —3sink
de l—ecosE ¥
so that
. of a 2 a’sinfE  a ay ., sin? f
—sin f—={—jcos" f ~———— — — = —]sin” f —
de r r2 r r 1—e?
since
sin f = £/ = e?)sin E
r
Thus
of ¢ + : in f (13.72)
— = - in .
de roo1—e2 >

which is Lemma 2.
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Now
. or

B, =-F-

(13.72a)
30[2

wherer =r(a, e, I, Q, w, £). Of the six Keplerian variables, only e and I depend

on a. Thus
0 ) a ) ol
()., = (), Ge)., + G0, ), o
dap a.p de / ¢ \ 0oy B al J x \ Oy y

Here
Loy s de  2ma
u? dar w?
(13.74)
de _ 20[1(12
da,  ep?
. al cos [
cosl = — —sin ] — = —
[0 30[2 [45)
(13.75)
9l  cot]
80[2 o [04)
Insert Eqs. (13.74) and (13.75) into Eq. (13.73) to find
i _ cotlz’_ 2(11012_8_1; (13.76)
day oy 01 eu? de
From Egs. (13.76) and (13.72a)
. t] ) 2 a
p,= - X _%p O (13.77)
o al eu? de
or
B, = N1+ N, (13.78)
t 1 3 2 )
B A VR Loy (13.79)
) al : eu? de
From Eq. (13.61)
. 1 3
G=2"p. 2 (13.61)
[0 4) ol
so that
Ny = —SQcos] (13.80)

We now have to calculate N;. For this we need (dr /9¢)g. Use

r =Re[(l4 + ilg)re ]
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Because l 4 + il depends only on w, €2, and /,

or ) 0 _;
(_) =Re|:(lA-|—le)—(ra ’f)] (13.81)
de J ¢ de

9 ) .0 .0 [0 d
—(re™) = e _ir E_lfl = ir—f
de de de de de

By Eq. (13.16), (I4 +ilg)e~f =1, +ily, so that

a a a
(-’) = Re[(l, + ilr)(—r - ir—f>] (13.82)
de J ¢ de de
By Eg. (13.71b)
a
8_2 = —acos f
Use this and Lemma 2 to find
o _ Y f—ifa+ —"")sinf (13.83)
— —ir—=—acos f —ila in .
de de ¢ 1—e? ®
Then
ar . . r .
(—) = Re[(l, +ilr)—acos f —t(a + )sm f]] (13.84)
de )k 1—e2
= —l,acos f + 1y (a + ﬁ) sin f (13.85)
—e
With
F=LR+I;T+I,W
this gives
ar .
F . e a[—Rcos f +T(1 +r/p)sin f] (13.86)
e
because p = a(1 — €?). Place this in Eq. (13.79) and use —2u; = p/a. We find
Ny = (oa/ep)[—Rcos f + T(1+r/p)sin f] (13.87)
However,
1_¢2 1—¢c2
@ _ypral—¢) Ji-e (13.88)
eun eu ena
so that

_ 2
Ny = Y17 [Rcosf—T(Hi) sinf] (13.89)
p

ena
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Then
. . JI=&
B, =i =—Qcosl — ——e—|:Rcosf - T<1 + i) sin f] (13.90)
ena p

VII. Equations for 3; and £

. or
By =—F- 37“1 (13.91)

Of the Keplerian variables, a, ¢, and £ depend on «. Thus

) b B ) 0 d L
() @ (Ty % () & (13.92)
doy da J , 0oy de J x 0o € J 0oy
. da ar de or 14 or
B8, =—F.— —F.| = —F.|— 13.93
P dory <3G)K+30¢1 (36’>K+3a1 <3E>K ( .
From Sec. VI
2 a .
% e () o4 QcosT (13.94)
eu? de ) ¢
Thus
0 2 .
F(_r) = — it (@ + 2cos 1)
de J ¢ 200100
Because
=1 20105 e _ oz_%
u? doy eu?
then
3 d 2 2 .
_f_F. ax % e (o + Qcos )
oy de ) ¢ eu? 200y
However,
ol eu? _ WVl—e?
ep? 2aq0, n
Thus

aeF (8r> V1 —e?
K

=——(w+Qcos]) (13.95)
n

The term in or /da:

(8’) = Re[(tA + ilB)i(rg—"f )} (13.96)
K da

3a

a(l — %) ar _

_ ao_r (13.97)
1+ ecos f da a

r
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Now f depends only on e and £ and not on a. Thus

9 . )
Zreiy=Lemir (13.98)
da a
and thus
or r . ¥
F. (—) = —Re[F-(,+il7)]=-R (13.99)
dajy a a
Because
@ da _ po 2a*
T 2 doy 202
then
da P ar\ _2a’r R— 2rR (13.100)
doyy da)y ma  n%a? '

The term in dr /9¢:

or I
el =R
(%),

[

a3 R
(lA + ilB)a—e(ra"f )]

o 9
=Re (IA +le)8“’f(8e —zra—j;)}
3
—Re (1 +le)(— —zra—j;)] (13.101)
Then

or ar ; af
R 1Y 13.102
= EY) + r'a—é ( . )

For dr/a4, use

3 oE
r=a(l —ecosE) —r=aesinE—

G4 14
oE dE a
E—esinE=1¢ 1~ E)y— =1 — =—(13.103
e sin (1 —ecos )32 Y, " ( )
3_r=és_nE=aesinf

Q
&
~

1 —e2
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For af/0£, use

e

+e

tan —J: = tan —
2
_f

1S 1/1-1—6 E3E
2 e 2 l—e

_a_f__ 1 + e cos?(f/2) a
e 1—ec052(E/2)(>

_a [l+e l+cosf
" rV1-—e 14cosE

However,
cosE = £teosf
l4+ecos f
1
14+ cosE = A +e)(1+cosf)
l+cosf r
l4+cosE  r(l+e)
Then

9 2
f _aflve P _o 4 p (13.104)
0 r¥Yl—er(l+e) 72

This proof could perhaps be shortened by using the expressions for an unperturbed
orbit, viz.,

r’f = nab = na*v'1 — 2

dé =ndt

Then

d
r2—f =a%/1 - ¢2

dt

However, since we wish to be sure that the equation for df/8¢ holds generally
for Keplerian variables, the first proof is perhaps more convincing. The expression
that we shall soon obtain for £ is not n. [See Eq. (13.109).]

Next, insert Egs. (13.103) and (13.104) into Egs. (13.102) to obtain

or Raesin f
F. — f —/1—¢2 13.105
(52), = et 5 (13109
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For 9€/dc1, use

€= n(t+ ) 1+ po = £ 20
=n —_— = _—= =
! B ! doy n dog
n= 'u,%a“% = —i
2&1
8n_35%8a E)a_u_Za2
0 ) oy o - 201% - 1
on _ 3 ; _%2612 _ 3
day et i na?
Then
b1 3¢
— = 13.106
dory n%a? ( )
Thus
%F- 8_r> _ Rzzfzsinf_+_T_Lz2 2
da L/ k nfa?\ J1=¢2 2
3¢ (R' f+pT) (13.107)
=——— | eRsin — .
nla/1 —é? r
Inserting Eqgs. (13.95), (13.100), and (13.107) into Eq. (13.93), we find
. 2rR J1—¢ | . 3¢ ) pT
ﬁ1=-—ﬁ_ " (w+QCOSI)+W—1_—7<eRsmf+—r—>
, (13.108)
Now to find £, use £ = n{t + B1)
L=n(t+B)+n(l+8)=n+nB,+ #L/n) (13.109)
We need 7
P TR P PO
n = a n=—— = -
K’ =T
From Sec. II,
a= [eRsin f +T(1 4+ ecos f)
nv1l—e
Thus
' > (eRsin f + T(1 +ecos /)]
il = ————"[eRsin €cos
a1 —e?
nt 3 (eRsin £+ T(1 + ecos f)]
—=——e e cos
n na+/'1 — e?

. 2rR : pT
npy=—-—-v1 —eXw+ Qcos 1) + nam<6R81nf+T>
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The 71£/n cancels one of the terms in nf;, since p/r = 1 4+ ecos f. Thus

. 2R
b=n —r———\/l—ez(a)+9cosl) (13.110)

VIII. Summary

2
a=———[eRsin f + T +ecos f)]
nv/1—e?

é =———[Rsin f + T(cos E + cos f)]

_ rWecos(w + f)
YN

rWcsc I sin(w + f)
a1 — €2

1 —e?
ena

Rcos f — T(l + %) sinf}

&»=—Qcosl —

, 2rR
E_n——r——\/l—ez(a)+ﬂcosl)
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Chapter 14

Potential Theory

I. Introduction

N SOLVING for the orbit of an artificial satellite around a planet, it is necessary

to take into account the nonspherical figure of the planet. We shall first derive
an approximate formula (MacCullagh’s) for its gravitational potential and then
derive the full expansion in spherical harmonics.

Let us consider the planet to be made up of particles, the ith one having mass
m;. Such a particle at Q; will have a colatitude 6; and a longitude 1, relative to
axes fixed in the planet, with origin at the center of mass. Also, consider a field
point P outside the planet, with colatitude 8 and longitude A as shown in Fig. 14.1.
Then, for a source point i,

X; + iy; = r;sin; ™
z; =r;cosb;
and for the field point
x +iy =rsinf &*
z=rcosb

Assume that r; < r for every source point. There is a difficulty here, because a
field point close to a pole of an oblate planet may be nearer the center of mass than
a source point close to the surface in an equatorial plane. We shall not dwell on
this difficulty now.

If R; is the vector from a source point to the field point and r and r; are the
position vectors of the field point and the source point, then

R,‘ =r —r;
Ri2 = r2 +ri2 — 2rr; cos ¥y

where ; is the angle (r;, r). Then

i r?
R,?:rz(l—Zr—cosw,-—i——’z)
r r

1 1 ri ri2
— =-|l-2=cosyi + =
r r

145
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Fig. 14.1 Field point P outside a planet with a nonspherical figure.

The potential V at the field point is given by

V=-65"2=-GU
R;
where 1
| . N
U=—Emu0—d£cmwr+%) (14.1)
r r r

For a field point sufficiently far from the planet that

2

Fi r;
2—cosy; — =
r r

2<1

for every source point, we may expand Eq. (14.1) by the binomial theorem

i 1 3 15
lpeytci i, 032 B, 14.2
(1+¢) 28+88 ¢ + (14.2)
so that
1
(ol +ri2 2 L4 " 1r,~2+3ri2 i+
— 2— ¢co . L — — PR 2 — = Co :
r s Vi r? rcos Y22 22 !
Then

1 1 s o 2 1
rU = Zim; + —X;m;r; cos ¥; + —Eimi(3ri cos” Y —r} ) + 0| =
I 2r? r3
(14.3)
If we choose a new Z axis along OP, then
Z; =r;cosy;

Z,-miri CcOS wi = EimiZ,» COS 1)0,' = MZ =0 (144)
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where M = Z;m; and Z = 0 with the origin at the center of mass. Placing
cos? = 1 — sin? in Eq. (14.3), we find

1 1
rU = M—I—2 (2Emr 3Emr sin 1//,)-{—0( ) (14.5)

where M is the total mass of the planet. However, r; sin v is the distance from Q;
to the OZ axis, so that

Timirlsin® ¢y =1 (14.6)
the moment of inertia about OP. Then
1
rU =M+ 53 @Zimir} =31) + - (14.7)

If the moments of inertia relative to the principal axes 0§, On, O¢ are A, B, C
then

A=Sim(nf+¢7)  B=Zm(?+&) C=Zm(E +n) (14.8)
and
A+ B+C =25mi(§ +n? +¢2) = 2Timr} (14.9)
Thus, from Egs. (14.7) and (14.9),

rU=M+ —(A +B+C-3)+-- (14.10)
and
GM 1
V:————(A+B+C 3I)+0< ) (14.11)
r

This is MacCullagh’s formula, which is good for many problems such as the theory
of the precession and nutation of the Earth’s axis, but not for the theory of satellite
orbits.

II. Laplace’s Equation

From
Ry =[x = 5P =y — 3 = e~ 2]}
one deduces readily that V2(1/R;) = 0 outside the planet, so that
ViV =0 (14.12)

outside the planet. The spherical harmonic expansion of the potential that we wish
to derive is an orthogonal expansion in separated solutions of this equation in
spherical coordinates. With

Xx =rsinfcos¢ y =rsinfsin¢ z=rcosé (14.13)
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the Laplace equation V2V = 0 becomes

v N 29V N 1 3%V cot Vv 1 8%V
ar2  rdr  r?oo2 r2 30  r2sin®6 9¢?

=0 (14.14)
After some manipuiation, one finds

19 [,0V 1 2 v 1 8%V
r2 dr (r ar ) t sine a0 (sm 96 ) * e I¢p? ( )

Here ¢ = A, the longitude, and 6 is the colatitude.
To separate this equation, put

V = R(1OO)D(¢) (14.16)
Then
0 d , R d R®
— —(r°R —(sin6®’ — " =0 14.17
r2 dr "R+ r2sin®@ do (sinf®) + r?sin?6 ( )

(The primed values of R, ®, and @ denote total derivatives.) Multiply this
by r2sin? /(RO ) to obtain
12 : "
sin“6 d sin@ d P
—(r*R’ —(inh @)= —— =m? 14.18

R Rt g gt =g =m (14.18)
The left side depends only on r and 8 and the right side only on ¢, so that both
are constant. The constant is chosen positive as m?, since ¢ would otherwise vary
like exp ¢ and would not be a single-valued function of position. Moreover, it is
necessary thatm =0, 1,2,3,.... Thus

¢ = linear combination of cos m¢ and sinm¢ (14.19)
Next, divide Eq. (14.18) by sin? @ and transpose to obtain

1 d m? 1d

—(®'sin6) — = ———(r*R’ 14.20
Gsnode 0 M " G T TRy U ) (14.20)

In Eq. (14.20), put ®'sinf = ®'sin’#/sinf and denote cos® by x and ® by

y, where x and y are not to be confused with rectangular coordinates. Equation

(14.20) becomes

2
li[(l - xz)d—y] S — —li(rzR’) = —A (14.21)

ydx dx 1 —x2 R dr
where A is a constant. With
_d_y — yl
dx

Eq. (14.21) becomes

m2
A —x2)y" —2xy + (x -1 x2) y=0 (14.22)
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The solutions of Eq. (14.22) turn out to be finite for all § between —7 and & only
if A is equal to an eigenvalue

A=nn+1) n=0123,... (14.23)

Otherwise, y would become infinite at the poles (x = £1). We next try to give
some indication that this statement is true.
Rewrite Eq. (14.22) as

2xy’ m? y
" A—— =0 14.24
Y 1—x2+( 1—x2)1—x2 ( )

This equation has singularities at x = £1. At x = 41, we put z = 1 — x and seek
a solution by series in the form

o0
y=2") a (14.25)
k=0
Then
d’y 2(1-2)dy ( by m? )
&y & - =0 14.26
d?  z2-2z2)dz 22-2) Z22Q2-2)¢ Y ( )

By Eq. (14.25)

y = aoZa +alza+l +azza+2 R

m -2
_mz—-—d—aoza R

The first term in the series for Eq. (14.26) is

m2
(aooz(oz — 1)+ apx — TLZ()) %72

Because a power series is unique and because the right side of Eq. (14.26) vanishes,
we obtain the so-called indicial equation for «:

m?2
ape(a — 1) + apoe — Tao =0
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or
m?
ao (a2 - T) =0 (14.27)
Thus
m
=4— 14.28
o > ( )
To obtain a solution finite at x = +1 (i.e., at z = 0), we choose « = m /2, since
m > 0.

‘We may handle the situation at the other pole (i.e.,atx = —1)byusingz = 1+x.
It follows in the same way that ¢ = m/2 near x = —1. To put the two results
together, we may then write

y =1 —x)"2(1 — )" u(x) = (1 — xH)™2u(x) (14.29)

Next insert Eq. (14.29) into Eq. (14.22) to obtain the differential equation for v(x).
The result is

I=xH =2m+ Dxv' + (A —=m —mPv =0 (14.30)

Since we have now taken care of indicial effects, we may now expand v(x) as
o0
v=) bext (14.31)
k=0

It is known that there exists a regular solution for v(x) over the whole interval
—1 < x < 1. This follows from Fuchs’s theorem.'* We shall show that for this
to be true the series must terminate. Now insert Eq. (14.31) into Eq. (14.30). The
result is

2by + 6b3x — 2(m + Dbix + (A — m — m*)(by + b1x)

o0
+ D x [k + Dk + Dbrga + (o — m — m? = 2mk —k — kb ] =0

k=2
(14.32)
Because the coefficient of x* must vanish,
%3 = % (14.33)
where
N =k +k+2mk+m+m*>— A
=k+Dk+2)+Qm—Dk+m+m>—r—2  (1434a)
D=((k+Dk+2) (14.34b)
Thus
bri2 2m — 2)k m+m?—r—2 (14.35)

by k+Dk+2) (+Dk+2)
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The series (14.31) for v breaks up into two series, a series of even powers and a
series of odd powers.

III. The Eigenvalue Problem

We shall show next that both of these series diverge at x = *£1, unless the
constant A has certain characteristic values called eigenvalues. To do so, write

v(x) = u(x) + wx) (14.36)
where
u() =Y byjx* = " ax* (14.372)
j=0 =0
o0 . o0 .
wx) =Y bypx¥ =Y cx (14.37b)
j=0 j=0

Even Series
Here k = 2 and Eq. (14.35) becomes

(1]‘_*_1 _ sz_*_z _ (2m - 2)2] m + m2 et A -2 (14383)
a; byj Cji+DRj+2) Qj+D2j+2)
0Odd Series
Citt _ byji3 _ (211.2—2)(2]:4-1) m‘—%—mz—?»—2 (14.38)
¢j brjn @j+22j+3)  Cj+D2j+3)
After some manipulations, these equations become
i 1—- 6
S (14.39)
aj J J
j 1- 6
S E i (14.39)
Cj J J
where
4 2—5m—2j*+@2-2m)j?
g = G m =om ZWJ” + @7 om)] (14.40a)
JQ2j+D2j+2)
6+m* —Tm—0)j> + (6 —6m);?
g, = otm —Tm = j” +(6 = 6m)j (14.40b)

J2j+2)2j+3)

The ratio test for convergence or divergence of these series fails, because the ratio
of successive terms approaches unity as j — oo.

There is a test due to Raabe, however, that works.* “If, at an endpoint, the
successive terms of the series are of constant sign and if the ratio of the (j + 1)®
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term to the j™ can be expressed as 1 — g /j + 6(j)/j?, where g is independent of
k and 6(j) is bounded as j — oo, then the series converges if ¢ > 1 and diverges
ifg <1”

It is clear from Eqs. (14.40) that the 6’s are bounded as j — oc. Also, in either
case g = 1 —m < 1, because m > 0. Both series, the even and the odd, diverge
unless they terminate. This means the series (14.31) for v(x) diverges unless it
terminates. By Egs. (14.33) and (14.34) the series for v can terminate at some
value k = k if and only if

A=k} +Q@m+ Dk +m@m+1) (14.41)
This can be factored
A=(ky+m)ks+m+1) (14.42)
Put
n=ks+m (14.43)

The eigenvalues of A are thus
A=nn+1) n=0,1,2,3,... (14.44)

The factoring is unique. To show this, suppose A = £(£ + 1), where £ is an integer.
Then £(€ + 1) — n(n + 1) = 0, a quadratic equation for £ with solutions £ = n or

£ = —n — 1. However, £ must be a positive integer, so that £ = n.
Now consider the case m = 0; v(x) becomes
(I=xW" =2xv'+n(n+ v =0 (14.45)

on putting m = 0 and A = n(n + 1) in Eq. (14.30). As we have seen, the solution
takes the form

v(x) = u(x) + wix) (14.46)

where u(x) is an even series and w(x) an odd series. Here u(x) begins with by and
w(x) with by x. We may write

v(x) = boU(x)+ b1 W(x) (14.47)

Since v(x) is to be finite at x = =*1, either by or b; must vanish because, for
m = 0,n =k; and A = ky(k; + 2). Here k; is cither even or odd. If it is even,
there is no odd k ; that can satisfy A = k (ks +2). That is, if the U(x) series termi-
nates, the W(x) series cannot terminate. Similarly, if the W(x) series terminates,
the U (x) series cannot terminate.

For m > 0O, we have ky = n — m, by Eq. (14.43). If n — m is even, only the
even series terminates, so that #; = 0 and v is an even polynomial in x, of degree
n— m. If n — m is odd, only the odd series terminates, so that by = 0 and v is an
odd polynomial in x of degree n — m.

Summary of the ©® Equation

2
(1=x)0" =240 + (1 - Yo=0
1 —x2

The solutions are finite at x = £l ifandonlyif A=n(n+1), n =0,1,2,3,....
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Then
OWx) = (1 — xH™2P,,,(x) = sin™ 6 Py(cos 6) (14.48)

where P, (x) is a polynomial of degree n — m, containing only even powers or
only odd powers.

IV. The R(r) Equation
From Eq. (14.21)

l“((21e’)—x— (n+1) (14.49)
d r =A=nn .
To solve this, place r = roe®. Then
¢R + dR n+1HR=0 (14.50)
LIl an — )
dz?  dz 4
Here
R =g (14.51)
is a solution where
pPP+p—nn+1)=0 (14.52)
so that
p=n or —n-—1 (14.53)

and, therefore, "¢ and £ ~®*12 are solutions. That is, the solutions are (r /ro)" and
(ro/r)"*!. Thus

R=cir" +cor™! (14.54)

Outside a planet, the potential becomes zero at r = 00; so we may reject the r”.

V. The Assembled Solution

The total solution of Laplace’s equation for V is thus a linear combination of
products of

—n

r~" L sin™ @ P, (cos 8) cos me
r7"7 sin™ 6 Pym(cos 0) sinme
It can be written
V= Z rot Zn: [Cnm sin™ 8 P,,,(cos 8) cos m¢
n=0 m=0
+ Sym SIN™ 0 Py (cos 6) sinme | (14.55)

Our next task is to find P,,,(cos 8), so that sin” 8 P,,,,(cos 6) will be the appro-
priate solution of the ® equation. To do so, we approach the problem indirectly,
by first considering certain Legendre polynomials P,(x). With x = cos 8, we shall
show that (1 — x2)"/2(d™ /dx™)[ P,(x)] satisfies the ® equation.
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VI. Legendre Polynomials
Consider the function
fh, x) = (1 — 2xh + k)3 (14.56)

where x is a complex number and / a complex variable. The function f has
singularities at those values of / that satisfy

W —2xh+1=0 (14.57)

viz.,
hh=x++vx2-1

hy=x—+vx2—1

We define the Legendre polynomials by the expansion
' o0
fh,x)=(1 —2xh+h*"7 = Zh”P,,(x) (14.58)

Here f(h) is called the generating function for the Legendre polynomials P,(x).
Note that by Eq. (14.58), P, (1) = 1.

One could find the P,(x) by expanding Eq. (14 56) by the binomial theorem and
collecting together the powers of /, but it would seem necessary that |A>—2xh| < 1
for the validity of the expansion. In due time we shall develop another method for
handling Eq. (14.56). By Eq. (14.57) the series that we find for f(h, x) will then
be valid for

|h| = smaller of |x £ v/x2 — 1| (14.59)

That is, it will be valid within any circle in the complex plane that does not include
the nearest singularity. Such a power series expansion is unique, so that it must
agree with that given by the binomial expansion.

From Eq. (14.58) one can develop various recursion formulas for the P,(x) by
means of which one can prove that P,(x) satisfies Eq. (14.45).

A —=x>w —=2xv +n(n+ v =0 (14.45)

is known as Legendre’s equation. Proof that P,(x) satisfies Legendre’s equation
can be found in Refs. 3 and 4. [Certain other functions Q,(x) also satisfy Eq.
(14.45), but they are not regular at x = 31.]

VII. The Results for P,(x)

Lagrange’s expansion theorem, for which the proof can be found in Refs. 5 and
6, states that if

y=x+ap®y) (14.60)
then

F(y) = F<x>+Z — (@ OF() (14.61)

d_xnl
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o being “small.” We shall apply this theorem to derive Rodrigue’s formula,” which
is

d 2 n
P,(x) = il T (x*=1) (14.62)
To do so, in Eq. (14.60) put F(x) = x, o =t/2,and ¢(y) = y2 — 1. Then, by Eq.
(14.60)
t
y=x+ E(y2 ) (14.63)
By Eq. (14.61)
e n dn—l )
= - 14.64
y x+;2nmdx,,_l[<x )] (14.64)
Solve Eq. (14.63) for y:
1
y= ;(1 +V1—2xt +1?) (14.65)
For small ¢, y & x, by Eq. (14.63), which tells us to choose the minus sign in Eq.
(14.65):
1
y = ;(1 —V1—2xt +1?) (14.66)
From Egq. (14.66)
a
Y (=2t + ) (14.67)
ax
By Egs. (14.67) and (14.58)
By
= =) p, 14.68
P ;0 ®) (14.68)
However, by Eq. (14.64)
3y o " da o,
= = S -1 14.69
ox ;Z”n!dx”[(x Y (14.69

Comparison of Eqs. (14.68) and (14.69) yields Rodrigue’s formula (14.62).

In Eq. (14.62), if one expands (x2 — 1)" by the binomial theorem and differen-
tiates » times, one obtains a polynomial expansion for P,(x). The calculation has
to be done for n even and for n odd, but one can put the results together as

W2k -2k
Py =3 S G20 (14.70)

L 2nk1(n — 2k)Hn — k)!

where [1n/2] = n if n is even and (n — 1)/2 if n is odd. The first few P,’s are

P=1
P1=X
P, =33x2-1)

Py = 1(5x% — 3x)

Py = $(35x* — 30x% +3)
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VIII. The © Solution for m >0
For m = 0, we have A = n{n + 1) by Eq. (14.22)

2
(1 = x2)y" —2xy’ + [n(n+1)— 1’11x2:Iy -0 (14.71)
Here x = cosf and y = ©.
Define
dm
P™(x) = dx—mp,,(x) (14.72)
P™(x) = (1 — x®)"2 P (x) (14.73)

Consult Refs. 3 or 4 for a proof that P"(x) is a solution of the © equation (14.71).
Note that for m = 0, P"(x) reduces to P, (x).

By Eq. (14.73) the quantity sin™ 8 P,,,(cos 8) of Eq. (14.55) is now P[*(cos 8),
so that the potential is expressible as

o0 n
V=" r""Y  [ComPl(cos0) cos me + S, Pl (cos O)sinmg]  (14.74)
n n

n=0 m=0

in place of Eq. (14.55). This may also be written as

oo
V=> r"1,0,¢) (14.75)
n=0
where
h
Y. (0, ¢) = Z P (cos 8)[Cpp cos mep + Sy, sinme] (14.76)
m=0
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Chapter 15

The Gravitational Potential of a Planet

1. The Addition Theorem for Spherical Harmonics

O MAKE the series in Eq. (14.75) of the preceding chapter more definite, we

need to obtain expressions for the coefficients C,,, and S,,,. To do this, we
next develop an addition theorem for the Legendre polynomials and the associated
functions P (x).

In Fig. 15.1 let OQ’ and OQ be unit vectors pointing, respectively, to a source
point Q' and a field point Q. Let Q' have colatitude 6" and longitude ¢’ and Q
have the values 8 and ¢. Also, let (OQ, OQ’) = . The addition theorem states
that

P,(cos ) = P,(cos8)P,(cos )

ZZEH+ ;, " (cos 0) P (cosB') cos(mep — mep)  (15.1)

(See Refs. 1 and 2.)
To prove Eq. (15.1), first write the Laplace equation in spherical coordinates

1 9 'A% 1 d A% 1 v
vy L (rz_)+ <s1n9—>+————=0 (15.2)

2 or ar r2sinf 96 30 r2sin’ 6 9¢2
Then
10 BV 1
ViV = + —M*V =0 (15.3)
rZar\’ ar
where M? is the operator
1 9 d 1 8
M= — —| sinf— } + —— 15.4
sind 30 (Sm ae) T 70 392 (154

Because rand V2 are both invariant to arotation of the coordinate system, it follows

that M? is also invariant. If we go from Oxyz to a rotated system, Ox'y’z’, where
x+iy=rsinfe*  x' +iy =rsinye? (15.5)
7 =rcosf 7 =rcosy

then

M'?=M? (15.6)

157
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Fig. 15.1 Diagram of unit vectors 0Q’ and 0Q.

That is,

1 @ 1/[ 1 92 1 8 /(. ) ] N 1 92
sin Y — | smnfé— -5
siny 3y oy sm W 9p2  sinf 96 86 sin? 8 3¢?

Now a separated solution of ViV =0, viz,
V = R(r)® @®)P(¢p) = R(NHY (B, ¢) (15.8)
satisfies, by Eq. (15.2)

Y o (,0R R
_ —MY =0 15.9
r28r<r 8r>+r2 (15.9)
However, by Eq. (14.49)
1d
———(rzR Y=nn+1) (15.10)
By Eqgs. (15.9) and (15.10) Y satisfies
M?*Y, +n(n+ 1Y, =0 (15.11)

where the subscript #» on Y means that it corresponds to the eigenvalue n.
Since M? is invariant to a rotation, Y, also satisfies

M?Y, +nn+ 1Y, =0 (15.12)
By Eq. (14.77),

n

Y.(8,¢9) = Z P (cos 0)[Cp cos mep + Sy sinmep) (15.13)

m=0

which is the complete solution of Eq. (15.11) and thus of Eq. (15.12).



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

THE GRAVITATIONAL POTENTIAL OF A PLANET 159

Fig. 15.2 Unit sphere containing points P and P’.

Next draw a unit sphere with points P and P’ onitas shown in Fig. 15.2. Because
¢ —¢=PZP',0 =(OP,0Z),and ¥ =(OP, OP"),

cos ¥ = cosf cosd’ + sin@ sinf’ cos(¢p’ — ¢) (15.14)

Here the angular coordinates 8 and ¢ are relative to Oxyz. Let us also use arotated
system Ox'y’z’, where Oz’ is along O P’. Then, P has angular coordinates v and
Bin Ox’y’7’. The angle B is the angle from Ox’ to the line O P”, where P” is the
foot of the perpendicular from P to the plane Ox'y’.

Now, Y, satisfies both Eqs. (15.11) and (15.12). Because P,(cos v) is a solution
of Eq. (15.12), it also satisfies Eq. (15.11), so that

Py(cosyr) = Z P (cos 0)[anm cosme + by, sinme) (15.15)

m=0

By Eq. (15.14), cos ¢ is symmetric in 8 and 6" and in ¢ and ¢’. We can thus rewrite
Eq. (15.15) as

n
P, (cos ) = cpoPy(cos 8)P,(cosO’) + Z P (cos8)P"(cos ')

m=1
X [Cpm cOs mep cosme’ + dy,,, Sinmep sin me’] (15.16)
This equation must hold when P and P’ are both coincident on Oz, in which case

Y = 0and 0 = 6 = 0. In this case, the P vanish, since they contain a factor
sin” 0. Also

P.(cos ) = P,(cos) = Py(cosf) = P, (1) =1
Thus
Cno =1 (15.17)
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Next, specialize only to ¢ = ¢’. Then =6 — 6’ and
P,[cos(8 — 0')] = P,(cos 8)P,(cos§')

+ [Z Pl (cos 0) P (cos 8" )(Cum cOS* Mm@ + dyy sin® m¢>)} (15.18)
1

m=1

Because the left side is independent of ¢, so is the first term on the right side. This
means that [ ]; is independent of ¢, and this can happen only if d,,,, = ¢, as may
be shown by differentiation. Placing ¢,0 = 1 and d,,, = ¢, in Eq. (15.16), we
find

n
P,(cos ) = P,(cos0)P,(cos8") + _ cum P (cos0) Py (cos 8') cos(mep — mgp')
m=1
(15.19)
To evaluate c,,,, multiply this equation by P (cos6) cos p¢ and integrate over the
unit sphere. On the left side, use for the surface element dS = sin y dy df8 and on
the right dS = sin 6 df d¢. The ¢ integral on the right is

27
/ cos p¢ cos(mg — m¢')dp = 78y, cosme’ (15.20)
0
The right side becomes »
n
R.S. =mc,, PP(cos6') cos pg’ / (Pn”(cos t9))2 sinfd o (15.21)
0
However,
™ 2 . 2(n 4+ p)!
PP(cosf)) sindf = ——— 15.22
/0 (P (cos0) @n+ D(n - p)! (1522
(Ref. 3), so that the right side becomes
2w epp(n + p)!
=t PP o’ ! 15.23
ant Dn—pi” (cos@’)cos mep ( )
The left side becomes
i T
LS. = / dg / PP(cos @) cos pgp Py(cos ) siny dyr (15.24)
0 0

The coefficient c,, is given by equating L.S. to R.S.
To evaluate L.S., note that P} (cos §) cos p¢ is a solution of Eq. (15.11) and thus
of Eq. (15.12), so that

PP (c0s6)cos pp = fuoPulcos Y1) + ) Pr(cos ¥) fum OS mp + gun sin mf]

m=1
(15.25)

To evaluate f,p, note that if 6 = 6’ and ¢ = ¢’, then ¥ = 0, so that P,(cos ) =
P,(1) = 1 and P*(cos ¥} = O for m > 0. Thus

fno = PF(cos8’)cos po’ (15.26)
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Also, note that the terms in cos mB and sinmpf do not contribute anything to the
integral in Eq. (15.24). Thus, Eq. (15.24) becomes

L.S. = 2w P’(cos §')cos p¢g’ f ”[P,,(cos ¥))? sin yrdyr
0

—5 1 -P!(cos#) cos pg (15.27)
On equating Eq. (15.27) to Eq. (15.23), we find
2(n — p)!
ey = P! (15.28)
n+ p)!
2(n —m)!
= = 15.29
Cnm n +m)! ( )

Insertion of Eq. (15.29) into Eq. (15.19) leads to Eq. (15.1), the desired addition
theorem for spherical harmonics.

II. The Standard Series
From Eq. (14.1), we have

1
G . 2\ 72
V=—Zsm (1 20 cos i + r—z) (15.30)
r r r

By the generating function for Legendre polynomials,

1-21 '+ﬁ>_%—i(5 " Patcos v 15.31)
( rcosz//, 3 = r) w(COS ¥;) (15.

n=0
Thus
G o0 X n
V=—Zumy (’-) P, (cos ;) (15.32)
r —\r
By the addition theorem of Sec. I,
P,(cos ;) = P,(cos8)P,(cos ;)

2 Z EZ ; Z;: P {(cos B)P (cosb;) cos(mep —me;)  (15.33)

m=0

Here, r;, 6;, and ¢; are the spherical coordinates of a source point, and r, 8, and ¢
are those of the field point. Then

n=0

GX "
V= ——r—Zr Zim;r] |:P,,(0036)Pn(cosei)

n

22 (n = m)! P (cos 0) P, (cos 6;) cos(me — m¢i):| (15.34)

n+my "

m=0
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‘We next resolve the potential into zonal harmonics (m = 0) and into tesseral
(m > 0, m # n) and sectorial harmonics (m > 0, m = n). Thus

V=V, + Vrs (15.35)

Here the zonal part is given by

G o0
V; = -— Zr_”[)?,,-mir{‘P,,(cos 6)P,(cos 6;)] (15.36a)
n=0

and the tesseral-sectorial part by

Vig = —— Z2r‘”2 myr! Z it )' Pm(cosf))Pm(cosﬁ Ycos(mg — ma;)

(15.36b)

Note that each term in V, for a given n, is a solution of Laplace’s equation.
The zeros of the zonal harmonics divide the unit sphere into zones bounded by
parallels of latitude. The zeros of the sectorial harmonics divide the unit sphere
into lunes, bounded by meridians. The zeros of the tesseral harmonics divide the
unit sphere into curved rectangles (tesserae) bounded both by parallels of latitude
and by meridians. (For a graphical description, see Ref. 4.)

In the case of the Earth, the standard notation adopted here is the following. Let
r. be the equatorial radius of the Earth and 4 = G M, where M is the mass of the
Earth. Then

V, = _% [1 -y (%) J,,Pn(cosé‘):l (15.37a)

n=1

o0 n n
Vg =K Z (r—) Z P (08 0)[Cpm cOS M + Sym sinme]  (15.37b)
Fe=a N/ a4

Let us now compare Eq. (15.37a) with Eq. (15.36a) to obtain expressions for

the J,,.
n=~0:
Uu=Gxm; =GM
n=1

ureJi = —GEim;r; Pi(cos6,) = —GXim;r; cosd; = —uz

where Z is the z coordinate of the Earth’s center of mass. Thus

s=-Z (15.38)
Te

Thus, J; vanishes if the origin is at the center of mass. This condition is ordinarily
imposed in the reduction of satellite observations to determine the coefficient of
potential. If one adopts standard values for station positions, there would of course
be small errors in the J,,’s unless one determined a corresponding nonvanishing
Ji. Ideally, in reducing such observations, one should solve for station positions
as well as J,,’s while imposing the condition J; = 0.
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General n for the Zonals
Comparison of Egs. (15.37a) and (15.36a) yields

ury Jy = =G Zimyr} Py(cos 6;) (15.39)
Changing this from a sum to an integral makes this
1
Jp=— "P,(cosB)pd 15.40
n M /E T (cos)p dr (15.40)

where p is the density and dt the volume element.
n=2

P,(cos6) = ~(3cos?0 — 1) = = 32
cosf)y=-Bcos’6 - 1)=={3= —
" 2 2\r?
Insertion of this into Eq. (15.40) gives, withn = 2

1
Jp=—— 322 —rH)d 15.41
: 2Mr3/m”” ) dr (15.41)

The integral is related to the moments of inertia

I, =/p(y2+z2)dr 1,,=/p(z2+x2)dr I =/p(x2+y2)dr

Indeed

1 1 1
I, — E(Ix +1,) = 3 f p(x?+y* =278 dr = -3 f p(3z2 — r¥dr (15.42)

Comparison of Egs. (15.41) and (15.42) shows that

I — 5 + 1)

Jy = M2 (15.43)

Next, let the moments of inertia about the three principal axes be A < B < C.

It is known for the Earth that the polar axis Oz lies very close to the principal

axis of greatest moment of inertia C. Now, if we rotate the x and y axes, so that

they coincide with the principal axes corresponding to A and B, the integrand in

Eqgs. (15.40) and (15.41) does not change. This means that J; is invariant to such

a rotation, so that in Eq. (15.43) we can replace Iy, Iy, and [, by A, B, and C,
respectively. Thus

1
_C-3(A+B)

s (15.44)

Ja

Note that, if a planet were a flat disk of uniform density, the value of J, would be
only one-fourth, so that for small oblateness it is clear that J, < 1/4. Actually,
for the Earth

J, ~ 1082.63 x 107°
Jy~ =253 % 107° (15.45)
Ji~ =161 x107°
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are World Geodetic System 1984 (WGS84) constants. Thus, J3 and J4 are of order
J}, and this behavior persists up to rather large values of n. What is the physical
implication of this fact? We can write Eq. (15.40) as
1 r\"
Jy=—— — |} P,(cosB)pdr (15.46)
M Earth \7e

Because r, > r > 0 and by Eq. (15.46), (r/r,)" becomes very small for large
values of n, unless r = r,. The slow diminution of J, as n increases implies that
the higher coefficients arise mostly from matter near the surface, probably in the
Earth’s crust. Furthermore, if the density there were constant, the integral in Eq.
(15.46) would vanish since, for n > 0,

2n 4 1
f d¢f P, (cos@)sin6 do = 2m f P,(A)dr =0
0 0 _

1
Thus, there must be important density anomalies in the Earth’s crust.

Tesseral-Sectorial Terms
On equating Egs. (15.36b) and (15.37b), we find
(n —m)!

e Timr! P (cos 6;)e" ™% (15.47)
mj).

M
?r:(cnm + iSnm) =

n=1m=1:
Mr.(Cy +iSh) = Zimr; Pll(cos 6,)e'®
Now, with A = cos é;
P)=xr Prn=a-» PYu=1
Thus
Mr(Cyy +iSi) = Simr; sin 0,6" = Sim; (x; + iyi) = M(% + iy)
where ¥ and y are coordinates of the center of mass. Thus
Cu=x/re Snu=7y/re (15.48)
With origin at the center of mass, Cy; and S;; both vanish.
n=2,m=1:Eq. (15.47) yields
%rj(cm +i8y) = %E,m,-r,-szl (cos §;)e'%
Now
P =132 -1  Pl=30-1)12 PP =31
Thus
MrX(Cay +iS21) = Zimy(r; cos 6;)(r; sin 6™ = ym;zi(x; + iy;)
and therefore
iMiZiX; _Ximiziyi

Cy=——— Sa1

TV == (15.49)
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Both these coefficients vanish if the polar axis Oz is a principal axis. To show this,
let Ox’, Oy’ be the principal axes. If « is the angle from Ox to Ox’

x=x"cosa — ¥y sina y =x'sina + y' cos« (15.50)
By Egs. (15.49) and Egs. (15.50)
MriCy = X;m;zi(x] coso — y; sin)
MrezSz] = Z;m;z;(x]sina + y; cos )

However, relative to the principal axes, all the products of inertia vanish, including
im;z;x} and Z;m;z;y;. Therefore, if Oz is a principal axis, Cy; and Sy; vanish.

For Earth, the pole of rotation wanders by a small amount, very roughly over a
circle of about 6-m radius, corresponding to an angle of about 0.2 arcsec between
the pole and the mean pole. The mean pole is close to the axis of greatest moment
of inertia, so that the wandering about the principal axis is small. It is, therefore,
customary to put Cy; = S3; = 0 in calculating orbits or in reducing satellite
observations. For the moon, Cy; and S;; are larger.

n =2, m=2:Eq. (15.47) yields

M 1 .
7rf(czz +iSy) = ﬁEimiriszz(cos 6;)e' 2 (15.51)
With the use of
PHA) =3(1— 2%
cos 2¢ = cos? ¢ — sin’ ¢ sin2¢ = 2cos ¢ sin ¢
we obtain
Mr2Cy = 1%im;(x? — y?

e-22 = 4 1 ’( i yl) (15.52)

Mr3322 = EEim,-xiy,-

If all the axes were principal axes, we should have Sy = 0. This is not the
case, however, because Ox passes through the Greenwich meridian and is not
a principal axis. To find Cy and Sy in terms of moments of inertia, rewrite
Eqgs. (15.50) as

x +iy =@ +iy)e’® (15.53)
Then
(x +iy) = (' +iy)%e™
x? =yt = ("% — y'Ycos2a — 2x'y' sin 2«
2xy = (x'* — y'?)sin 2 + 2x'y’ cos 2

Thus

MriCy = %[Eimi(xlfz — ylfz) cos 20 — 2%;m;x]y; sin 2a

MrezSzz = %[Eim,-(x,{,z — yfz) sin 2o + 25;m;x[y; cos 2(x]
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Here
imix;y; =
Because A = Z;m;(y}> + z/*) and B = ;m;(z/* + x/?), we have

B—A=3im(x}> -y

so that
Mr}(Cy +iSxn) = (B — A)(cos 2a + i sin 2at)
or
Cyp = (B — A)cos2«a Sy = (B — A)sin 2«
4Mr? 4Mr?

From G and & = GM, one can determine M and, thus, B — A, and « can be
calculated from Co; and Sy;. From J;, one can determine C — (B + A)/2. It turns
out that one can determine C[C — (B + A)/2]~! from data on precession and
nutation of the polar axis; these data serve to determine A, B, and C.

III. Orthogonality of Spherical Harmonics
From Egs. (15.37a) and (15.37b), the potential V can be expressed as

o0 re n n m )
V = —% 2; (7) ZO P (cos 9)[Cym cos me + S, sinme] (15.54)
n= m=

To make this agree with Egs. (15.37), we must put

CnO = _Jn
Spo =10
Jo = —1

A term P (cos8)cosmep or P*(cosf)sinme is called a surface spherical har-
monic. Two such terms are distinct 1) if one has the cosine for ¢ and the other the
sine; or 2) if both have cosines for ¢ or sines for ¢, m; # m,; or 3) if both have
cosines for ¢ or both sines for ¢ and m; = m,, then ny # n,.

Two such functions v, and ¥, are said to be orthogonal over the unit sphere if

2 n
/ d¢/ Y1 sin@df = 0
0 0

Here, dS = sin8 df d¢, the surface element on the unit sphere. The reader can
easily verify that

P,:'l'l(cos 0) (Cosmlqb)

cOS My
d  Pj(cosb
sinm, b an o (cos 0) ( )

sin my¢

are orthogonal if either casel or 2 holds. A simple integration over ¢ from 0 to 2
shows this.
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To show that any two distinct spherical harmonics are orthogonal, it remains
only to consider case 3. The functions are orthogonal if

T
/ Pl (cosB) Pl(cos 6)sinfdf =0 (ny # ny) (15.55)
0

To prove Eq. (15.55), note that P,"(cos 8) is simply the 6,,, of Sec. II. With8 =y
and A = n(n + 1), it satisfies Eq. (14.22), which can be written

2
A=y + I:n(n yy-=2 2] y=0 (15.56)
dx 1—x

Now, let y; = P;j(cos8), y2 = P]3(cos ) and recall that in Eq. (15.56), we have
x = cos 6. The orthogonality condition (15.55) becomes

1
f y1y2dx =0 (15.57)
—1

Proving Eq. (15.57) proves Eq. (15.55). To prove Eq. (15.57), write Eq. (15.56)
once for y; with n = n; and once for y, with n = n,, as follows

d 2
d—x[(l —xMyl = —[m(nl +1)— N n_1x2:|y1 (15.58a)

d 2
Sla- Xy = —{iﬂz(nz +1)- ’i’xz]yz (15.58b)

Multiply Eq. (15.58a) by y, and integrate over x from —1 to +1. Multiply
Eq. (15.58b) by y; and integrate over x from —1 to +1. Take the difference of the
two results. The reader should do this as an exercise; note that the integrals on the
left must be evaluated by integrating by parts. The difference of the resulting right
sides is zero. We obtain

1
[na(ny + 1) — ni(ny + 1)]/ yydx =0 (15.59)
-1

Thus, if n; # na, we obtain Eq. (15.57) and the orthogonality is proved.
Suppose a function is developed in an infinite series of orthogonal polynomials

and the coefficients are by, b1, by, .... If we try to approximate the series by a
finite sum of these functions, with coefficients ¢y, c1, ¢, . . ., the integrated square
of the error is a minimum if ¢; = b, k = 0,1, 2, .... This is a well-known

theorem, and its meaning for the development of the potential is clear. Once a
certain number of spherical harmonic coefficients have been correctly determined
for the Earth’s potential field, the fit of the potential cannot be improved, in the
least-square sense, by changing the coefficients.

For the case m = 0, the orthogonality of the spherical harmonics P,*(cos8)
x cos m¢ leads to the orthogonality of the Legendre polynomials P,(x). That is

1
/ P,(x)Py(x)dx =0 (n#k) (15.60)
-1



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

168 J. P VINTI

IV. The Normalized Coefficients and Harmonics

For large values of n, the coefficients of potential are small, and the correspond-
ing spherical harmonics have large values. Because it is inconvenient in a long
computation to do many multiplications of small numbers by large numbers, it has
become customary to normalize the tesseral-sectorial harmonics and sometimes
the zonal harmonics.

Denote quantities in the normalized system by superscript bars. Then

jnpnzjnPn C_‘nmp,:n=cnmP,:n gnmP;n=SnmPy:n
For this purpose, the harmonics are customarily normalized to 4. That is
2 T
/ d¢>/ [P (cos0)]*sin6 df = 47 (15.61)
0 0
or

n
f P’sin6dp =2
0

- . 2 meb (15.62)
PP %™ Y sino do =4
/o de./o [ n] (sin2m¢ sin 54
In dealing with Eq. (15.61), we need the integral
1
P(x)]*dx = 15.63
[ thcoras = -2 (15.63)
It is easy to derive Eq. (15.63) by means of the generating function
x0
(1—2xh+h)"1 = > R Py(x) (15.64)
n=0
Rewrite this as
. o0
(1= 2xh+h?)77 =Y K Pi(x) (15.65)
k=0

Multiply Eq. (15.65) by Eq. (15.64) and integrate from —1 to +1, using the or-
thogonality. The result is

o0 1 i
L= Zfﬂ" [P,())Pdx = | (1=2xh+h>)"dx (15.66)
n=0 -1 -1

If the integral is evaluated on the right side, by putting u = 1 — 2xh + h2, it can
be shown that

1
/ (1 =2xh+ 52 Vdx = A7 (1 + h) — t(1 — h)]
-1

Expansion by McLaurin’s theorem reduces this to

h2 h4 h2n
- AN 15.67
L 2(1+3+5+ +tot ) (15.67)
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Equating coefficients of 22" on both sides then yields
1 , )
P dx = —— 15.63
./_1[ (x)]° dx ol ( )
as stated previously. We also need the integral
! 2 !
/ [Pro)] dx = (et m (15.68)
-1 - 2n+1(n—m)!
For m > 0, this cannot be evaluated so easily. It is done in Ref. 3 by repeated
integration by parts.
With the use of Egs. (15.61-15.63) and (15.68), we obtain for
Zonals:
Pn Jn 1
— =—==02n+ 1) 15.69
P "7 @2n+1) ( )
Tesseral-Sectorials:
P™ Com Sem  [202n+D(n—m)]?
L= e = — = 0 15.70
P" " Con Sum [ 1 +m)! ] (m>0) (1570
Note that Eq. (15.69) does not follow from Eq. (15.70) by placing m = 0.
V. The Figure of the Earth
From the gravitational potential that we have deduced and from the apparent

forces acting on a particle of water in the open sea, we can deduce the figure of the
open sea, with disregard of tides, waves, and ocean currents. This figure is called

the geoid, i.e., the Figure of the Earth (Fig. 15.3).

3

field
int

-

*
Fig. 15.3 Figure of the Earth.
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If we let Exyz be an Earth-fixed system and OXY Z a truly inertial system,
then a field point will have corresponding position vectors
r=xi+yj+zk
R=XI+YJ+ZK

The position vector of E relative to O will then be p, where

R=r+p
and
R=i+p=f+fs+fu+fo (1571
Here
f = —VV = gravitational field of the Earth

[ = gravitational field of the sun
[ 1 = gravitational field of the moon
fp = nongravitational force per unit mass

Now
F=xi+yj+2k+xi+yj+zk
Here
v=xi+yj+ik

is the velocity of a particle relative to the Earth. The other term in ¥ can be found
from

i=wxi Jj=wxj k=wxk
where w is the angular velocity of the Earth. Thus
xi+yj +zk =w x (xi +yj+zk)
so that
F=v+wXr
A second differentiation gives
F=a+2wxv+wx(wWxr)+wxr (15.72)

as can be readily verified. Here a is the acceleration of the particle relative to the
Earth.
Insert Eq. (15.72) into Eq. (15.71). The result is

a=f-wxwWxr)—2wxy—wxr+fs+fyu+fpo—p (1573
In Eq. (15.73), the sum
Ss+Ffu+ o= Fis (15.74)

goes by various names—the lunar—solar perturbation, the tidal force, or the gravity-
gradient force. It is small and would vanish for a particle at the center of the Earth.
The force —w x r is also small. The term —2w x v is the Coriolis force, which
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would vanish for a particle at rest in the Earth system. The term —w X (w X r) is
the centrifugal force. The term f;, is ordinarily a drag.

In defining the acceleration of gravity g only the first two terms in Eq. (15.73)
are taken into account. Measurements of g must primarily correct for drag and
Coriolis force. Thus, we define

g=f—-wx(wxr) (15.75)
With disregard of any time change in w, we have
w=wk (15.76)

where k is along the polar axis and w, is the sidereal angular velocity of the Earth,
approximately (366/365) times 2n /86,400 radians per s.
It is easy to show that insertion of Eq. (15.76) into Eq. (15.75) yields

g = f+olxi +yj) (15.77)
or
W?
g=f+ V[Teoﬁ + yz)] (15.78)
Because f = —VV, we have
g=-VvVQ (15.79)
where
w?
Q=V - —2—6-(x2 +y?) (15.80)

is called the gravity potential.

The geoid is now defined as the level surface of €2 that includes mean sea level.
Mean sea level is defined as the surface of the sea with tides, waves, and ocean
currents averaged out. It must be a level surface of €2, or else water would flow to
make it so.

To find an equation for the geoid, we equate the gravity potential in Eq. (15.80)
to its value at the equator. We shall neglect terms of order J} in V, so we may
write §2 as

2 2
Q= _ﬁ[l - (’) J2P2(sin9)] ~%ehy) 58D

r r
Here we take 6 to be the latitude, rather than the colatitude. The equation of the
geoid is thus

2 2
’ 3 1
B (Y B Zsinte— <) | - Lr2costo =9 (15.82)
r r 2 2 2

where




JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

172 J. P VINTI

To simplify Eq. (15.82) put

r=r(l+ Q) (15.83)
The value of Q at the poles is called the flattening F. Thus
rp=rl—F) (15.84a)
F=le"T (15.84b)
re

Next, insert Eq. (15.83) into Eq. (15.82), neglecting J,, @, Q?, and w?r}Q/u.
The term w?r?/u is roughly the ratio of the centrifugal force at the equator to the
gravitational force. It is easy to show that

Q = Fsin’# (15.85a)
where
3 2.3
F=2g4 % (15.85b)
2 21

Here 3J,/2 = 0.00162 and a)ﬁri/(Zu) = 0.00173, so that the flattening F =
1/298.5. This corresponds to r, — r, & 22 km.

VI. Geoid as an Oblate Spheroid

We can now show that the Earth, as represented by the geoid, is approximately
an oblate spheroid. This is an ellipsoid of revolution obtained by rotating an ellipse
about its minor axis. To show this, note that by Egs. (15.83) and (15.85a)

L 1 - Fsin’e (15.86)
Fe
r2
= = 1-2Fsin?6 + O(F?) (15.87)
re
Thus, approximately,
2 2 2 2
fiyz—ﬂ =1-2F% (15.88)
re re
or
2 2 1 2F 2
X ty n (I+ d )z _ 1
re re
or
x2+y2+< £ )2—1 (15.89)
r2 r/N1+2F) '

This is the equation of an ellipsoid of revolution. A section through the z axis is
. . . . . _1 .
an ellipse of semi-major axis r, and semi-minor axis r, = r.(1 +2F)72. If ¢ is
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the eccentricity of such a meridian ellipse, we find

Vi—e =L = 42p)
I

(3
11— =1+2F)1=1-2F+ O(F?
e=+2F

For a flattening F = 1/298.5, the eccentricity is found to be about one-twelfth.
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Chapter 16

Elementary Theory of Satellite Orbits with
Use of the Mean Anomaly

I. A Few Numbers

OR adrag-free close circular equatorial orbit, the period is P = 27 /n, where

n is the mean motion u!/2r;3/2. Using the WGS84 constants, . = 3.986005 x
10° km®/s® and the equatorial radius r, = 6378.137 km, we find P = 5069 s or
about 84 min. Since the acceleration of gravity is approximately g, = pu/r2, we
can also express P as

P =21(r3/p)? =2m(r/ge)?

This is the period of a Schuler pendulum, of length r,, in a gravitational field equal
to that at the Earth’s surface; it occurs in the theory of inertial guidance.
The velocity in such an orbit is

Uclose = NFe = (ﬂ'/re)% = 7.905 km/s

The escape velocity corresponds to zero energy, for which

so that

Vese = QU/1)? = V2 Vetoge = 11.18 km/s

II. The Disturbing Function

In Chapter 10, the time derivations of the Keplerian elements were given in
terms of the derivatives of the disturbing function, with respect to the six Keplerian
elementsa, e, I, Q, w,and £ = n(t —1). Here, the disturbing functionis Fy = -V,
where V; is the part of the potential beyond —p/r in its expansion in spherical
harmonics. Since the oblateness term in J; is by far the largest term beyond —u/r,
we shall deal only with it in a first look at the elementary solution for a drag-free
satellite orbit.

Thus

r

2
V= _ﬁ[1 - (rr_e) Jo Py(sin 6) + - - } (16.1)

175
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leading to
wir.\*
Fi=-V, = ——<—”) Jo Py(sin 8) (16.2)
r r

To obtain the first-order solution, we insert unperturbed values of the Keplerian
elements on the right side of the Lagrange variational equations and integrate each
one with respect to time. Because £ = n(t — t), such a procedure is equivalent
to integrating with respect to £, the mean anomaly. With the mean anomaly as
an independent variable, we shall need to express the disturbing function F; as a
Fourier series in £. Before we do so, however, it is desirable to express F; as a
function of f, the true anomaly; so we write

Py(sin 6) = 2sin”6 — 1 (16.3)
sinf = sin [ sin(w + f) (16.4)

where 6 is the latitude, 7 is the inclination, and w is the argument of perigee. Then

Py(sin 6) = 5 sin® I sin*(w + f) — 3

2 sin” I[1 — cosQw +2 /)] — 3
1 —3cos?I —[3 - 3cos®I|cosw +2f) (16.5)

Insertion of Egs. (16.5) into Eq. (16.2) gives the result

2
e 1 3 2
Fl—r(r>.]2[ 4-{—4COS I]

2
S (Y B2 23 cost 1] cos@o + 21 (16.6)
r\r 4 4

Here, the Keplerian elements w and / are evident. The elements a, e, and £ are
hidden, coming from r and f through the relations

1 — 2
r=a(1—ecosE)=-—a—(——-——Q
14 ecosf
E—esinE=¢
cosE —e a
cos f = ———— = —(cos E — ¢)
1—ecosE r

v1—¢é2sinE
sin f = Y TesmE g\/l——ezsinE
r

1—ecosE

The element 2 does not appear in this Fj that arises only from the second
harmonic, because the latter is axially symmetric.
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It is convenient to rewrite Eq. (16.6) as

2 3
_whf[ 13 a(a
F = 3 [[ 4+40051 p

3

+ [3 =3 o 1](5) cos(2a)+2f)} (16.7)
4 4 r

We could work entirely with f, the true anomaly, as an independent variable, rather

than with £. We should be able to treat orbits with e approaching 1, but we shall

defer such an approach to Chapter 17.

Using £ as an independent variable provides a parallel to the first approach
to planetary theory and lunar theory. It will give practice in obtaining Fourier
expansions of the Keplerian elements, necessary in so much of celestial mechanics.
To obtain the Fourier series in £ for Fy, we must first build up to it by deriving
Fourier series—or elliptic expansions as they are called—for (a/r)?, (a/r)* cos f,
and (a/r)*sin f.

III. Eliptic Expansions'
cos E as a Fourier Series in £
We have

E—esinE=¢ dt=(1—ecosE)dE
Here, E is an odd function of £, so that E(—£) = —E(£) and
cos E = cos[—E(£)] = cos[E(—£)]
Thus, cos E is even in £.

Lemma: If any function of E is periodic in E with period 27, it is also periodic
in £ with period 2.

To prove this, note that 1 — ecosE > 0 for e < 1, so that by d¢ = (1 —
ecos E) dE, we see that £ is monotonic in E. Hence, E is monotonic in £. Thus,
Kepler’s equation makes either £ or E a single-valued function of the other. Also,
let f(E) = g(£) be periodic in E with period 27. If AE = 2, it follows that
AL = 2. Thus

80 = f(E) = f(E+2m) = g(€£ + 2m)

This proves the lemma.
Thus, cos E is not only even in £, but also periodic in £ with period 27 . It can
be expanded as a cosine series in £ with period 27 :

A o
cos E = 7" + 3 Apcoske (16.8)

k=1

Integrate Eq. (16.8) from 0 to 7 to obtain

n i n
EAO = / cos E(1 —ecos E)AE = —e— (16.8a)
0
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so that

Ao:—'e

Next, multiply Eq. (16.8) by cos n£ and integrate from Oto, withn = 1,2,3, ....

From the orthogonality of the functions cos k€

bid i
An / cos’nede = / cos E cosnfde
0 0

so that
bid TcosE . cosE | 4
—A, = d(sin nf) = sin né
2 0 n 0
1 T
+ —/ sinnf sin E dE
nJo
or
2 ("r1 1
A, = — —cos(nl — E) — —cos(nf + E)|dE
an Jo 2 2
However
nt—E=n(E —esinE)y— E=(n—1)E —nesinE
nt+E=n(E—esinE)y+ E=(n+ 1)E —nesinE
Thus

1 b 4
A, = —”——/ {cosf(n — 1)E — nesinE] —cos[(n + 1)E — nesin E]}dE
nJo

The Bessel function J,(x) is defined by
4
nJ,(x)= / cos(nf — xsin@)de
0
so that
1
An = I_l[anl(ne) - Jn-}—l(ne)]
There is a recurrence relation
Jno1(x) = T (x) = 2J,(x)
so that Eq. (16.9) can also be expressed as
2 4
" nd(ne)
Use of Egs. (16.8-16.10) yields for cos E:

n

2.d
Jn(ne) = ;d—efn(ne)

E=—— -—1 [Ju—1(ne) — Jpp1(ne)] 12
c + n— cos
0s ,,El i(ne wr1(ne n

(16.9)

(16.10)

(16.11)
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or
E +i2dJ( )] cos ne (16.12)
COS = —= ne)|cosn .
n?de
We also have
, 2 X 2. d
£=l—ecosE=1+%—Z jd [J, (ne)] cos ne (16.13)

sin E as a Fourier Series in £

From £ = E — esin E, it follows that £ is odd in E and E and sin E are odd
in £. Since sin E is periodic in E with period 2, it follows from the lemma in
Sec. 111 that sin E is periodic in £ with period 27. Thus, sin E can be expanded as
a Fourier sine series in £:

0
SinE = Z By sin k¢
k=1

Multiply by sin n£ d€ and integrate from O to r. From the orthogonality, it follows

that
T T 1 /"
—B,,=/ sinEsinnZdE:——/ sin E d(cos nt)
2 0 nJo
in E S B £
=—[Sm cosn@] +—/ cosnfcos EAE
n 0 n Jo
1 m
=—/ cosnlcos EdE
nJjo
Thus
1 T
B, = —/ [cos(nf + E)+ cos(nf — E)]dE
Tn Jo
As before
nl+ E=(n+1)E —nesinE
Thus

‘l n
B, = o / [cos[(n 4+ DE — nesin E]1 + cos{(n — DE — nesin E]] dE
nJo

1
= ;[J,H.](ne) + Jn—](ne)]
and

oo
1
sink = E —[Jup1(ne) + J—1(ne)] sinnt (16.14)
n

n=l1

However,

Ti(x) = ;—k[fm(x) + Tt ()]
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a well-known recursion formula for the Bessel function. Thus

2
Tns1(ne) + Jy_1(ne) = —Jy(ne)

so that
2 &
sinE=2Y 1) Ginne (16.15)
eso n
Then
x>
In .
E=f+esinE=2) () inne (16.16)
n=l1 n
a/r as a Fourier Series in £
Because
{=F —e¢sinE
it follows that
de r
— =1—e¢ecosE =—
dE a
so that
a dE
r de
Thus
a o0
= =1+2)  Ju(ne)cosnt (16.17)
r n=1
cos f as a Fourier Series in £
Because
a l4ecosf
r 1—¢2
1— 2
cos f =——-+ c2
e e r
On applying Eq. (16.17), we find
1 1-¢2 20-HS
cos f = ——+ ¢ + ( ¢ )Zjn(ne)cosnf
e e e ot

or

21— e?) &
cos f = —e 4 20 =€) 3 Jn(ne)cosnt (16.18)
€ n=1
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sin f as a Fourier Series in £

From
ro_ 1-e?
a 1+ecosf
d(r e(l —é? d e(r/a)? d
() =T o = Tl g
However,
r2f =na*J1-e
so that
P _p e
d¢
Thus
d e .
ae (‘) =
Then
sin f = mi<£)
e dl\a
Using Eq. (16.13) to evaluate [(d/d€)(r/a)], we find

x 24
sinf =v1-e2y = —=[Ju(ne)}sinne (16.19)
s n de

r~2 cosf and r 2 sin f as a Fourier Series in £

The differential equation

F= —r—r
can be split into
E=-fr  5=-5y
where
E=rcosf y=rsinf
Thus

cos f i £ n? d%¢ 1 d’

W owde2 T a3de?

sinfy 0y nzdzy_ 1 d%y

wo ,ud(z__c—lgw
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where n = /a3, the mean motion. Now, in terms of the eccentric anomaly

& =a(cosE —e) y=bsinE =ay/1—e?sinE

Thus
d’t d? d’y d?
@-—a&?COSE a—lz—bdgz sin £
so that
cos f 1 d? sin f b d?
) = 2EE—ZCOSE o =—;d£2 sin £

On inserting Eqgs. (16.12) and (16.15) into these equations, we find

cosf 2 d
=== 2‘1 3o p(pe)l cos pe

=

r

sin 2Vl —e2 & i
/ = E pJp(pe)sin pt
p=1

r? ea’®

Fourier Series for the Disturbing Function Fy

(16.20)

(16.21)

In Eq. (16.7) for F,, we need Fourier series for (a/r), (a/r)* cos2f, and
(a/r)? sin2 f. We already have Fourier series for a number of functions and could
develop one for (a/r)? by similar methods, but each coefficient would be an infinite

series of Bessel functions. Instead, we proceed as follows.

Write down a/r as a Fourier series in £ and cube it. From Eq. (16.17) and

Table 16.1, we find
a/r =14¢ecost + e%cos2¢ + 0(e3)
Then

3 9
(@/ry =1+ 562 +3ecos £+ §e2 cos 20 4+ O(e*)

Table 16.1 Table of Bessel Functions!

d
P Jp(pe) . d_Jp(pe)
5 e
0 1-S40ey -S40
4 2
e & 1 3¢?
1 ——-—40E) =--=— +
5 16+ (e”) 3 16+0(e)
e 4 3
2 ?'*‘0(6) e+ 0(e’)
9¢3 27¢?
3 — 10 —_ t+ o
TR 16 TOE)

2e* 6 83 s
4 T'FO(@ ) T+O(e )

(16.22)
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To find the series for (a/r)* cos(2w + 2 f), we build it up in the following way. From
the series for (a/r)?cos2f and (a/r)?sin2f, we find the series for (a/r)*e'/,
then square this series to obtain the series for (a/r)*s2/. Multiply the result by the
series for r/a to obtain (a/r)*¢"2/. Multiply this result by £/2* to find the series for
(a/r)*e" @20 and then take the real part (a/r)’ cosQw + 2 f).

Next, verify that the intermediate results are

1 1 3 27

E(g) cos f = (5 — 1_662) cosf + ecos2f + Eezcos 3¢+ 0(e3)
1 5 27

E( ) —(——Ee)sin€+esin2€+-1——6-ezsin3€+0(e3)

5 A [ ; 27 5,
( ) if (.. T 2)3“ - —;~e2 sinf + ee'? + Eezeﬁf + 0(e%)

Square this last line to obtain

%(a/r)“eizf = 1_1662 + E - 64—2} e 4 e 4 %ezgi‘w +...
Multiply this by
2 o2
rla=1+ E —ecosf — ?cos%—}-
to find

: : 527 e T e 1T,
(a/r)3s’2f=—ge’e—l—[1—%]e’uﬁ-—z—ee’”-{-7e25’4e+-~-

On multiplying this by £'2% and taking the real part, we obtain

2
(a/r)’ cosQw + 2f)= —% cosw + £) + |:1 - 5%] cos(2w + 2£)

7 17
+3¢ cosQw -+ 3¢) + 7:2 cos2w + 4£) + 0(e*) (16.23)

Next insert Eq. (16.22) for (a/r)* and Eq. (16.23) into Eq. (16.7) for F;. The result
is

2J 1 3 3 9
Fy = Hre 22 [(—Z + ZCOS2 I) (1 + Eez + 3ecos? + Eez c0s2€>

a3

2

3., e Se
+Zsm 1 ~§cos(2a)+€)+ 1———2— cos(2w + 2£)

7 17
+5e cosw + 38) + 7e2 cosw + 46)” + 0 (16.24)
1
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IV. Solution of the Lagrange Variational Equations

In solving the Lagrange variational equations, we begin by placing unperturbed
values of the Keplerian elements on the right sides of the equations. If a subscript
zero denotes an initial value, the unperturbed values of the first five of these
elements will be ay, eq, o, wo, and y. The unperturbed value for £ will be ng(t —

7p), where
no = piag (16.25)
the initial mean motion. We shall call it simply £, where
£L=not+ £ (16.26)
Lo = —ngTp (16.26a)

Since the symbol £ is thus preempted for the unperturbed value of the mean
anomaly, we use M for the perturbed mean anomaly. In integrating these variational
equations with respect to ¢, we use, from Eq. (16.26)

dt =d€/ng (16.27)

V. Motion of Perigee, First Approximation
For this purpose we have to integrate the equation derived in Chapter 10:

d 1—e?): 3F, tI  3F
do _(zeDrdh _ col 3R (16.28)
dr na’e 3¢  pg2(1 —e2)2 1
From Eq. (16.24)
o F _ ;er]z

1 3
de a [(_14‘200521)(36+3cos£+9ecos2€)

3 1
+ 1 sin® I { —3 cos(2w + £) — Se cosQw + 2£)

7
+5 cos(2w + 3£) + 17ecosCw + 45)}] + 0@ (16.29)
) 2

When we enter 9 Fy /de into Eq. (16.28), we have to divide it by e, and this division
increases the error to 0(e). To this order of accuracy, we can disregard the (1 —e?)!/2
in Eq. (16.28) and use

(L=eM: 3R _ prths

- 0 16.30
na’e de ena’ [ ]2+ @ ( )
Also
3F 2LT 3 3
SO BT 22) 2 osIsind + = cos I sin I cosow +2¢)| + O(e)  (16.31)
a1 @ | 2 2 5
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We have omitted here terms of order e and €2, to correspond to the accuracy of
Eq. (16.30). Then

(I OF 27,73 3
i L B 2[— cos? I — Ecos21cos.(2a>+213)] +0(e)
2

a1 —ent 31 nds |2
(16.32)
Addition of Egs. (16.30) and (16.32), with use of 1 = n%a®, gives
do  nriJ, 3 15 5 r 3 5
E: a2 [(—Z—}-?COS I>+<—Z+ZCOS I)
3 3 ., 3,
X | —cosf+9cos2l ) — ECOS IcosQw + 2£) + Zsm 1
e
1 7
X { — —cos(2w + £) — S5cos2w + 28) + — cosQw + 3¢)
2e 2e
+ 17 cosQRw + 46)” + O(e) (16.33)

Place quantities on the right side of Eq. (16.33) equal to their unperturbed values
and integrate it with use of Eq. (16.27). The result is

2 3 15
w=k,+ norez 2 l:(—— + —cos? 10>t
a; 4 4

r 3 5 3 9 | 3,
+{—=+-cos“ Iy }{ —sin€+ —sin2f | — — cos” Iy sin(2wg + 2£)
4 4 ey 2 4

3 1 5
+ Zsin? Ip{ — — sinQwp + £) — = sinQwg + 2£)
4 26() 2

7 17
o sin(2wo + 36) + —- sin(2wp + 42)H + 0(e) (16.34)
€0

If the perturbation is turned off at time ¢, the values of the Keplerian elements
at that time are called the osculating elements. Thus, ag, €, Iy, wo, $20, and £ are
the osculating elements at t = 0. Equation (16.34) gives an approximate value
for the osculating element at time ¢. The integration constant k,, can be found by
placing w = wyp on the left and placing t = 0 and £ = £, on the right.

Note that in Eq. (16.34) only the term in ¢ has a nonvanishing time average. We
find

2
o= s oy (16.35)
4a§

This is the secular rate of change of w, and the term from which it arises is called
the secular variation; the other terms are short periodic. Note that @ vanishes if
cos? Iy =1 /5; this corresponds to Iy = 63.4° or 116.6°, the “critical inclinations.”
Long periodic terms of order J, arise only when one carries the calculation
through order J5. They are terms like cos w or cos 2w. To see what their period is
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like, we have to examine Eq. (16.35) numerically. Clearly, their period becomes
infinite at a critical inclination.
At the inclination Iy = 0, we find

3110"3.]2

2
ay

» =

For a close orbit, this becomes
@ =~ 3ngJy &~ (3np)1072

From the numbers in Sec. I, we see that for a close orbit ny ~ 16 revolutions
per day, so that

@ = 3ngJ, ~ (48)1073 revolutions per day

or about 1/20 revolution per day. This means that, for an equatorial close orbit, the
long periodic terms will have periods of about 20 days. The short periodic terms
have periods of about 90 min.

Some of the preceding short periodic terms contain the eccentricity ey in de-
nominators. This occurrence has already been noted in Chapter 10 and the cure
for it mentioned, viz., use of the so-called “equinoctial elements.”

VI. Motion of the Node, First Approximation

The appropriate variational equation is

de2 _ csc/ aF

_——=— 16.36
dt  na2(l —e2)z 81 ( )
On inserting Eq. (16.31) for 3 F, /31, we find, on replacing the Keplerian elements

on the right by their unperturbed values,

dQ2 _ norZJg [

3 3
— 7| —5 cos Io + 5 cos Ip cos(Zwp + 2(5)] + O(eg) (16.37)
dr a2(1 _ 62)2 2
0 0

2

To order eg, we can drop the (1 — ¢2)!/2. Integration then yields

2] 3¢ 3
Q=ka + &;2[—— cos Iy + —— cos Io sin(2wp + 2@)} + O(ey) (1638)
aj 2 4ng

Again, there is a secular term and a short periodic term. From the secular term,
we find

2
_ 3n0re Jz

2
2a;

Q=

os I (16.39)

For a polar orbit, the first-order secular motion of the node vanishes. For a direct
orbit, cos Iy > 0, and the node moves in a westerly direction. For a retrograde
orbit, cos Iy < 0, and the node moves in an easterly direction. The maximum
secular rate for the node occurs for an equatorial orbit, viz., just at the inclination
for which the node ceases to have a meaning.
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For a close-equatorial orbit, this becomes
- 3 3 _3 3 .
Q= —2—110]2 ~ —z—no 107" & (24)107" revolutions per day

or one revolution in about 6 weeks.

VII. The Semi-Major Axis
The Lagrange variational equation is

da 2 3F1
—_—=—— 16.40
dr na of ( )
Using df = d¢/n, we find
2 oF
a= —/—ldﬁ
nla oL
or
2
a=k,+ —F (16.41)
nado

From Eq. (16.24), the disturbing function F; is constant plus short periodic, so
that da has no secular part in the first-order approximation.

VIII. The Inclination

The variational equation is

dI | aF 3 F
— = —(cotl—-———I — CsC 1—1) (16.42)

At na2 /(1 — &2 dw 19’
Here, 3 F1 /32 = 0, and from Eq. (16.24), we find
aF 273
L = B2 G2 [esin@e + £) — (2 — 5¢?)sin(w + 20)
ow a’ 4

— Tesin(2w + 3£) — 17¢% sinQw + 40)] + O(e?) (16.43)
Place Eq. (16.43) in Eq. (16.42), use unperturbed quantities in the result, and
integrate with use of dr = d{/n. We find

3 r2J2 .
- - sin Iy cos Iy —eg cos(Zw + €)
Yad(1-e)

5 7
+ (1 - Ee(%) cos(2wy + 24) + 560 cos(2wg + 3¢)

17
+ zeg cosQwg + 45)] +0(¢3) (16.44)

There are no secular terms, only a constant plus short periodic terms.
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IX. The Eccentricity
The variational equation is

de 1—e*[aF; a1 0F]
—_—= —_— = 2 16.45
dt  nale [ )4 (1= a)] ( )
Because
oF,
—d = — + const
n
we have 1
1—-e2[F 1—e)"2 [aF
e=k + 260 [—1 (=« / -1 de] (16.46)
noagyeo L "o no Jdw

From Eq. (16.43)

oF 3 2J 5
f 2l e = l/«re 2 sin? I, [—eo cos(2wq + £) + ( - Ee%) cos(2wq + 2£)
ag

7 17
+ 3¢ cos(2wo + 3£) + Ie(z) cosQwg + 45)] + 0(€}) (16.47)
2

urlds

Fi=
a3

1 3 3 9
|:(— 7 + ZCOSZ I)(l + -2-ez+3ecosZ+56200525)
2

3., e Se
—f-Zsm 1 —Ecos(2w+€)+ 1——7 cos(2w + 2£)

7 17
+ Ee cos(2w + 3¢£) + 7e2 cos(Qw + 48)” + 0
1

Placing Eq. (16.47) in Eq. (16.46), we find

e:k;+(1—_—e2‘-2)2§£<[] —(1-¢)7? —sm 10[]2)+0(e3) (16.48)

dgegp

There is a term 1 + 3e3/2 that may be absorbed into k., so that we obtain

1 —e2)r2J 1 3 9
e=k,+ (——-20)—82{[<—— Z+ Zcoszlo)<3eocos€+ —Z-e(z)cos%)

an€o

3. 2 €o 5
+ 7 sin® Ip{ — > cos(2wg + £) + — Eeo cosLwg + 2£)
7 17 ,
+ 560 COS(2C!)() + 32) + 780 COS(2(1)O + 45)
313 .2 S 2
— (1 —¢f) zzsm Io| —epcosQuwo+ )+ {1 — e cos(2awgy + 2£)

7 17
+ 3 €0 coswqg + 3£) + Te% cos(2wq + 46):” +0 (eg) (16.49)

The variation of e is entirely short periodic in this first approximation.
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X. Variation of the Mean Motion

Because o
n = /Lfa_i
3 3
n=—2ptaisa= -0 (16.50)
2 2aq
" ] 38a
=n - ——
0 2 ay
Now, by Eq. (16.41)
2
a=ki+—=5—F (16.51)
nydo

where Fj is given in Eq. (16.24). In Eq. (16.24), the contribution to a of the term
with 1 + 3eg /2 as a factor can be absorbed into the constant &, in Eq. (16.51), so
that we may write

a=k,+ 50 (16.52)

where @ is the product of 2/(n%a0), /Lrez / (ag), and that part of [ ]; in Eq. (16.24)
that does not contain 1 + 3e3/2. The product of the first two of these factors is
2r2 /ay, so that

2 2 1 3 9
— L[( - Z + ZCOSZ IO> <3e0 cosf + Eeg 00528)

3 5
+ = sin® 10( - %Ocos(Zwo +0)+ (1 - Ee%) cos2wy + 24)

4
7 17 ,
+ Eeo cos(2wy + 38) + 7e0 cos(2wg + 4£) (16.53)
Denote by Qy the value of Q for £ = £y. Then
ap =k, + 200 (16.54)
so that
da=a—ay=J(Q - Qo) (16.55)

Insert Eq. (16.55) into Eq. (16.50) to find
n=nyll+=-—=0Q|—=—=0 (16.56)
ao 0

This is the varied mean motion. Because the time average of Q vanishes, we find,
for the average perturbed mean motion,

3J
i = n0|:1 + Ea—zgo] (16.57)
0

XI. Variation of the Mean Anomaly
With M as the perturbed mean anomaly, the variational equation is
20F 1-€23F

—_— 16.58
na da nale de ( )
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Then
! 2 ['OF l—e; ('3F
M — M() =/ ndt — — __ld - 260 / '_ldt (1659)
0 Rodg Jo Oa noageq Jo de

To find fo n dt, use Eqgs. (16.53) and (16. 56) Before doing so, however, note that
F1 from Eq. (16.24) has an error of order eo, so that F) /e will have an error of order

e3 and the last integral in Eq. (16.59) an error of order ep. The first two integrals
in Eq. (16.59) should not be carried beyond an error of order ey.

For evaluating fot ndt, we can abbreviate Q from Eq. (16.53) to

2rez3 . 9
Q = —=—ssin“ Iy cos(Qwg + 2£) (16.60)
dy 4
From Egs. (16.56) and (16.60)
! 3J 9r2J
f ndt =no|l1+ =20, t——,rezz in? I, si (16.61)
0 2 ap 8 a;
From Eq. (16.24)
2 OF 2 3urJ 1 3 3
_2 8 2 (2R 2 o 4 sin? T cosw+-26) | + O(e)
na da na a* 4 4 4
(16.62)
2 ['OF 3r2J 3
- i = Te 2 no(—1+3cos? Ip) t+ = sin? I sin(2wo+2£):|+0(eo)
na Jo da 2a3 2
(16.63)
1—€20F 1—e>urtl, 1 3 2
— na2e ¥=—m ;3 —Z+ZCOS I (36+3COS£+9€COSZ€)
3 ., 1
+Zsm 1 —3 cos(Qw + £) — SecosQw + 2£)
7
+3 cosQw + 3€) + 17 cos(Qw + 4@)” + 0(e?) (16.64)
1-e? ['3F 3r2J
— ¢ /—1— t = r“22n0(1—3cos210)t
na%e Jo Oe dag
3 3
+ :e 22(1 — 3cos? IO)(_E sinf + Esm%)
3r2J 1
+ ; 2 in? 10{——sm(2w0+e>+5sm(2w0+2e)
a

17
- 3—7— sin(2wg + 3€) — 5 sin(2wq + 46)] + Of(ep) (16.65)
€o
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On adding the secular parts of Egs. (16.61), (16.63), and (16.65), we find
3r2J, 3., 3.,
5—11 — = sin” Io + = sin® Io cos(2wo + 2€) ¢ |+ O(eo) (16.66)
2a§ 2 2

The short periodic part is

3)’62.]2
My = =%
dagy

M, = not [1 +

1 3
(1 — 3 cos? 10)[— sin £ 4 = sin 21:]
€ 2

3}’62.]2 .2 1 . .
+ ——sin” [o| — sin2wp + £) + 8sin(2wp + 2¢)
8a0 €p

7 17
~ 3. sin(Rwq + 3¢) — 5 sin2wg + 4Z)} + O(ep) (16.67)
)

The average rate of change of the mean anomaly is then
3}”62 .12
2a2

3 ., 3.,
1— —sin“ Iy + Esm Iy cosQQwg + 2€p) ¢ | + O(eg)

(16.68)
This is not the same as the average value of the mean motion 7, which is
9r2J.
n=ng|l+ —6—22 sin? Iy cos(2wg + 2£0)
4 q;

There is another form for A;l , when e is small, that can be obtained easily from
initial conditions. Because

sin By = sin Iy sin(wg + fo)

it follows, when e is small, that
sin 8y ~ sin Iy sin{wy + £o) + O(ep)

Then
sin® By = sin® Iy sin*(wo + £o) =  sin® Iy [1 — cosQawp + 2€0)]
and
1-3sin’6=1-— % sin? Iy + % sin? Iy cos(Rwg + 2£0)
so that

. 3r2J.
M = n, [1 + ; 22(1 — 3sin? 90)} + O(ep)
Ay

Use of Min place of ng helps to improve the accuracy of first-order calculations.
A second-order solution is barely possible with the use of the preceding methods.
It can be carried far enough to show that it leads to long periodic terms of the first
order in J; (see Ref. 2).
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Chapter 17

Elementary Theory of Satellite Orbits
with Use of the True Anomaly

I. Introduction

HAPTER 16 used the mean anomaly as an independent variable in treating

satellite orbits to give some rough idea of the treatment of a planetary orbit.
This method is valid only for small eccentricities. In this chapter, we shall use the
true anomaly f as an independent variable, and this procedure wiil enable us to
treat the case of eccentricities close to unity.

The Lagrange variational equations are the same, but we handle the disturbing
function F; differently. Instead of expanding it in a Fourier series, we separate it
into a part F; that is constant in the first approximation and a part F), that is short
periodic. Then F; gives rise to secular variations proportional to the time ¢ and F,
to short periodic variations.

Again, we consider only the oblateness term in J,, which is

2

2 3
K 1,Pysing) = —’z”g JZG) Gsin?6—1)  (17.1)

11_
’3 a

Then

4 P 1 2
Fo=P'| Fd=—| Fade 17.2)
0 27 Jo

where P is the period of the unperturbed orbit and £ is the mean anomaly. In
calculation of the first-order perturbations, we begin with unperturbed quantities
on the right sides of the variational equations, so that among these quantities we
have the relations

d¢ = ndt (17.3)
P=21/n (17.4)
n=upia"? (17.5)

r’f =na*y1 — €2 = nab (17.6)

Equations (17.3) and (17.4) were used to obtain Eq. (17.2) as an integral over
£. From Egs. (17.3) and (17.6) we obtain

2
df = ZT—e? de a7.7)
r

193
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or
2
d¢ = ——d (17.8)
a’N1—e? /

From Egs. (17.1), (17.2), and (17.8), we find

,urez(l —é? ‘%Jz

F, =
’ 4 a’

2 a
/ —~(3sin?0 — 1)df (17.9)
0 r

With use of the formulas for the unperturbed motion

1
a_1tecosf  Gno=sinsin+ f)
r 1—¢€?
we find
3sin?0 — 1 = %sin2 IT1 —cosQRuw +2/)] -1 (17.9a)
and
201 — 23 J 2 3
F, = _% (1+ ecos f)l:isinzl -1
3,
3 sin“ [ cosQRw +2f)|df (17.10)
Because

cos f cos(2w + 2f) = 4 cosQw + f) + 3 cos(2w + 3 f)
the integrand Q becomes
Q= 3sin®1 — 1+ (4sin®7 — 1)ecos f — 2 sin’ I cosRw + 2 f)
- %e sin? I cosQw + f) — %e sin? I cos(2w + 3 f)

Of the terms in Q, only (3 sin® 1/2) — 1 contributes to the integral, so that

20,(1 —e?)72 (3 1
F, =_ﬁr_e_2_(___e_£_ Zgin?] — = (17.11)
a3 4 2
To find F, first insert Eq. (17.9a) into Eq. (17.1) to obtain
2. 3 1 3
=tV 1 Z6in2 1 — - — Zsin? I cosQw + 2 ) (17.12)
a* \r) |4 2 4

and then subtract Eq. (17.11) from Eq. (17.12). The result is

urf] a\?| (3 . 1 r\2 3
P= -2 () “zsmz’—z}{l‘(a) (= }

3
-2 sin? I cosQw + 2 f)il (17.13)
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Thus
Fy=Fa,e, )+ Fy(a,e, 1, w,?)

II. Derivatives with Respect to e

To calculate short periodic parts of the derivatives of the Keplerian elements, we
shall need Keplerian formulas for d/de(a/r) and 3f/de. In these differentiations,
all other Keplerian elements a, I, o, $2, and £ are to be kept fixed. These results
were derived in Chapter 13, and we simply quote them here.

d [a a Jr a\?

2\ = Erra cos f (17.14)
B a 1 .
_8]; = (; + - e2) sin f (17.15)

II. The Semi-Major Axis a
The Lagrange variational equation is

d 2 OF 2 aF
220 (17.16)
dt  na o¢ na of
because F) = F; + F,, and F, does not depend on £. With the use of unperturbed
quantities on the right side, we have d¢ = n dt, so that

2 ['OF 2 (Y9F
a—ay=—o [ —Ldt=—— [ —Ldt (17.17)
noag Jo 94 ngag Je, 94
or
2
a—ay = ——[F,(£) — F,(£o)] (17.18)
ngap

where F ,,(Lf) is given by Eq. ( 17.13): We see that F,(£o) is given by putting zero
as a subscripton a, r, e, , £, and I in F,(£).

It is of some interest to derive this equation in another way. If a is the osculating
semi-major axis, we have as an exact equation

1
S Y - (17.19)
2 r 2a
where v is the velocity. The perturbed energy is
1
W= Evz _E_ F) = const (17.20)
r

From Egs. (17.19) and (17.20)

= —W - Fi(0) (17.21)

®
2a
w
P W - Rt (17.22)
2(10
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On taking the difference of Egs. (17.21) and (17.22), we find

2i = + Fi(t) — Fi(0)

a a

or
1 1 2a0
- = —[1 + Z2{Fy (ko) — Fl(e)}] (17.23)
a Q u

Now, the term involving F(£y) — Fi(£) has a factor J,. If we call it Jo¢g, we
have

1 1
== —[1+ Jx¢]
a aop
so that
a = ap[l — el + O(J3)

This becomes

- ao[l + %{F,(E) - Fl(eo)}] +0(J7)
or

a= ao[l —{Fi(¢) — Fl(eo)}] +0(J52) (17.24)

nyag
the same as Eq. (17.18).

IV. The Eccentricity e

The Lagrange variational equation contains derivatives of the disturbing function
Fy with respect to £ and w. Since F; does not depend on these Keplerian elements,
we may replace F; by Fp, so that

de 1—-e"|dF, 21 aF,
= [— —(1—¢€¥)z ] (17.25)
Then
1 — 2 _ L
e—ep= —0 ( LFp(&) = Fp(to)] - g/ oFy dz) (17.26)
noa()eo no o £y aa)
on using df = ngdr.
From Eq. (17.13)
aF 3urJ. 3
L= ——’%—3 (ff) sin? I sin(2w + 2£) (17.27)
w a- r

since f depends only on £ and e, and not on w. To calculate the integral of this
with respect to £, we use Eq. (17.8) and insert the usual zeros as subscripts. We
obtain

toF 3urzl 1 ff
f ———ﬁdez—%sinzlo(l—eg) 2/ D Ginwo +2£)df  (17.28)
a o r
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However
a _ 1+epcos f
r 1- eé
so that
20 sin2wo + 2f) = (1 — &) ' [sin(wp +21)
;
€y . €y .
+ sinQRag + f) + B} sinawp + 3 1)}
because
sina sin B = 4 sin(o + B) + § sin(a — B)
Thus
taF 3urll. [t
L0 gp = 22 Gin2 gy (1 — )7 / [sin(zwo +2f)
N Ba) 2a0 A

+ % sinQao + f) + % sinawp 4 3 f)}d f

3/,Lr2.]2 . _3l1
= 2;(3) sin” I(1 — e§) " ” [5 cos(2wg + 2 1)
€0 €
+ 5 cosQwo + f)+ I3 cos(2mwg + 3f)] (17.29)

On inserting Eq. (17.29) into Eq. (17.26), we find

2
— &
— ey = 55— [Fp(€) — F,(€p)] —
€—eo n%age()[ p(8) = Fp(£o)]

3r2J,sin® I
4a3(1 — €f)

x [cos(ZwO £ 2F) + egcosawp + F) + ‘;’—" cos(wy +3 f)] (17.30)

V. The Inclination 7

Since the disturbing function does not contain €2, the Lagrange variational equa-
tion for I is

dI 1 aF
t]—L (17.31)

—=—————¢0
dt pa? /(1 —e?) dw
With use of dt = d€/ng, we find

1
ngagy/ (1 - €)

t3F
I-I= cot Io/ a—w” de (17.32)

&
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Next, insert Eq. (17.29) for the integral over ¢, placing u = nZaj and p, =
ap(1 — €3), into Eq. (17.32). The result is

37‘3.’2 sin 21()

I—1Iy= 8p
0

f

[cos(Zwo +2 1)+ egcosRwo+ )+ ? cos(2wg + 3f):|
fo
(17.33)
Note that, if the unperturbed orbit is equatorial or polar, the factor sin 2/ vanishes,
so that the inclination of such an orbit does not get changed by the J; perturbation.

VI. The Motion of the Node

Here
dQ 1 aF,
g Ll_l_ (17.34)
dt  pg2(1 —e?)z 91
Fl = E\‘(avea 1)+ Fp(a7 ea I,Cl),g)
There are both secular and short periodic variations.
The Secular Variation £
By Eq. (17.11)
2 2y—3
puri(l ~es) 2 (3 1
e L Vi
Thus
dF, 3ur2Jy(l — e?)~3
9 2K 2 —e) sin I cos 1 (17.35)
al 2a3

With use of u = n%a® and p = a(1 —e?), we find from Eqs. (17.34) and (17.35),
on using zero subscripts,

. 3ngr2J.
Oy = — e cos Iy (17.36)
2p;
Thus
3nor2J.
59y = — 22 (cos L)t (17.37)
2py

Again, we find the same results for the secular motion of the node as in Chapter
16: no motion for polar orbits, westward motion for direct orbits, eastward for
retrograde orbits, and a minimum rate for equatorial orbits. For a close equato-
rial orbit, the rate is 3n¢J2/2, so that with J, =~ 107> and ny =~ 16 revolutions
per day, the rate is (24)1072 revolutions per day, leading to a period of about six
weeks.
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The Short Periodic Motion €2,
From Eq. (17.34)

I t3F
59, = — 0 [ Zlrgy (17.38)

mad(1- )t Ju 01

From Eq. (17.13)

3F 3urtJ 3 _3 3
—-aT” =— l;:leg 2 sin Iy cos IOI:(a—()) —(1-¢€) 7 - <%> cos(2wo+2f):l

,
(17.39)
Then
50, = — e oo i — )] 3r312(1 ed)”?
T 243 °
€l an\?
x cos Iy / <—9> [1— coswo + 2f)] d¢ (17.40)
£y r
With use of
dr = r? of a _ H-eOC(;Sf
as/1— ek d I-e
we find
37‘3./2 I
8Q, = 5,7 C08 Ip|(€—4Lo)— | (1+egcos FH1 —cosCuwo+2/)]df
Po fo
(17.41)
8, = 3r€2]2 cos Iy(£ — )+ 3r3J2 cos Iy| —epsin f + ! sinQ2wp + 2 f)
"= 2pf LT e
€ . €y . 4
+ > sin(2wo + f) + i3 sin(2wo + 3 1) (17.42)
Jo

The term involving f — £ is short periodic, since it can be expressed as a sine
Fourier series in £. The agreement of f and £ at all multiples of 27 implies that
Lo = fo.! Both 82, and §X2,, vanish if the orbit is polar.

VII. The Motion of Perigee

The Lagrange variational equation is

do  (1-e)idF cotl  3F

17.43
dt na’e  de  pg2(1 — 2y A1 ( )
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By Eq. (17.34)

tI  OF .
2 T GeosT (17.44)
na?(l —e?)2 91
By Egs. (17.43) and (17.44)
aF
S = —cos [5G + S —¢)2 / L (17.45)
Here
Fi =F; + Fp
2J)(1 — €22 3
Foo el —e) e () 3 (17.11)
2a3 2
2 3 3
ur;Jo (a 3., r 9 _3
Fp= ?(7) |i{1—§sm I}{1—~ (Z) (1 —e) 2
3 .,
+—2-sm IcosCw +2f) (17.13)
Then
8F, 3urll, a3 3 .,
v =T:3e(1 —eE (1= Ssin’ ] (17.46)
so that
3r2J. 3
Sy = —cos [pdQy + 2n0(1 — Z sin? Io)t (17.47)
2p0 2
Insert Eq. (17.37) into Eq. (17.47). The result is
3r2)
S, = =22 (5cos? Iy — Dot (17.48)
4ps

agreeing with the value found in Chapter 16.
To calculate Sw,, we need 3 F,/de. With use of Egs. (17.13-17.15), we find

dF, urll s 3., a\*
—a;=—§a-?[—3e(l—e) 2 I—ESIH I1}+3 7

3 .2 9 .2 a 4
X l—zsm 1 cosf—{—zsm I{ =) cos fcosQQw+2f)
r

3
— 3sin? I(f’—) sin(2w + 2f)(g +
r r

! 2> sin f] (17.49)
—e 2
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From Egs. (17.45) and (17.49)

1

rih(1—e2)? rt
dwp +cos 1p8Q, = i—z(——i‘/ [] de
£y 3

2a§eo
37‘2]2 3 r2J2 i
=21 — Zsinlo J(e - ¢ £ (1-ed)
20 ( 5 0)( o)+ 2a§e0( o)
42 1
X Q—2(1 - eg) 2df (17.50)
a

Jo

where Q = sum of terms in cos f, cos f cos(Qw + 2 f), sin(2w + 2 f) inside the
bracket in Eq. (17.49). Then

N ! a\? 3
Q—df = [3(—) (1——sin21)cosf
fo a fo r 2

2
+ g sin? I (ﬁ) cos f cos(Rw + 2 f)
r

_3sin21(§) sin(2w + 2f)<‘r—’ = e2) sin f]df (17.51)

2 f

,
0= df=(i —eé)_zf

) 2
Jo a

f‘)

3
[3(1 + eg cos f)2(1 —5 sin? I) cos f
92 2
+§sm I(1 4 ecos f) cos fcos(w +2f)

—3sin® I(1 + ecos f)sin(2w + 2 f)}(2 + ecos f)sin f] df (17.52)

rop >
f Q;df=(1—e§) P (17.53)

[
where P is the integral in Eq. (17.52). By Egs. (17.50) and (17.53)

2
refz

3L 3,
Sw, + cos [46Q2, = — 1 — =sin” Iy )(£ — &) + P (17.54)

2p§ 2 2pgeo

To evalvate P, we need expressions as trigonometric polynomials of (1 +
ecos )2 cos f, (14 ecos f)? cos f cosQw+2f), and (1 +ecos f)(2+ ecos f)
X sin(2w + 2 f)sin f. From

cos(o £ B) = cosacos B Fsinasinp
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we obtain
cosa cos B = % cos(ox — B) + %cos((x + 8)

sina sin B = 1 cos(a — B) — 1 cos(a + )

2 2
(l+ecosf)2=1+%+2ecosf+%cos2f

Then
N 3e? e?
(1+ecos f)cosf=e+ 1+T cosf+ecos2f-{—zcos3f

2
(14 ecos f)2cosfcos(2w+2f) = %cos2w+ %cos(Zw —-2f)

1 3
+ (5 + —-é—) cos(2w + f)+ ecosw + 2 f)

1 3e? e
+ §+—é—— cos(2a)+3f)+§cos(2a>+4f)

2

+ % cos2w + 5 1)

3 2
(14 ecos £)(2 + ecos f)sinw + 2 f)sin f = 7:5 cos 2w + % cosw — f)

e? e?
+ (1 + —8-) cos(2w + f) — (1 + ?) cos(2w + 3 f)

3e e?
- Zcos(2w+4f) - gcos(2a)+5f)

If N is the integrand of P, we then obtain

3 ., 3e? e?
N=3 l—EsmI e+ 1+T cosf+ec032f+zcos3f

2

[\

2 2
+ gsm 1[§005(2w H+ <—l %) cosRw + f)

4+ 3ecosRw +2f)+ ( )cos(2w+3f)+3ecos(2w+4f)

5 2
+ % cosQw + 5 f)] (17.55)
Using

P=| Ndf (17.56)
fo
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and inserting the result into Eq. (17.54), we find

3 2] 3 3r2] 3
it 2(1—-—sm IO>(Z—f)+ 322[(1——sin210>
2pd 2 2p; 2

x 1+3e° sin f + 2 sin2f + L sin3f ) + 2 sin? J
—_— — Sin — Sin —S
4 2 12 0

dwp + cos Ipd2), = —

2
1.7
2 A =2 inwy — £)+ [ —— + =2 sinQwq + f)
8 260 8

3 7 . 3.
4+ —sinQwo +2f) + —+— sinwy + 3 f) + = sin(Rwy + 4 1)

2 6eg 24 4

[ y
+ 5 sin(2wo +5 f)” (17.57)

Jo

From Eq. (17.42)

3r2J,
cos IpdQ2, = 52

2J
cos? Ip(€ — f)+ cos Io[—eo sin f
0 2p

!

1
+ 5 sin(2o +2/) + %‘) sinQao + f) + %" sin(2wo - 3 f)] (17.58)
fo

Subtract Eq. (17.58) from Eq. (17.57). The result is

3r3 2
3

5cos? Ip)(£ — f)

3r2J 3 1 3e
+ —;;;I:{(l - Esin2 Io)< + i) + ¢g cos” Io}sinf
0

3 1
+ (1 —Esin210>{—31n2f+ 2sm3f} -—sm IpsinCwy — f)

dw, =

2 16
15e, 1Y . e . 5 . 1

+ {(1—60 — 4—60> sin? Iy — —29} sin(2wg + f) + (Z sin® Iy — 5)

. 19¢ 7
X sinRwp +2f) + {(4_80 — E) sin® Iy — E} sin(wy + 3 f)

3. e . !
+ 7 sinCawy +4f) + 3 sin(2wy +5f) (17.59)

fo

The term involving f — £ is short periodic, since it can be expressed as a sine
Fourier series in £." The agreement of f and ¢ at all multiples of 27 (¢ = f) also
shows this, since it leads to f = £.
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VIII. Variation of the Mean Anomaly
Call the perturbed mean anomaly M. By Chapter 10,

M=p—-———— ___ -

na da nale de

By Eq. (17.45)
(1—edioF .
— =w-+ Qcos !
na’e 3e
By Eq. (17.12)
1
Fy = a_3U

where U does not depend on a. Thus
aF, 3
da a4
By Egs. (17.60), (17.61), and (17.63)

. 6 .
M=n+—F —(1-¢)i@+Qcos)
na .
By Eq. (17.18)
2
a=ap+ —5—[F1(£) — Fi({o)]
2]

or

2
a= ao<1 + == [Fi6) - Fl(eo)])
oy
where the term Fy(£) — F((£p) is of order J,. Thus
I3 JRg 3 2
n=pia"7 =play | 1 - —=[Fi(€) — Fi&)] ) + 0(J3)
Rody
or
3
n= n()(l — =AW — Fl(fo)]>
Rodo
By Egs. (17.64) and (17.68), it follows that

. 3 3 1 .
M = no+ — Fi(o) + — F1(£) — (1 — €3)* (& + Q2cos I)
nody nod,

Put

n' = ng+ Fi(to)

noas

a constant. Then

M =n'+ ——Fi(&)— (1 - e2)* (@ + S cos I)

noag

(17.60)

(17.61)

(17.62)

(17.63)

(17.64)

(17.65)

(17.66)

(17.67)

(17.68)

(17.69)

(17.70)

(17.71)
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so that
, 3/ N
M =nt+— F dt—(l—eo)2(8w+SQcosI) (17.72)
noay Jo

On integrating Eq. (17.72) for F;, we find
/Lrg.]z 3 d (a0)3

3 t
— F1 dt = —
noao 0

3 1 3
X [- sin? [ — 3732 sin? I cos(2wg + 2 f)] dr (17.73)

r

2a8 noaé 0

The coefficient is 3nor2J,/a3. Placing dt = d€/ny, d€ = (1 — €3)~"/*r?/al df,
ap/r = (1 — e2)™'(1 + ep cos f), we find

1
3 3r2h(1—-e2): rf 3. 1
— Fldt=——e—g—(—5——ol—f (1+e0cosf)[—s1n210——
noay Jo Dy 3 4 2
3
-3 sin? Iy cos(2wo + 2 f)] df (17.74)
t 3 2J 1 2 % 3
3 r —e
— F dt=__Li.z_o)[<1—5sin210)(f+eosinf)
noay Jo 2pg
3., . . € . d
+ 7 sin® Ip§ sinQ2wg + 2 f) + ep sin(wg + f) + 3 sin(2wg + 3 f)
fa
(17.75)
Then
(17.76)

SM = n't +(75) — (1 — €%)3 (8w + 82 cos I)

From Egq. (17.47) and Eq. (17.57), we have

3r2J 3
(1 — e Bw +8Qcos I) = 221 — 2| (1= Zsin? Iy
2p§ 2

1 3 1
><lf-{-(e—0+—:—0>sinf+—2-sin2f+%sin3f}

1 17
+ = sin? Tod =2 sinQawo — f)+ [ —=— + =2 ) sinwo + f)
2 8 260 8

12 in@awn+ 2+ 2 + 20 sin(2w + 3
28111( wo + 2f) 6o T 24 sin(Zwp + 3 f)

f
(17.77)

3
+ 2 sin(2o +4£) + %" sinQawp + 5 f)}]
fo
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From Egs. (17.74), (17.75), and (17.77), we obtain

3r2J. 3 3
SM=M—¢y=n"t + Te 2(1 — ez)% I:(l — Zsin? 10) (eo — —) sin f
8p, 2 €o

2
0

3
+ (3sin210—2)sin2f—%?-(1—— -2—sin210> sin3f

2
2

14
+ (== + 2 ) sin@wo + 3f) — 3sinQawp + 41)
360 6

f

— 2 Sin(wp + 5f)”
2 Jo

The terms in f and sin(2wp + 2 f) canceled out.
The secular part n't is of some interest. From Eq. (17.70)

3
n’ = n0|:1 + —Z_Z‘Fl(fo):l
Uhy

From Eq. (17.1)

2
I’Lrg

Fi(bo) = — 2

J2(3sin 6 — 1)

Thus

3aor?l
n/=n0|:l—|— w2 —3sin290)j|
2r;

For the case of vanishing eccentricity, this becomes
3?’3]2

"=nol 1 1 — 3sin% 6
n no[ + 2a§ ( 0):|

1 5
+ = sin? 10{%0 sinQawy — f) + (— + %) sinQawo + )
€

(17.78)

(17.79)

(17.80)

(17.81)

(17.82)

in agreement with the value for M found in Chapter 16 for the case of small

eccentricity.

Reference

'Smart, W. M., Celestial Mechanics, Longmans, Green, and Co., London, 1953, p. 38.
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Chapter 18

The Effects of Drag on Satellite Orbits

I. Introduction

E SHALL consider the drag on a satellite orbiting around a spherical Earth.
The interaction of the oblateness and the drag is too difficult a problem for
an elementary treatment. We leave open the question as to what accuracy can be
obtained when the two effects are superposed: that of oblateness without drag and
that of drag without oblateness.
Because the drag is not derivable from a potential, we need to use the Gaussian
equations for the Keplerian elements. For convenience, we list them here.

a= n«/%ez[eR sin f + T(1 + ecos f)] (18.1)
12
é= lna ¢ [Rsin f 4+ T(cos E + cos f)] (18.2)
. rWecos(w—+ f)
l=—— 18.3
na?/1 — e? (18.3)
. rW cse I sinfw + f)
Q= 184
na?s/1—e? (184)
/T2
b= —Scos] — TL=¢ [Rcosf—T<1+i)sinf] (18.5)
ena p
dna _ ’ Rsin f +T(1 18
_E__m[e sin f + T(1 + ecos f)] (18.6)
Z:n—%—\/l—ez(d)+ﬁcosl) (18.7)

If v, is the velocity of the satellite relative to the atmosphere, the usual expression
for the force of drag is

Fp = —1ACppuuv, (18.8)
where
Ve = vl (18.9)

I, being a unit vector along v,. Here A is the projected area of the satellite per-
pendicular to the flow, p is the atmospheric density, and Cp is a dimensionless

207



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

208 J. P. VINTI

constant of order of magnitude 2.2. For an accurate calculation, one should know
A as a function of time or of r, the position vector of the satellite’s center of mass.
If the satellite is spherical, A is known and A can be estimated if the satellite is
oriented by a gravity-gradient method. If a nonspherical satellite is tumbling, A
could be known accurately only by simultaneous solution of the rotational and
orbital problems.

For a mean value of A, consider a convex satellite. “Convex” means that a
straight line intersects the satellite in only two points. If such a convex satellite
is tumbling at random, its mean projected area is one-fourth of the total surface
area.! The factor 1/4 can be remembered by thinking of a sphere of radius b, for
which the total and projected areas are, respectively, 47 b? and 7 b?.

If we assume that the atmosphere rotates rigidly with the Earth, then

omF —w (18.10)
wherer is the position vector of the center of mass and where the rotational velocity
w is given by
w=wk xr (18.11)
Here k is a unit vector along the Earth’s polar axis and
w, = 27 /86,164.2 rad/s (18.12)

the sidereal speed of rotation of the Earth.

Now, R and T lie in the plane of the orbit, and W is perpendicular to it. If we
neglect the rotation of the atmosphere, v,, and thus Fp, would lie in the plane of
the orbit by Egs. (18.8) and (18.10). Then W would vanish and so would [ and ©
by Egs. (18.3) and (18.4). Thus

[=2=0 (18.13)

if we neglect the rotation of the atmosphere. In such a case
v, =F =V (18.14)
UyVy = UV = vt (18.14a)

where ¢ is a unit vector along the tangent to the orbit in the direction of motion.
Insertion of Eq. (18.14a) into Eq. (18.8) yields

F, 1
fo="2=— Zkpv (18.15)
m 2
AC
k=2 (18.152)
m
If we let ¢ be the angle from r to ¢, then
R = fpcos¢ (18.16)
T = fpsing (18.17)
where
fp = fpt (18.17a)

and where R and T are the components of the drag per unit mass along the radial
and transverse directions.
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II. Components of the Drag in Terms of the Anomalies E and f
To find cos ¢ and sin ¢, we first do some spade work. We have

r-F=rvcos¢ (18.18)

rx i o= (up)ily (18.19)

Here, v = | F[, p is the product of G and the mass of the Earth, p is the osculating
semi-latus rectum, and [, is a unit vector perpendicular to the plane of the orbit
along the angular momentum vector. The angular momentum per unit mass is

(up)2.

As in Chapter 2, let A = [ a, B = Igb, where a and b are, respectively, the
osculating semi-major axis and semi-minor axis; /4 a unit vector pointing from
the Earth’s center toward perigee; and /g a unit vector parallel to the semi-minor
axis, so that [y x Ig =1[,. If e is the osculating eccentricity and E the eccentric
anomaly, then

r=A{(cosE —e)+ BsinE (18.20)
F={(na/r{(—AsinE + BcosE) (18.21)
as before. Then

rvcos¢ =r F = E[—AsinE~l—BcosE] +[A(cos E — ¢) + Bsin E]
r

= E[—a2 sin E(cos E — €) + a*(1 — €*)sin E cos E)
’

2

= na“esin £ (18.22)

To find rv, use the equation for the osculating a,

1, n 2

- = 18.23

2v r 2a ( )
Then

r2v? = 2ur — Er2 =2ua(l —ecos E) — pa(l — ecos E)2
a
riv? = pna(l —ecos EX(1 4 ecos E)
r?v? = n%a*(1 — e*cos’ E)

so that

rv = na*(1 — e* cos® E)% (18.24)
Then from Egs. (18.22) and (18.24)

esin E

cosp = —————————
(1 — €2 cos? E)%

(18.25)

From Eq. (18.19)

rusing = |r xF| = (up)% = na*(1 - ez)% (18.26)
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From Eqs. (18.26) and (18.24)
1~ 62 %
ing ={ ———— 18.27
sing (1—ezcos2E) ( )

Equations (18.25) and (18.27) check sin® ¢ + cos®> ¢ = 1.
To obtain cos¢ and sin¢ in terms of the true anomaly f, use the anomaly

connections
e+cos f ) V1 —e?sin f
cosf = ———— snf = ———
I+ ecosf 1+ecos f
It can be shown that
cos = esinf (18.28)
(1+ €2+ 2ecos f)2
1
sing = recosf (18.29)
(14 €2+ 2ecos f)2
From Egs. (18.16), (18.17), and (18.25-18.29), it follows that
D E .
R~ _JpesinE foesinf (18.30)
(1 —e€2cos?E)? (14 e2+2ecos f)?
1—e2)2 1
po _foU=e _ fp(+ecoss) (1831)
(1 —€2cos?E): (14 e?+2ecos f)2
III. Equations for ¢ and ¢ in Terms of the True Anomaly
From Eq. (18.15)
fD — —%kpu2 (18.15)

On inserting Eq. (18.15) and the f forms of Egs. (18.30) and (18.31) into Eq.
(18.1), we find

. kpv? esin® f + (1 + ecos f)?
4 =— , (18.32)
nv1—é2 (1 + €2+ 2ecos f)2
or
k 2
a=—LY 1~ )31+ e+ 2ecos f): (18.33)
n
Similarly
kov?

1 - ez)%[cosqb sin f + sin¢(cos E + cos f)] (18.34)

é=—

2na
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Inserting cos ¢ and sin ¢ from Egs. (18.28) and (18.29) and using cos £ = (e +
cos f)/(1 + ecos f), we find

kpv

é= (1-e% i(e + cos £)(1 + € + 2ecos )72 (18.35)
We can also show that
. k/) 2 2.4 . 2 _1
w:——-—(l—e Y2 sin f(1+ e“ 4 2ecos f) 2 (18.36)
nae
. kpv? 1 — e?)si 1
t=nt 2 d=efsinf {—+——Ji——} (18.37)
na | (14e2+42ecos f): |Le 1+ecosf

IV. Secular Behavior of a, e, w, and £

If we use a spherical model for the atmosphere, p is a function only of r and,
thus, only of cos f. Also v? depends only on r and, thus, only on cos f. It follows
from the preceding equations that & and é are functions of cos f only and that
and £ — n are products of sin f and a function of cos f.

Let ¢; be any of the Keplerian elements. If P is the period of the unperturbed

motion,
. 1 rF
& = 7 /o édt
On the right side of Eqs. (18.33—18.37), we may put
de r?

m————ﬂ—ﬁTM
n
Then
1
ek-5— w(f)df o= w(f)df (18.38)
T Jo 2

where ¥ (f) = é,(r*/na®(1 — 2)"1/2, .
If é, is a or é, ¥(f) is an even function of f; if it is @ or £ — n, it is an odd
function. It follows from Eq. (18.38) that

b=0 L—7a=0 (18.39)

Thus, @ and £ — n have no secular parts. If é; is @ or é

- 1 [T
Be=— f v(df (18.40)
T Jo

By Eq. (18.33), a always diminishes. By Eq. (18.35), e diminishes when 1 +
ecos f > 0. If the orbit has initially a large eccentricity, p is appreciable only
when the orbiter is close to perigee. As it moves toward apogee, p diminishes, so
that the important changes in e occur when cos f & 1. On the average, é < 0.
Qualitatively, this is easy to see. As the satellite comes in from the distant apogee,
it loses a good deal of energy going through the denser atmosphere near perigee,
so that it then lacks the energy to reach as distant an apogee the next time. The
orbit thus becomes more nearly circular.
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V. Egquations for a and e in Terms of the Eccentric Anomaly
To find ¢ in terms of E, first put cos £ = (e + cos f)/(1 + ecos f) in Eq.

(18.33). Then
1
1 E\?
(1 + &+ 2ecos )} = (1 — ey} [ LTS5 (18.41)
1 —ecosE
From Eq. (18.24) and r = a{l — ecos E), we next find
1
2
= na(li-“—(’sf) (18.42)
1—ecosE
Then
(14 €*+2ecos f)2 = —(1 — &2)2 (18.43)
From Eqgs. (18.33) and (18.43)
k 3
a= _% (18.44)
nla
To find ¢, use Eqgs. (18.35) and (18.43)
E —
etecos fe=et—22"°% _(1-ecosE (18.45)
l1—ecosE ¥
Then
k
¢ =LY _ 2ycosE (18.46)
r
or
1
k 1 E):
6= —KP8 1 2y gos gL T ECOSE)Y (18.47)
(1 —ecos E)?2
‘We can also show that
k inE
=PV M (18.48)
e 1—ecosE
. 1—e)?sinE
? = n+ kpvesin E + kpp o — ¢ S E (18.49)
e(l —ecosE)
V1. An Equation for E
From Kepler’s equation
E—esinE=¢ (18.50)

we obtain

(1—-ecos EYE —ésinE = ¢ (18.51)
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Now, insert Egs. (18.46) and (18.49) into Eq. (18.51), and we obtain

ok | Pasin B
k= —m(l -e2)cosEsinE+n+kpvesinE+kpv_—.( e’)asin
a er
(18.52)
This becomes
, 1 —e)?
1E=n+kpv SinEl:e—}- d-9 :| (18.53)
a e
k
—n+ 2 snE (18.54)
e
Thus
. k
E= E(l + Y sin E) (18.55)
r ne

VII. Equations for the Integration

If we treat the atmosphere as spherical, it is customary to represent the density
by the expression

p = poexpl—(r — ro)/A] (18.56)

where py is the density at radius rp, which we take to be the radius at perigee. Here,
A is called the scale height. If we put r = a(1 — ecos E), with 7 = ry at perigee,

we obtain
ro=a(l —e)
r—rog=ae(l —cosFE) (18.57)
Then
o(r) = poexp [—%(1 — cos E)] = poe e E (18.58)
where
c=ae/r (18.59)

The simplicity of this function has led various authors to use E as an independent
variable in doing the integration. Then

da a de é
= == — = 18.60
dE E dE E ( )
If there were no drag, we should have
E =najr (18.61)

by Eq. (18.55). Jupp? has pointed out that E = na/r may be a poor approximation
for nearly circular orbits, where kpv/(ne) may approach unity. King-Hele® has
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suggested that, for actual cases that arise, the resulting error is likely to be serious
only during the final day of the satellite’s lifetime.

Having stated this warning, we now proceed with the usual treatment, using
E = na/r. From Egs. (18.44), (18.60), and (18.61), we obtain

da kovd r ko(rv)?
- = = 18.62
dE n?a na n?a’r? ( )
With r = a(1 — ecos E) and rv = na®(1 — €* cos? E)?, this becomes
da _ _kpa’(l+ecos 1?)% (18.63)
dE (1 —ecosE)2
Similarly, from Egs. (18.47), (18.60), and (18.61), we obtain
1
d 1 E\?
2 o kp(1 — Macos B[ 1482 (18.64)
dE 1 —ecosE

In finding Aa and Ae for one revolution, it is customary to treat k, a, and e as
constant on the right sides of Eqgs. (18.63) and (18.64). The results are

2 1 E
Aq = —ka? / Bﬁ_ﬂl dE (18.65)
o (1—ecos E)z
27 1 E
= —ka(l —ez)f < +ecos ) cos E dE (18.66)
1 —ecosE
For w and ¢, the corresponding results are
Aw =0 (18.67)
P
AL =/ ndt (18.63)
0
The integrands in Eqgs. (18.65) and (18.66) are even functions of E of period
27. Thus
™ p(1 E):
= —2ka? f pl tecosE) \p (18.69)
0 (l—ecoskE):z
1
4 1 E\:?
e = —2ka(l — ez)f o LEECSENT S EdE (18.70)
0 1—ecosE

Before integrating these expressions, it is well to discuss the scale height A in
p = poexpl—(r — rg)/A]. It actually varies with altitude and may be defined by
d
a=—p /L (18.71)
dar
At this point, we refer the reader to Refs. 4 and 5.
The exosphere is said to begin at the altitude at which the scale height equals
the mean free path. Above this altitude, the temperature is considered to have a
constant value, the exospheric temperature Tey.
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Values of the density p may be found in the U.S. Standard Atmosphere.® The
exospheric temperature is the key to entering the tables. It depends on altitude, time
of day, the phase of sunspot activity, and the season of the year. It also depends on
unusual solar activity. From reports on solar activity (i.e., of the 10.7 cm solar flux)
published regularly, there is a procedure given in the U.S. Standard Atmosphere
for correcting for such activity. Obviously, this is no good for predictions but can
be useful for analyzing orbital data already obtained.

After integrating Eqs. (18.63) and (18.64) analytically, we shall have

da Aa

=5 = Vi@o (18.72)
de Ae
5= 5 =@ (18.73)
One can then integrate Eqgs. (18.72) and (18.73) numerically, with large steps, to

find a(E) and e(E).
To do the analytical integrations for one revolution, we return to Egs. (18.69)
and (18.70). With

© = poexp[—(r — rp)/A] (18.56)
we have
ae —c ccos E
p(r) = poexp —7(1 —cosE) | = ppe™ e (18.58)
c=ae/l (18.59)

Insert Eq. (18.58) into Eqs. (18.69) and (18.70). The results are

7T .CcCOSE 1 E 3
A = —2ka’pos~ / g recos ) g (18.74)
0 (1 —ecos E):

1+ecosE

1
2
EdE 18.
l—ecosE) o8 (18.75)

n
Ae = —2ka(1 — e})ppe~* / geeosE (
0

We shall evaluate only Aa to find the rate of change of the period, viz., P, where
P =2n/n. From

we have

(18.76)

2 P = tudn® +3a — bt

2P 34 Y
= == pP==p
P a 2a



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

216 J. P. VINTI

With @ = Aa/P, this becomes

. 3A
p=222 (18.77)
2 a
From Egs. (18.74) and (18.77)
. 7T ,ccos E 1 E 3
p= —3kapoe—0/ e tecosEB) g (18.78)
0 (1 —ecosE)?
Now
(1+ ecos E)l _a +ecosE)2l (18.79)
(1~ecosE): (1 —e2cos?E)?
=(1+42ecos E + €2 cos? EX1 — e? cos? E)_%
=({1+2ecosE+---) (18.80)
Thus
k4
P = —3kap08_6/ g E(1 4 2ecosE + ---)dE (18.81)
0

This integral can be evaluated in terms of Bessel functions of imaginary argument,
which are tabulated. The evaluation proceeds as follows.

From
1 Fis
J.(x) = P / cos(ngp — x sin¢) d¢ (18.82)
0
and
L(x)=i"'J,3ix) (18.83)
we obtain

Iy(c) = ;i— /” cos(—ic sin¢) d¢
0

1 T . b4 .
10((,’) - / scsmqb d¢ +/ 8—csm¢ d¢
2 0 0

Putting ¢ = 7 /2 — E gives
n -n/2 /2
/ gcsinqbdd):_/ SCCOSEdE=/ SCCOSEdE
0 /2 —~/2
Putting ¢ = E — 7 /2 gives

b4 3n/2
/ e—csinzﬁ d¢ — f SccosE dE
0 /2

3n/2 1 n 1 b4
Iy(c) = —/ e EdE = —[ e EdE = —/ gFdE  (18.84)
2w —n/2 2w —n T Jo

Thus
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Then
I T
Ij(c) == / e E cos EdE
T Jo

Lemma:
Iy(e) = Ii(e)
Proof: Use the recurrence relations

Inmt () = T () = 27,(x)
a1 () Tt (1) = i—”mx)
These give
5 = =) = T ()

However,

d gy = —n—1 —nJl
a—;(x ,,)——nx Jo+x7"T,
On inserting Eq. (18.89) into Eq. (18.90), we find

d
I (x_" Jn) =—x"Ju

or

d
a[y‘"ln(X)] =—y "1 (®)

Now in Eq. (18.92), put y = ix. Then
—i[(ix)'"J (ix)] = = i7"x " Jpy1(ix)
i dx n n+1

Here

Jn(ix) = i"I,(x)

from Eq. (18.83). Insert Eq. (18.94) into (18.93) to obtain
1d

=[x L] = = T ()

i dx

or

dr _, —n
E[X L)) = x"" L (x)

If n = 0 and x = ¢, this becomes
Ig(c) = Ii(c)

which is the lemma to be proved.
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(18.87)

(18.88)

(18.89)

(18.90)

(18.91)

(18.92)

(18.93)

(18.94)

(18.95)

(18.86)
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Now insert Egs. (18.84-18.86) into Eq. (18.81). The result is
P = —3mkapoe [ Io(c) + 2el1(c) + O(e?)] (18.96)

where ¢ = ge/A. This is the result from Eq. (18.81).

Observations of P for two or more satellites at different perigee heights, or of
one satellite at different dates, will suffice to determine po and A. The heights must
not be too different, or pg and A will be too different at the various heights.”
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Chapter 19

The Brouwer-von Zeipel Method I

I. Introduction

N THE Brouwer—von Zeipel method for calculating orbits of artificial satel-
lites, one uses the Delaunay form of the canonical equations and eliminates
the lower case variables from the Hamiltonian by means of successive canonical
transformations. (See Refs. 1 and 2.) From Chapter 9 the Delaunay variables are

L= (,ua)% £ = n(t — ) = mean anomaly
G = [pa(l — e} = L(1 — e2)3 g=w (19.1)

1

H =[pa(l —eH]2cos I =G cos [ h=Q

with the Hamiltonian

F=@W*2LY + F, (19.2)
where F; = —V; and V; is the Earth’s potential beyond —u/r. The Delaunay
canonical equations are

dL 9F 0F ¢ oF wr R _ aF;

o e & e T r ar 'L
dG _oF _oF,  dg _ 9F _ OF

== == 19.3
dt ag ag dt aG aG (19.3)
dH 0oF 0F dh  9F  3F
¢~ 3h  dh dt ~ 8H  9H

Here n is the mean motion.

To begin, take V; through the second zonal harmonic only:
pre :
F1 = —V1 = — 3 Jsz(sm 9) (194)
3

as in Eq. (16.1). Here 8 is the latitude. In this first approach with zonal harmonics
only, & = € does not appear in Fi, so that H = const. From Eq. (16.7)

2] 1 3 P r3o3 !
F = W;; 2{[_24_200821}(?) +|:4——Zcoszlj|(flr—> cos(2w+2f)}

(19.5)

where a depends only on L, cos I = H/G, and f depends on £ and e or ultimately
on £, L, and G. Altogether, F isafunctionof L, G, H, £,and g, but notof 2 = Q.

219
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II. Splitting F; into Two Parts

We may average F; over the osculating orbit to find a quantity F; independent
of £ and of short periodic parts. The remainder, however,

Fig=F —F; (19.6)
will be short periodic. Here
B 1 27 -
Fi= ~—~/ Fy de (19.7)
21 0
From Egs. (17.2-17.11), we have
2 28— 2
- urJo(l —e”)™2 1 3 .,
F1=——~T— —§+Ecos 1 (19.8)

or

Fr =

2Ll 1 3H?
Kl 2—( ) (19.9)

28 G\ atag

Rewriting Eq. (19.5) as

2 3 9 3 2 3
ur:J, 1/a 3H (a 3 H a
F =22l (2 Akl s Sl = |2 20 +2
T { 2<r> +2G2(r> +2[ Gz](r) cosizg + f)}

(19.10)

and subtracting Eq. (19.9) from Eq. (19.10), we obtain

r2J 1 3H2[& L3
Fo=He2ll J 2 g S
2a3 2 2G|l r? G3

3 H* [ a\’
+§[1—55:|<7> cos(2g +2f) (19.11)

Here L, G, H are the g’s, and £, g, h are the p’s. Remember that a = L%/, that
£ enters through 7 and f, and that 4 is missing.
The Delaunay equations become

dL _ aF de 3F,

KTFY; a " T e

dG  9F d aF,

@ dn 8 __9n (19.12)
de ag dt oG

dh 3R

dt = 8H

H = const

III. Elimination of £

To solve Eq. (19.12), we make a canonical transformation to new, primed vari-
ables L', G', H', ¢, g, h’ by means of a generating function of the form S(p, Q).
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Here the p’sare £, g, h;the g’sare L, G, H; the P’sare £/, g’, h’; and the Q’s are
L', G’, H'. For short, denote L, G, Hby Ly (k = 1,2,3)and £, g, h by £;.

Then
a5(p, Q) 3S5(p, 9)
— M=l p=""T= (19.13
qk o % 20 )
become
S, L, 38Uy, L,
L = 25 LY €, = 95, L) L i) (19.14)
3Ly oL,
If F* is the new Hamiltonian, the new variables will satisfy
dL, o9F* de; aF*
—k = k= (19.15)

dt 9L, dr AL,

The primed variables will not differ greatly from the unprimed variables, because
it is only the J, perturbation that makes them change. Thus, S must start off with
the identity transformation function (see Chapter 5, Sec. I, case d, S = Z; Qi pi)

So=3%kLilxy=L"¢+G'g+ H'h (19.16)
Inserted into Egs. (19.14), this would give Ly = L} and £; = £;. We then write
S=S+Si(L,G H ¢, g, )+ SxL',G' H,¢ g, —) (19.17)

Here, it is understood that S; contains a factor J and S5 a factor 122. The variable
h = Qs not indicated in S; and S; because it is not present in the Hamiltonian.
Insertion of Eq. (19.17) into Eqgs. (19.14) gives

s, 9s,
L=L+-—+—=
+ Y, + EY]
3s;  aS
G=G+—L4+2 (19.18)
dg  9g
H=H
38, as,
U=+ ——4 ==
+ aL’ 8L
38, 85,
"= — = 19.19
g=g+ Yl + Py ( )
8, 84S,
W=h
+ aH' + OH'
The old Hamiltonian
u?
F= 27 +F =Fy(L)+ F (19.20)

The new Hamiltonian F* will be equal to F, because the generating function S is
independent of ¢, but will have a different functional form in the new variables:

F* = FR(LY) + FX(L,, £) + FX (L, £) (19.21)
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Here, it is understood that Fy is of order J, and Fj is of order 122. The old
Hamiltonian is

F=F(L,G,H ¥t g, —-) (19.22)

The new Hamiltonian will be expressible as
F*=FW G ,H, - ¢,-) (19.23)

if we choose an S so as to eliminate £’. Then
F(L,G,H, ¢, g,—)=FL',G,H —¢g,-) (19.24)

where H' has been replaced by H, according to Eq. (19.18).
With ¢ eliminated from F*, we have from Eq. (19.15) that L’ = 0 or

L’ = const (19.25)

Next, insert Eqs. (19.18) and (19.19) into Eq. (19.24), making use of Egs. (19.20)
and (19.21). Then

381 . aS 88 . 9S a8, . 9S
FO<L’+—1+—2)+F1<L’+—1+—2G’+3;+8—;,H,€,g,—>

al al 0L YA
N I +351'+352
=TIy 1 Yy, i, —, 8 3G 3G
25 BAY
FX\L', G, H,—, —_—t —, — 19.26
+ 2( gt oy 2% ) (19.26)

The next step is the crucial one, a Taylor expansion of a function f about fj.
Let

Xo=X(X1,X2, 0., Xj,...) x=x(x1+hy,x2+hy,....,x;+h;,...)
flxo)= flx1, x2, ..., xiy .00 f(x):f(xl+h],x2+h2,...,x,-+h,-,...)
Then

(19.27)

Xo

= PRI h2£> + ]
f(x)—f(x())_i_[(la_x,)f z(iaxiz f

where £; is the small increment of the element x; about x,.
Apply Eq. (19.27) to Eq. (19.26), retaining terms only through order J7. The
result is

. 081dFy,  0SdFy 138 \*d*F
Fo(L'y+ 220270 222770 —(221) Z 70
oI+ Zrar T arar T2\%r ) e

R G H ey PSLOFL 35 9F,
A YA YN ParTe?

38 9F; s
—L 4y FA(L, G H, 19.28
3G’ o + F3( g ( )

=F;+F:L,G H, g+
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This is an expansion in the “mixed” variables L; and ¢, in the neighborhood of
L',G' H =H, {,and g.

The next step is to resolve Eq. (19.28) into separate equations for the orders of
J2(0, 1, 2). All this is to find S} and S; so as to eliminate £’ from F*.

Zero order:
(2
Fy = Fy(L") = 2L (19.29)
First order:
851 dFo ;o
S dl + F({L',G,H ¢t g) = (19.30)

Second order:

95, dFy 1/38\*d*F, 981 9F 35 0F _ 98 3F}
9edr 2\ 9¢ ) dL? T 9€ L' 8g 9G' 3G’

+F2(L’ G, H, g
(19.31)

To handle the first order, we use F; = F| + Fy, where F is given by Eq. (19.9)
and Fy, by Eq. (19.11). In doing so, however, we must replace L and G by L’ and
G’, according to Eq. (19.30). By Eq. (19.9)

2 7\ 3 2
i} wur2ly (L 1 3H
F(L',G H —g="={=)(-= 19.32
.- (L) (L) em
where
a=L7%u (19.33)

By Eq. (19.11)

2 2 13 73
ur;J. 1 3H a’” L’
Fi(L',G' H £, g) = anz{[_E”L__][??__}

2G"? G?
3 H2/a\*
+ 5[1 — E] (7) cos(2g+2f’)} (19.34)
To find 7/, use
er=1-(G'*/L'% (19.35)
to solve for E' in
E' —¢'sinE' =¢ (19.36)
where £ is unprimed because we are working in the neighborhood of L', G', H
£, g. Then
r'=a(1—écosE) (19.37)
To find f7, use
cos fr = SSE € (19.38a)
1 —écosE’
sin 1 = YL €¢2sinE' (19.38b)

1—¢ecosE’
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Now return to Eq. (19.30). We now have

035 | b4 B = P 19.39
dL’ 3¢ trAe=n (19.39)
The best way to find both F{* and 35;/9¢£ is to choose Sy, so that
0% | k=0 19.40
dL e T (1940)
F*=F, (19.41)
From Egs. (19.32) and (19.41)
4,2 2
R 7t o 1 3H
Ff = TG (—E + Y (19.42)

This gives F}* explicitly independent of time, as desired, and also independent of
8, so that the term (3 F}* /9g)(351/3G") drops out of Eq. (19.31), the second-order
equation.

To find 81, use Fo(L') = pu?/2L'2, so that

dF u?
d_L‘j =—75 (19.43)
By Egs. (19.40) and (19.43)
88, L3
3_; = FF” (19.44)
By Eqs. (19.44), (19.33), and (19.34)
EN 2.
ael - WL/:{A o1 + B'oy) (19.45)
where
1 3 H?
3 H?
B = 5[1 - F] (19.47)
a/3 L/3
o] = PERTE) (19.48)
=(d'/r') cos(2g +2f") (19.49)
Integration of Eq. (19.45) yields
2 2J
S1= “22—22 / [A'o) + B'oy]de + &(L', G, g) (19.50)

The formulas connectinga’, 7', €', f’, and £ (unprimed) are those of elliptic motion,
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so that
de = (F'/a' (1 — D)1 df’

1 Ll3
falde=<1—e/2>2/( ) af' - ot
/( )df—(l ¢! f(1+ecosf)df~ﬁ%—/

fl+esinf L3 .
[or= Tt - o= Gt e sy

since L'/G' = (1 — '?)71/2,
Now

/02 de =1 —-e’z)_% /(a'/r')cos(2g+2f’)df’
=(1—e’2)_% /(1+e’cos Fcosg + 21y df

=(1- e/z)—% / l:cos(Zg +2f)+ %cos(Zg + 1)

+ % cos(2g + 3 f’)} df’

225

(19.51)

(19.52)

(19.53)

(19.54)

a1 / ’
= (=) [5 sin(2g +2f) + —‘;— sin(2g + f)+ % sin(2g + 3 f’)}

Thus

(19.55)

1L/3 !
/02 df = —iag[sin(Zg + f+€'sinRg + )+ %sin(Zg + 3f’)]

Substituting Egs. (19.46), (19.47), (19.54), and (19.56) into Eq. (19.50)
wrrkl,
2G/3

S, = [A’{f’—ﬂ—}-e'sin 1}

(19.56)

Bl !
+ 7{ sin2g +2f") + €'sin(2g + f') + %sin(Zg + 3f’)” + (g)

2
}{f’—E—}-e’sin f'}+%{§ 3H

w2, 13 H?
2G!3 ) G/Z

2 2G?

X (sin(2g + 2f") + ¢ sin2g + ) + % sin(2g + 3 f’)” + D(g)

(19.57)
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Although 95,/3¢ is purely short periodic, being proportional to Fi¢, it happens
that S) is not unless one chooses ®(g) = —3;. Brouwer did not do this, so that
there are some long periodic impurities in some of his short periodic terms.! There
is no overall error, however, because the later developed long periodic terms are
automatically adjusted to take this fact into account. We shall follow the same
procedure to avoid any extra labor.

IV. Short Periodic Terms of Order J,
From Egs. (19.18) and (19.19) with order J,

, 38

RFY)

3s
G-G =1 (19.58)

0g

3S

0 — =1

AL’

35S,
g =L 19.59
8 -8= 355 ( )

Wo—n=35

aH

From Egs. (19.34), (19.44), and (19.58)
L1 = M[(J + E_Hi)(?’_" _ L_3)
2173 2262 )\y3 G
3 H? a\?

+ 5(1 - F) (7) cos(2g + 2f’)} (19.60)

From Eqgs. (19.57) and (19.58)
;Lerle:{3 3 H? }

G-G = S
267 |12 2672

x { cos(Qg +2f)+¢ cos(2g + A+ %cos(2g + 3f’)” (19.61)

However,
1 L'*'1 (d-&H2
G4 = GA LA = ula’?
so that
2 2
e r;J2 a3 3H
G—G[lﬁ—m(l-—e ) Z{E—EGIZ

X { cos(2g +2f)+ €' cosRg + f)+ %cos(Zg + 3f/)H (19.62)
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From Egs. (19.57) and (19.59)

221, [3H . 3H .
W—h= M23,32 [G,z{f, —£+4¢sin f}— 2672 { sin(2g +2f")
'z
+¢'sing + ) + f;— sin(2g + 3f’)}] (19.63)

Tofind £’ — £ = 38,/0L’, we note that L’ occurs in S; in Eq. (19.57) only through
¢ and f’. In turn, f’ depends only on ¢’, of the primed Keplerian variables. This
statement follows from ' = f'(¢/, E") and E’' = E’(¢/, £). Thus

8S1 351 ae

— e e (19.64)
aL’  d¢ AL’
From 1 — ¢'2 = G'?/L'?, we have
de’ G/2
S TARTE (19.65)
From Eq. (19.57),
881 uzerz 1 3 Hz f
P 2Ge’3 — +26’2 (1+ecosf)——+smf
3 3 HZ ’ ’
+ (5 - 55’—2) { [cos(2g +2f+ %cos(Zg + M+ %—cos(2g + 3f’)}
af’1
X =73 sin(2g + f1) + - s1n(2g +3f) (19.66)
Introduce the simplification
¢ e
cos(2g + 2+ 5 cos2g + f) + ) cos(2g +3f))
=(14¢'cos f)cosg +2f) (19.67)
Then
3S1 ,LLZVEZJZ 1 3 H2 af/ . "
= = 303 _§+ZG’2 (1+e’cosf’)@+smf
3 3H? af’
+ (5 — 5?) {(1 + e’ cos fycos(2g + 2f’ )—
1 . 7 1 . !
+ 3 sin2g + f) + 3 sin2g +3f") (19.68)

From Eq. (17.15), applied to primed variables:

o _ ("__’ n _LE) sin £/ (19.69)
—e

de’ r 1
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Then
(1+ €' cos f) f/ ad ; -, (c:—: + 1 _18/2) sin f/
— ("lz(l—;el) 4 >smf (19.70)
r r’

Insert Eq. (19.70) into Eq. (19.68) to obtain

2 2 /2 _ I
05 _w JZ[<—1+3H)( (- )+a—+1)sinf’
2 r'2 r’

de’ 2G’3 2G?
3 H2 /2 1_ 7
+ <§—§G,2) ( ( < +a)smf cos(2g +2f")
1
= sm(2g + )+ = sm(2g +3f )}] (19.71)
Next use
sin f'cos(2g +2f") = %sin(2g +3f)— % sin2g + ") (19.72)

in Eq. (19.71) to get
ST uiis, 1 3H*\/(/d*1—-¢% da o
90 = 267 \ 2 2 )\ttt )sing
3 3 H? d¥1—-¢? a1\ ,
+ (E_EEE){(_T_F“LE) sin(2¢ + /"

a/2(1 —e ) a 1
+ (_Zr’—2+7+ )sm(2g+3f)” (19.73)

Then by Egs. (19.64) and (19.65)

aSl _ 8S1 de’ _ G,2 8S1
oL~ 3¢ AL e'L’3 3¢

and

a8 G'? 851
L’ = /L/’% ae/

2,2 2 12 12 ’
, wrsJa 1 3H a‘(l1—-¢<) a L
¢ ‘€=W[<‘5+§ﬁ —m  tptl)sins

3 3 H? a1 —-¢% a1\ . ,
+(5-3a) (- TEr - rz) mes

a/2(1 _ 8/2) a'
4+ — —
2r'2 2r!

0 —f=—

+ é) sin(2g + 3" } (19.732)
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We have next
g= (19.74)
8§ — &= PYel .
where " s . 2
_ e 1 3H*| . 1(3 3H
i = 2G"3 [{_54‘5@ {f —2+¢'sin f}+-2- 57507

x {sin(2g + 2f") + € sinQg + f) + % sin(2g + 3 f/)H (19.57)
1

Here G’occurs explicitly and also implicitly through e’. Thus, if the explicit deriva-
tive is (05, /90G’], we have

e B (19.75)
3G' ~ LaG'| 8¢’ 3G '
Since 1 —e'?2 = G'?/L'?
A (19.76)
3G’ L :
and
A AT G' 35
Y. Y o 19.77
aG! [36/] e/le de ( )
By using Eq. (19.57)
851 3ulrdhy o pEIL[ 3HE e
[E{I =T 2Gf4 th+ 2(;/3 3 {f —L+¢€sinf}
3H? ) ) L ) i )
+—2G’3 sin2g +2f) +e sm(2g+f)+§sm(2g+3f)
2
(19.78)
In Eq. (19.78) the coefficients of f' — £+ ¢’sin f/
3utrthL[ 1 3, N
= — —_— - I’ 1/
2G4 2 + 2cos + cos
3/L2r2.]2 1 5 2
= 26f4 =5 + 5 cos r (19.79)
The rest of [3.5,/8G"]
3ur2dy[1(3 3
Sl e T &
2G4 12(2 2

x{ sinQg + 2f") + ¢’ sing + f) + f3- sin(2g + 3 f’)}

1 7
-3 cos® I'{ sing +2f") + ¢'sin(2g + f) + % sin(2g + 3f’)}j|

(19.80)
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Thus

as, b 1 5 , i
I:BG/] - 2G/e4 TS Fjif —tesin /)
13 5 2 g1 . / ! o !
_|_.2. ?2_——2—c0s 1 sin(2g + 2f) + € sin(2g + f7)

+%sin(2g+3f’)” (19.81)

From Egs. (19.73) and (19.76),

95, de w2, 1 3, a1 —e'?) ,
R T e | Al | G +1)sins
33 ’2(1 —e? 1\ .
-z I - !
+ (2 2 cos ){( 7 T o + sin(2g + 1)
12 7
1-¢? d 1
. <T+§+6)sm(2g+3f) ] (19.82)
By Eq. (19.77)

aG’

S 35,7 aS, e
! [ 1] 201 o¢ (19.83)

§-8=35= ¢ 3G’

This completes the evaluation of the first-order periodic terms.

V. Second-Order Terms, General

We now go back to Eq. (19.31). By Eq. (19.42), F;" does not depend on g. Thus,
Eq. (19.31) becomes

dF 35, 1d%F, as AF, 88, 0F 35
—— - = F* Ll, G/, H, ’
ar’ ae T 2dLz\ ae oL’ 3¢ + 3G dg 2 &)
(19.84)

where we have replaced g by g’ on the right side of Eq. (19.84). Because g’ — g =
O(Jy) and F; has a factor J2, the error from this substitution is of order J;.
Next, resolve

_—— — = 19.85
2dL’? =N ( )

1d2F, /3S;\> 0F, 8S; 0F 85
L’ 3¢ = 3G’ dg

into two parts: 1)

B 1 2r
N = —/ N d¢ (19.86)
2 0
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and 2)
Np = the short periodic part of ¥

=N-N (19.87)
Then

dFy; 35S, _

——+N,+N=F} 19.88

ar e Tt g (19.85)

Brouwer’s step here is to resolve Eq. (19.88) as follows.!

dFy 35,
2 4N, =0 19.
TR, (19.88a)
Ff=N (19.89)

This is a reasonable resolution, since the new Hamiltonian Fj + F* + F} will not
depend explicitly on the time.

Brouwer does not attempt to solve Eq. (19.88a) for S,, which would yield short
periodic terms of the second order. He evaluates Eq. (19.89) in a long derivation
(see Ref. 1), which permits evaluation of secular terms through the second order
and long periodic terms of the first order. The result is

pr_ KOREI3 (L i 5_18H2+5H4 L3(E 6
2 4(L’)10 3\ G’ G2 G4 8\ G’

6H2> 9H* 15/L\ 2H?* 7H*

x{1— +— ) -=(=) (1-=-—

G/2 G’4 32\ G’ G/2 G/4

uSrdJ2r 3 (L'\° (L™ 16H®> 15H*
+ eVl R ____1 1__+____ 2 ’
4(L/)10 16\ G’ G/Z G/Z G/4 Cos 28

(19.90)

The calculation actually gives cos 2g, but we can replace g by g’ with an error of
O(J23). Here, the first group of terms, F, is the secular term, and the second, Fz*p,
is a long periodic term.

Summary: By transforming from L, G, H, £, g, hto L', G', H', £/, g', I', we
have eliminated short periodic terms and have gone from the Hamiltonian

F=F+F to F*=F+F'+ F
where

. W . whih 1 3 H?
=5z N =g\ T2t a6

and F7 is given by Eq. (19.90). This was a canonical transformation that changed
the Hamiltonian

F=FL,G HZ¢ g —) to F*=F*L'G',H - ¢, -)
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VI. A Second Canonical Transformation

We now make another canonical transformation from L', G’, H', ¢, g', k' to
L’,G", H", £", g", h" of such akind that

FL,G,H, — ¢, - =F*L", G',H',—, —,-)
To do so, let us introduce the new generating function
S§* =85+ ST = Z L/, + ST
=L"0'+G g + H'W +SXL",G" H", g/, —, =)  (19.91)
where £/, g’, k', are the old p’s and L”, G”, H” are the new Q’s. Thus, from
as* as*
" 7o

dk

we have
— aS* —
Y
g, 08

ag’ ag’
oS
Y'Y
ell _ aS* —

"

L/

G’ (19.92a)

H/

= H"(= H)

aL" - aL"

as* 3S:

"= aG” = g/+ aG"
a5+ asy

h//= =h/+ _h/+asi'(
AH" aH" oH

o4 2

(19.92b)

Also

dL// aF**

dt oL’

dGl/ 8F**

—_— = =0 (19.93a)
dt ag"

dHH aF**

dt 9"

dz// aF** aF**

dr aLr 8L
dg” JF™
dr . 8G”

dh" _ 8F™ 3 F**

(19.93b)

dt ~  9H” —  8H
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so that

L" = L' = const

G" = const (19.94a)
H" = H = H = const
" 14 aF**
=t -y
oL’
" 1" aF**
8" =gy~ St (19.94b)
aF**
h// — hl/ _ t
° 9H

where Eqs. (19.94b) yield the secular terms. Then, L', G, H', £, gg, h; are the
constants of the motion to be determined by comparison with observatlons The
partial derivatives of F** = F**(L”, G", H") are constant because L, G”, H are
constant.

To find the new canonical transformation, write

F*(L,’ le Hlv > g/v _) = F**(L”! GU, H: T T _)

as

*

3S; Sy
FLhY+ F(L.G"+ =L H)+F(L, G+ H
dg’ : dg’

*

5]
+ Fz*p (L’, G" + 22 H, g) =F*+ F*+ F (19.95)
Expand this in a Taylor’s series in the neighborhood of L', G”, H, g/, rejecting all
terms of order higher than J2. We find

oF} oSt
Fy(LY+ Fi(L',G" H)+ — 3G’ og’ + F;(L',G", H)
+ Fz*p(L’, G" H g)=F>*+F*+F* (19.96)
The resolution by orders of J, is

Zero order:

F* = Fy(L)y = p*/2L"" (19.97)
First order:

4,2 2
" wryds 1 3 H
Fl** —_ Fl (L', G”’ H) = W(_§ + —Z-W (1998)

Second order:
o BF* oSt
2 aG// a ’

L+ F(L',G" i)+ F;,(L'.G", H,g)  (19.99)
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The resolution of the second-order equation into secular and long periodic terms
is

F2** = F;\‘(L’, G, H)
F**_Mrjfg 3/Ly s 18H2+5H4 3L 6
2 = 4(L/)10 32\ g7 G2 G4 s\ G

6H?> 9H* 15/L\ 2H?  TH*
x| 1= G2 + G4 - 3_2_ a 1 - G2 - G4 (19.100)
dFF 38t
aGH ag/
By Egs. (19.97), (19.98), and (19.100)

w? w24 ( 1 3 H2)

+ F5,(L',G", H,g")=0 (19.101)

F**z__

2L12 + 2L/3G//3

5 + 2G//2

+,u6r3J22 3 /0N s 18H2+5H4 +3 L'\*®
4L | 32\ G” G2 T Ggrt) 8\ G”

6H> 9H*\ 15/L\’ 2H* TH*
x|t =1 -== - =
G//Z G//4 32\ G” G//2 G//4

(19.102)

This is the new Hamiltonian. The new generating function is given by Eq. (19.101).
From Eq. (19.98)

oFf u4r3.12 3 15 H?
aG” = 2L3 \2G74 - 76’”6 (19.103)
or
oF* 4.2 2
L w0 SH (19.104)
0G" 4L3G"4 G2

Insert Eq. (19.104) into Eq. (19.101) and use Eq. (19.90) to obtain Fz*p(L’, G”,
H, g"). The result is

3utria, ( SHZ)BST _ 3u6r3122<L’5 L’7)

4L73G"4 - G2 a—g/ - 64(L’)10 EE - —G—ﬁ
16H? 15H* )
x|1— o + Nez3 cos2g (19.105)

38T wrILGT L Lé 16H?> 15H* 5H2\ )
3_8/: ]6([/)4 m_m - G//2 + G"4 1 - G//2 COSQ’g

(19.106)
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To integrate this partial differential equation, we simply change cos2g’ to (sin
2g'/2)andreplace g’ by g”, the resulting error being of order in J; higher than what
we are keeping. There is, of course, a constant of integration, viz., ¥ (L', G”, H).
By Eq. (19.92), however, this would give terms for £”, g”, and k" that can be
absorbed into the £7, g;, and kg; these will appear when we find the secular terms.
Thus

pirinG’ (L Lt 16H* 15H* SHA\7'
St = —=—— - l———+—— 1 - = 2g"
P 3L \G"2 G4 e G4 G2 Sin2g

(19.107)

From Eqs. (19.107) and (19.92), we can find the long periodic terms ¢’ — ¢, g’ —
g’ b —h", and G’ — G”. Note that they are of the first order in J5, even though
we had to go to a second-order calculation to find them. Also note that there is a
“resonance denominator” 1 — 5H?/G”2 = 1 — cos? I”. The value of I for which
this resonance denominator vanishes, 63.4° or its supplement, is called the “critical
inclination.” The solution is not valid in the immediate neighborhood of / = 63.4°.

VII. Results to This Point
Let us collect the results. We have

3S,
L=L14+—L
R,
3S 38, 8S*
G=G+—=G"+—+—L
g dg  og
H — H//
3S 3s,  as* 38, 88
€=£/__=£//____l=e// L/, ”,Ht—-—————l—
oL’ oL ap - otall G - o - o
’ 95 " 95 8Sik " 1o G aST
=g - =g - — — = L,G" Hy — =L _
§=8 =35 =8 “h5 " ag ~Eo Tl =36 T 3G
3$, 3s,  as* 38, S
h=h' =2 o 2220 D L G HYE - o 220
oH om0~ am ~ ol "= 3H T 9H
(19.108)
Here, § is given by Eq. (19.57) and S} by Eq. (19.107). Also
dell aF**
all,G" Hy= — = -
dr 3L’
dg// aF**
L, G H)=—" =_ 19.109
e )= = (19.109)
dh// aF**
Ll, G”, H —_ - = _
sl )= oH

Given L' (=L"), G", H (=H"), {3, g3, hg, we have here the complete schedule
for calculating L, G, H, £, g, h as functions of ¢, so that we can find x, y, z, X, ¥, 2
at any time ¢,
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VIII. Secular Terms

Let us calculate the secular terms only through the first order in J,. Then
2

2 *k
o= % - aa?/ = _Lﬁi =
4.2 2 *%
o O (LA L (13
k(L3
T 2a2G"3 2G"?
using L' = (ua’)!/? = n’a’? and 1 = n'?a’?. Thus
ci(L', G, H) = n [1 +27 r/gz é‘:( ! %GHTZ)} (19.110)
With use of
L?/G" =1 - pl=d1-e"?)
we have
c(l’,G", H) = n'[ + ZJZ—/—E(I ¢’z (_% + 26122)] + 0(J3)
(19.111)

To show that this agrees with the secular part of £ found in Eq. (17.81), we
proceed as follows. To find ¢; in terms of initial values, we use

ag? a0=L(2,/u

no = piag

However,

c1 cn

ne Ao (19.112)

= pia =t = pi(L )i = Pl
Then 7
3
% _ (%) (19.113)

To find Lo/L’, we need L — L’. By Eq. (19.60)

. Wi, 1 3H>*\/d?® L7
L-b==ms\"z2 22 )\ " o»

3 H? a\? ,
+ E(l — ﬁ) (7) cos(2g +2f )} +0(J3) (19.114)
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Replace cos(2g + 2f') by 1 — 2sin®(g + f’). Inserting this in Eq. (19.114), we
may drop the primes on the right side and still keep the error down to O(J2). The

result is
2.2 2 3
[ Wreh (1 3 H\ LY
213 2 2G?)G?

a’ H? ) )
+r—3{1—3(1— G,z)sm (g+f)ﬂ+0(12) (19.115)

Put H/G =cos I, L?/G* = (1 — €*)7!, and sin6 = sin [ sin(g + f). Equation
(19.115) becomes

2 2] 1 3 3
L_L = M[_(l —3cos? I)(1 — 2y 2 + %(1 — 3sin® 9)] +0(J3)
3

213 |2
(19.116)
and
Lo wrihl1 2 n-3 , % .2 2
= 1+ Z—Lf; 5(1 —3cos” Ip)(1 —€§) * + E(l —3sin®6) | + 0(J3)

(19.117)

To compare with Eq. (17.81), we need ¢ /nyp, and by Eq. (19.117) we need ¢, /n’
and n’/ng. By Egs. (19.113) and (19.117)

’ 2,2 3
”_=1+3’”12[ (1= 3cos? Ip)(1 — e2) 3 + 2 2(1—3sm 90)]+O(J22)
il

no ZLS
(19.118)
or
n' 3r Jy 1 3r 5al .
n_0=1 i (1 —3cos® Io)(1 — ¢€3)* + 2 §(1—3sm260)+0(122)

(19.119)

By Eq. (19.110),

1 1 3
> Po —(1-¢3)? (—E +3 cos 1) +0(J3)  (19.120)
On multiplication of Eqgs. (19.119) and (19.120), we find that the second terms on
each right-hand side cancel, so that

e _ L+ 3a0r212

(1—3sin’6) + 0(J7) (19.121)
no I‘O

This agrees with Eq. (17.81) because ¢; in Eq. (19.121) is the same as n’ in Eq.
(17.81).
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Next, we need

dg// 8F**
L'.G" H = 19.122
Here
2
Fo = 272 (19.97)
4.2 2
o _ WSS 1 3 H
F==75 <——_2Gr/3 t3oms (19.98)
We find
3utrtl, 5H?
2= _4L’38”4 (1 - G2 (19123)
3
C2 = 45,;8,,1 (5cos* 1" — 1) (19.124)
so that
" 14 3’“’4re2‘]2 2 g
& =80 + 4L/3G//4(5 cos” 1" — 1)t (19]25)

This agrees with the result (17.48) for the secular change of g = w. If Py, is the
long period, we find for a close orbit that

2 27 3J
T 22500821 — 1) (19.1252)
PP 4

P 4

L S (19.125b)

p 3Jp(5c0s2] — 1)

where P is the short period. (Short periods are on the order of time of one satellite
passage around the Earth. Long periods are on the order of time of one complete
perigee passage around the Earth.)
For a close satellite of the Earth, with P = 1.5 h, this gives Py, &~ 450 h for an
equatorial orbit, 1800 h for a polar orbit, and infinity at the critical inclination.
Finally

dn _ aF*
L'.G" H -
e3( =T aH

By Eq. (19.98), it follows that

3u r212 H

C3 = W G (19126)
3n'r2J

cy= — e 2 e 1 (19.127)
2p/12

so that
3n'r2J
W= h! — M2 s 1) (19.128)

2p//2
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in agreement with Eq. (17.37). Of course, the present treatment has the advantage
that it permits the evaluation of the second-order secular terms.

IX. Algorithm

Given p, r,, J», and the six mean orbital elements, viz., L', G, H, £3, g5, hg»
calculate the position and velocity vectors at time ¢.
1) Calculate ' = L'?/u,n’ = u'/?(a')3/2, ¢1, ¢5, ¢3, and ¢ as in Sec. VIIL
Then
0" =gy +cyt g =gy +cat B = h§ + c3t
2) Calculate
oSy aSy  asr  as
ag L' aG"  9H
The long periodic terms G’ — G”, ¢/ — £”, g’ — g”, b’ — h” are given by
ﬁ e/=ell__a_5‘;k gl=gl/_aSik h/=hll_a_$
ag’ oL’ aG” dH

Here, note that one puts g’ = g” in the expressions for the derivatives of S}. If one
did not do so, one would have to solve a transcendental equation for g’, viz.,

g'=g"-v()
where (g') is 05} /8 G” expressed in terms of g’. To the accuracy at which we are
working, however, this is not necessary because substitution of g” for g’ yields an
error of O(J3). We are calculating long periodic terms only through order J,.

3) Calculate ¢ = (1 — G'2/L’*)!/?. We thenhave L', G', H', ', g', I, and ¢'.
Then calculate

a5, 85| 38 85 a8 a5
0L dg dh aL aG’ oH
The short periodic terms L — L', G — G', £ — £/, g — g, and h — k' are given by

G/ — G//+

3s 38
L-L'=— ¢(-p=-"
FY; oL’

3s 38

-G == g——g’:——l-
dg 3G’

h = =25

OH'

Note that we replace £ and g on the right sides of these equations by ¢ and g’.

Otherwise, we should have to solve the pair of equations

D) - a5
aL’ oL’

simultaneously for £ and g. The error introduced by this substitution is of O(J3).

This is acceptable because we are calculating short periodic terms only through
order J,.

-0 =
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4) We now have the full set of Delaunay variables attime ¢, viz., L, G, H, £, g, h.
The next procedure is to calculate
a =L e=(1—-G%/LY):
b =1 - ez)% n= u%a‘%
E from E—esinE=1¢
r from r =a(l —e cosE)
I from I =cos {(H/G)

Then
r =A(cosE —e)+ BsinE
F=mna/r(—AsinE + B cos E)

where

cos gsinh + singcoshcos [

[cosgcosh —sing sinhcosl:|
sin g sin [

o | &

sin g sinh + cos gcoshcos

—singcosh —cos gsinhcos /
cosgsin [

The advantage of Brouwer’s method over that of Chapter 17 is that it yields the
long periodic terms through order J,. It also yields secular terms through O(J3),
although we have only indicated how to find them and not actually written them
down.
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Chapter 20

The Brouwer—von Zeipel Method 11

1. Introduction

HIS chapter will show how to incorporate the third and fourth zonal harmonics

into the Brouwer solution. Because J; and J, are both of order J2, they will

not affect the function Sy, which we carry (following Ref. 1) only through order J,.
If one traces through the previous derivations, one sees that the Hamiltonian
contributions F3 and Fj4, which we can write as A3 F and A4F, affect only FJ,

sz,and St.

II. The Effects of J5
We have

3
AsF = —A3V = _E(r_e> J3 P5(sin 6) (20.1)
r r

We first split this into A5 F and (A3 F),, where A3 F is the average of A3 F over
the osculating orbit and (A3 F), is the short periodic part. This short periodic part
is of order J3; we shall not have any use for it since the von Zeipel method is not
suitable for the calculation of second-order short periodic terms. It turns out that
A3 F has no secular part, only a long periodic part proportional to sin g.

Because

P3(sinf) = = sm 60— = smG (20.2)
sinf = sin I sin(g + f) (20.3)
we can calculate P as a function of the true anomaly f. One shows readily that

sin3x = 3sinx — 4 sin® x

so that
sin® x = 2 sinx — Lsin3x
Then
P3(sinf) = —sin 1[3 sin(g + f) — lsm(3g + 3f)} — %sm Isin(g + f)

5
2
15 5
3 sin® I——smI sm(g—i—f)-——sm Isin(3g +3f) (20.4)

241
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and

3I[(15 3 4
A F = Kl —sin®] — =sin [ a sin(g + f)
4 8 2 r

a
4
5 45 fa .
—3 sin” [ (;) sin(3g + 3f):| (20.5)

and

l 2
A3 F = —/ A3 Fde (20.6)

2 0

We do not need (A3 F), = A3 F — A3 F. For the osculating orbit

2
de = (1) (1 —edtdf
a

so that
1 —e? -1 2 2
AF=U=e) / (i> AsFde (20.6a)
27 0 a
or
— 3. [/15 3 2m 2
A3 F = —l;r:aj(l — e2)‘i|:<——§ sin® I — > sinI) /0 (Lr—l) sin(g + f)df
5 .4 2 a\? .
-3 sin” [ - sinB3g +3f)df (20.7)
0
Now
(a/r)? = (1 —e*)2(1 +ecos f)* (20.8)

which gives a constant plus terms in cos f and cos 2 f. When these are multiplied
by sin(3g + 3f), sinesof 3g + f,3¢+2f,3g+3f,3g+4f,and3g +5f are
the results. The term in sin(3g + 3 f) does not contribute to the integral.

We now need

27 2 2n
f (%) sin(g + f)df = (1 —é&»)72 (1 + ecos f)?sin(g + f)df
0 0

s 21 o2 e .
=(1—-é? f 1+7+26005f+70082f>5m(g+f)df
0

(20.9)
Here, only the term in 2¢ cos f contributes to the integral. We have

cos fsin(g + f) = %sing + %sin(g+2f)
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so that
2 a 2
f (—) sin(g + f)df = (1 — e} 2mesing (20.10)
0 ¥
Thus
— 37 (15 3
AF = B o3 Zsindr — Zsinl Jesing  (20.11)
at 8 2

This is purely long periodic, of order 122. It is to be added to Fz*p in Eq. (19.102).

Here, one must put L’ in place of L, G” in place of G, and g’ in place of g. From
Eq. (19.101), we obtain

IFFasr —
E‘” ag‘, + F(L',G", H, g)+ AsF(L',G", H,g') =0 (20.12)
The change A3ST, produced by Js, satisfies
AFF 0AsS*
L2930 ASF(L, G, H, g') (20.13)
BG// agl

where

oFf 3u4r3]2< 5H2)

PYeld - AL3G!4 - G2 (20.14)

from Eq. (19.104). Making appropriate changes in Eq. (20.11), we also write

pursJs

A3F = a/4

s 15 3
(1-— e"z)_%e”<§ sin® I — 5 sin 1") sing’  (20.15)
With use of @’ = L'?/u, this becomes

3M5re3j3 "

AL F = T sin (1 — 5cos* I")sin g’ (20.16)
From Egs. (20.13), (20.14), and (20.16), we find
3utr2l INSSY  3uiridy .y
4—[/3(6;—//%1(1 —5co0s% 1" 50 L = 8L’3G”35 e”sinI"(1 — 5cos? I")sin g’

(20.17)

The “resonance denominator” 1 — 5 cos® I” cancels out. It is remarkable that such
a cancellation occurs only for the third zonal harmonic. Equation (20.17) becomes

dA3Sy e Iy ur,
ag’ 2 LG

sin I” sin g’ (20.18)

Then

. e’ 3 ur,
A3Sl = _71_2 G"

sin " cos g’ (20.19)
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Since Js is of order J2, it follows that A4 ST is of order J,. Since

Ll _ L// — ik_gl*
EYZ
38*
G'-G"'=— (20.1%a)
ag
H/ _ H// — a_Sik
EY%
e/ _ Z” — _B_Sik
aL’
9 S5*
g—g'=—3 G‘, (20.19b)
h/ _ h// —_ — aST
9H'
it follows that
5oL = 3AsST _
FYZ
dA3SF
86 = 33' 1 (20.20a)
g
dA;S;
5 H =
3 an
dA3S*
830 = — "1
aL’
A3 S*
83g = — acvl (20.20b)
9 A3 ST
$3h = — 21
oH

In Eq. (20.19), we may change g’ to g” without affecting the order of the accuracy.
From Egs. (20.18) and (20.20a)

1
J
5:G = % J—3 ’é—r sin I” sin g" (20.21)
2
Next, from Eq. (20.20b)
dA3S*
830 = — az/l (20.22)

In Eq. (20.19), the only quantity that depends on L’ is ¢”. From
e//2 =1— (GI/Z/LI2)
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we find

e’ 1— e//2

9L’ - L
From Egs. (20.19) and (20.23)

3AsSt 1 Jspur.(1—-¢"%)
aL’ ~ 2J, G" 'L’
Next, from Egs. (20.19) and (20.20b)

5 0A3SY  ure s , 8 [e'sinl”
=———=——cosg’'—
3 3G 2 5 B8 e\ Tor

838 = — sin 1" cos g”

From
1— e//2 — GIIZ/L/Z 0032 I// — HZ/G//2
we find
3 [ée'sinl” L fe"cos? 1"  sinl”
v _( //) 1 _
aG” G/ = \up sin I e
where
p// — G’,Z/IL
Thus
re J S € cos* 1" sinl”
838 = — cos - -
2p" J sin I e
Finally
dA:SF e’ Js ur a .
S3h = — SH L= 7 G: cosg”ﬁ(sm "
2
From
Sinz Il/ — 1 _ (HZ/GIIZ)
we have
B 1
—(sinl") = ——cot "
dH G
Thus
e’ Jy ur,
8h = _E—JE g”ez cos g" cot1”
2
'
J
= —; er—300tl”cosg”
P J2

245

(20.23)

(20.24)

(20.25)

(20.26)

(20.26a)

(20.27)

(20.28)

(20.29)

(20.30)

Note that, in the algorithm for the orbit, we must add ;G to G' —G”,8:8t0 £’ — £,

S3gtog —g", and Sshtoh' — A",
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III. The Effects of J;

The fourth zonal harmonic differs from the third by giving rise to secular terms
of order J22 and to long periodic terms of order Jy/J, = O(J;), which have a
resonance denominator 1 — 5cos? I”.

Here

4
AF = —AV = —ﬁ(r—e) J4 Py(sin6) (20.31)
r r

We set up the problem as we did for J5 and find
Ff =old Fj + A4F (20.32)
so that
AF} = AyF = AF} + A F5, (20.33)

In this case, A4 Fy; is a secular correction to the Hamiltonian, and A4 Fy, is a long
periodic term.
The correction to the Hamiltonian will give the secular terms

ol a *
A4£ = 3L A’4F2_‘. = A4C1
. d
A4g” 3G” A4F2\ = A4(,‘2 (2034)
i a *
A4h = ﬁA“FZv = A4C3
We also obtain as before
oFf E)A‘;SI
PYeT] o2 +A4F2p(L’ G' H gh=0 (20.35)
where
4.2 2
N nrryds 1 3 H
Fl = 2L73G73 <_-2_ + E G//2) (2036)
Then
A4St
A4(Gl //) e
og’
0A4ST
A4(Z’ _ g//) R 4/ 1
oL (20.37)
A ’ " o_ 8A4ST
(8’ —g"h=- el
dA4ST
As(hW — W)= ——
4( ) 5H

give the long periodic terms.
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IV. The Average A4F

We have
Py(sin9) = %(1 — 10sin®6 + % sin® 6) (20.38)
where
sinf = sin [ sin(g + f)
Then

sin®@ = 1 sin” I[1 — cos(2g + 2£)]

sin @ = 4 sin® I[2 — 2cos(2g + 2 ) + 1 cos(4g + 4 )]

Thus
3 15 105 15 35
Py(sin6) = iy sin® [ + - sin* I + [§ sin? [ — e sin* 1]
35 .,
xcos(2g+2f)+ o sin” I cos(dg +4f) (20.38a)
9 45 105
Py(sin§) = a- cos? I + a cos* I

+ 5+500521 350541 Qg +2f)
16" 2 16 08 T|cosg +2f

35
+2 [1 —2cos? I + cos* 1} cos(4g +4f) (20.38b)

Now, by Eq. (20.31)
wrt (a\’
A4F = - Se (—) J4P4(sin9)
a r

or, sincea = L%/p,

4 5
ALF = —’z:g J4(§> Pu(sin6) (20.38¢)

From Egs. (20.38c) and (20.38b)

4 5

9 45 105
ALF = —&J (f) |:— — —cos? ] + 6—cos4I
r

+ 5+5cos21 3 * 1] cos2g +21)
613 16cos cos(2g f

35
+ gz“ —2cos? I + cos* I cos(4g + 4 f)} (20.39)
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Now use
2
Ay F = —f A4 Fde
0
with
2 ) 2
dZ:( )(1—e2)—fdf ( ) —df
a a] G
Then
L w2
AyF = —— —} A4Fd 20.40
4 G J, (a) sFdf ( )

From Egs. (20.39) and (20.40)

3uSridaT(3 15,
A F = _HTeda )2 I+ 2 cost I
4 167G |13 4 ° + 3 cost fo

5 20 35 ;
+ ——+—coszl——cos41 d cos(Qg +2f)df
6 3 6 r

35 35 35 2 3
+{ﬁ—ﬁco I—ﬁcos I}L (%) cos(4g+4f)df}

(20.41)

Now
2

4 (=) I(1+ecos ) = 2ol + ecos f)
r G?

3 6 2 3 2 3
L 3e 3 3
(E) G6{ +——2——+(3e+——4€—>cosf+%cost+%cos3f}

(20.42)
Multiplication of cos(4g + 4f) by (a/r)* gives terms in cos(2g + kf), where
k=1,2,3,4,5,6,7. Thus, the integral involving cos(2g + 4 f) gives no contri-

bution to Eq. (20.41).
We also have

o ra\? 2 LS 3e? L[5 3G?
Sldr= e | =222 20.43
/o(r)f G6[+2} GG[Z 2L2} ( )
6

7 fa 3 e2 2w
f (—) cos(2g+2f)df = ——/ cos2fcos(Qg +2f)df
0 ¥ GS 2 0

= | cos2g (20.44)
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so that
— 3uSUT(3 1SHE 35HAY\[5 3G?
A4F=—— ————+—_ —_— e —
8L3G7 |18 4G T 8GH[|l2 212
5[ 8H: _TH\[3 3G*) 2045)
- Y T =i - — ——— | COS ,
6 G? G [la 412 g

When we split A4 F into secular and long periodic terms, we must put a prime on
the L and the g and a double prime on the G. Then

. 3ubrddy (3 15 H? 35 H*\[5L7 3L
MFu=—pw \3 "7 on T3 R |67 g5 B0
. 1spsria 8H* THY\[L7 L
A4FZ[) = —6411_1610*' - —'-62— _G4— E/ﬁ bt ag Ccos 2gl (2047)

We now use Eq. (20.35)

SF 0A4ST N
FYed 3 = A4F2p (20.35)
where
4.2 2
. wrro s 1 3H
Fl = 2L/3eG//3 <—E + 5 G2 (2036)
Then
AFr  3utrth, H?
aG" - 4L’3é”4 - 56’_2 (20.14)
From Egs. (20.35), (20.14), and (20.47)
3utrt, 5H?\ A4St
4L/3G//4 - G//Z ag/
15u6r;‘J4 8H? 7THY\[ L7 L3 ,
= 1__52_+F reaATe cos2g’ (20.48)
Then
dA4 ST 5u2r2J. 8H> 7TH*\[L* L? 5H2\ ™
4191 _ uwory 4Gu —— - _= 1— 2 cos2g'
ag, 16L'4.12 G2 G4 G4 G2 G2
(20.49)
so that
. Subr, 8H TH|[L* L SH\
AyST = _32L/2J2 GU{1 - G2 + Gé }[Z;—//_Z - W}(l o G1/2> sin2g

(20.50)
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Then the secular terms from J; are

a *

Aser = —gpAaba
a *

A4(,‘2 = ——(‘)G—”A4F2‘Y (2051)
a *

A4C3 = __3HA4F2T

where
O =t5+crt
g" =gy +cat (20.52)
K" = Ry + cst

The long periodic terms are given by

OALST

A(G' — Gy = 249
dag’

IA4ST

A4(EI—E//)=— 4/1

aaALs* (20.53)

4

Ay’ —g =~ aG"l

A4St

Ag(h — By = 22321
4( ) Y7,

In the preceding formulas, g’ is to be replaced by g”. Also it is instructive to
add A4S} to ST for the main problem. For the main problem we had, from Eq.
(19.107),

22LG" (L' L* 16H*> 15H* 5H2\!
sp o WrERGM (L7 LR (G 1OHT ISHEN (| SHENT e
32(L’)4 G//Z G//4 G//Z G//4 G//2

(20.54)
From Eq. (20.50)

5u2r2J. 8H? TH*\[L?* L* S5H2\ !
AsST = B 4G"{l— + }[ - }(1 ) sin2g”

- 32[/4]2 G2 G4 G2 G4 - G2
(20.55)
Addition gives

Sr + A4Si‘< =

,LLzrzG” L/2 L/4 5H2
32([/)4 G2 - G4 - G2

-1
) sin2g” Q (20.56)

where

16H?> 15H* 8H?2 TH*\ J4
0= (1 - + < )Jz + 5(1 e + ———GM)}; (20.57)
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Put
HZ/G/IZ — C2
then
J
0 = (1 — 16¢* + 15¢*)J, + 5(1 — 8¢2 + 7c4)J—“ (20.58)
2
J.
0=(01-cH1~-15HI+ 501 — (1 — 7c2)—Ji‘- (20.59)
2
J
0=(@1- c2)|:(1 —15¢%)J, +5(1 — 7c2)1—4] (20.60)
2
Now
1—15¢2 =1-5¢% — 10¢?
1=7¢% =1—5c2 =22
Thus
2 2 2 2 J4 214
O=0-=cHA=5c)]—10c*T; + 5(1 — 5¢°)— — 10c°—
Jy J
J JZ+J.
0=0-cd|a=5D(h+52) 1022t (20.61)
12 1-— 5C2
Take

0 1—¢[ , H? (J2+ 1,
Tosa = g | R 0 Tsa (20.62)

and insert this into Eq. (20.56). Then
2 ZG// L/2 L/4 H2
SE4 AS = L‘_’_(_ — ___)(1 - ——)
32L’4J2 G//2 G//4 G//2

10H2(J12 + Ja)
G"%(1 — 5cos? I”)

X [122 +5J, — ] sin2g” (20.63)
because H2/G"* = cos? I".

Thus, the resonance denominator 1 — 5 cos? I” has a numerator J22 + J4. This
statement is true for all the long periodic terms, which are obtained by differen-
tiation of ST + A4S]. A potential for which J; = —J22 would not give rise to a
critical inclination.

Reference

'Brouwer, D., “Solution of Problem of Artificial Satellite Theory Without Drag,” Astro-
nomical Journal, Vol. 64, No. 9, 1959, pp. 378-397.
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Chapter 21

Lagrange and Poisson Brackets

I. Introduction

N IMPORTANT method for doing perturbation theory for canonical systems
is the method of Lie series. To develop it, we need to know more about
canonical transformations. In Chapter 5, we saw that

(Seprdge — Hdt) — (B¢ P dQy — Kdt) = dF @21.1)

is a sufficient condition for the transformation (g, p) — (@, P) to be canonical.

It is not a necessary condition. If we insist, however, that we shall deal only with

canonical transformations that satisfy Eq. (21.1), we shall need a special name for

such a subspecies. We shall call it a “contact transformation.” (See Refs. 1 and 2.)
If the transformation

=q(Q1...Qn, Pr... Py, 1)
Pe=pi(Q1...Qn, P... Py, 1)

has a Jacobian that does not vanish anywhere in the domain of the @’s and P’s
that we are considering, we can solve Eq. (21.2) freely, back and forth between the
g’s and p’s and Q’s and P’s. In that case, no matter what functional dependence
may be indicated for F in Eq. (21.1), we can express it as

F=F(Q,P,1) (21.3)

With use of the summation convention, we find from Eq. (21.2)

(21.2)

3q, 3g;

dg; = —— dQ]-}-—dP +——dt 21.4)
aQ;
so that
0g; 9g; qgi
;dg; = pi——dQ; i dp; —dt 21.5
Pi aq; Ptan Qj’!‘PaP +p ot ( )

The condition (21.1) becomes
9g; i
i 1dQ; dp; K—-H|dt=dF (21.6
(plan 1) Q;+P:6P +( y rouinn ) ( a)
aF oF
d dP —dt 21.6b
Q o;+ + Py ( )

Equate coefficients of dQ j» dPj, and df on both sides of Eq. (21.6b). Then for a

253
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contact transformation
oF ag;

= p—L _p, @1.7)
90, ~ Moo, T

ap;  "'ap '
i k-H 21.9
ot P T (21.9)

Conversely, if Eqgs. (21.7) and (21.8) hold for the mapping (21.2), then Eq. (21.6a)
holds, and Eq. (21.1) is true, provided that the new Hamiltonian is given by
Eq. (21.9). Thus, Eqgs. (21.7) and (21.8) are necessary and sufficient that the map-
ping (21.2) be a contact transformation, with A/ the Hamiltonian H(q, p, ¢),

aF(Qv Pv t) a‘b
LS ARSLI R 219
ot Py (21.9a)

and dF(Q, P, 1) the perfect differential of the contact transformation.
Now, from Eqs. (21.7) and (21.8), we can express each of the second derivatives
of F in two ways. First, 32F /3 Q.3 Q, is given by either of

K(Q,P,t)=H+

d aq; d aq;
(pf £ P,) = —(p,-i - Ps) (21.10)
90, \ 90, 90, \' 9Q;
Next, 82 F /0 P,3 P, is given by either of
d 3gi 3 3gi
; = ;—— 21.11
3P, (p’ap,) 3P, (p’aPX 2L1D)
Finally, 82F /3 P,3Q, is given by either of
0 8qi d aq,‘
(2 _p) = L p L 21.12
ap, (plaQr r) 30, (Pzapx) ( )

Equations (21.10)-(21.12) are necessary and sufficient for the validity of Eqs.
(21.7) and (21.8) and, thus, for the validity of Egs. (21.6a) and (21.1). However, Eq.
(21.1) defines a contact transformation. Thus, Egs. (21.10)—(21.12) are necessary
and sufficient that the mapping (21.2) be a contact transformation.

II. Lagrange Brackets

Consider a setof ¢;, p;, i = 1,...,n, and let # and v be any two parameters
on which they may depend. Define the Lagrange bracket {u, v] of u and v as
~[3g: 3pi  3g; dp;
,vl= —_—— 21.13
(. o] ;[Zm v av Bu] ( )
At once
lg;, q] =0
[pj, Pkl =0 (21.14)
lgj, pel =5

the Kronecker delta.
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Now, consider Eq. (21.10), which is equivalent to

Zn: dq: Opi _ 8q: opi | _
30,90, 00,00Q,]

i=1

or

(@, Os]=0
Consider Eq. (21.11), which is equivalent to

o[ 24 opc  Pacop ],
3P, 0P, 3P 3P, |

i=1

or
[Pr, Pl=0
Finally, consider Eq. (21.12), which is equivalent to

Xn: aqi%__aﬂapi =5
30, 8P, 3P, 30,

i=1

or
[Qr: Ps] =65

255

(21.15a)

(21.15b)

(21.15¢)

The Lagrange bracket relations (21.15) are necessary and sufficient for the va-
lidity of Egs. (21.10)-(21.12) and, thus, for the validity of Eq. (21.1). The mapping
(21.2) s a contact transformation if and only if the Lagrange brackets of the Q’s

and P’s, relative to the g’s and p’s, satisfy Egs. (21.15).

III. The Jacobi Relations

If g, = q(Q, P, 1), pr = pr(Q, P, t) is a contact transformation, the Jacobi

relations are

a0, _ ap,
aq; aP,
& _ 9gy
aps P,
ok, __op
a4 a0,
o P, 2g;s
op, 90,
To prove these, first write with the summation convention,
g = o 4.+ 7 ap, +
dpi = op: dgs + —Bﬁdﬂ- + %dt

905 3Py ot

(21.16a)

(21.16b)

(21.16c)

(21.16d)

(21.17a)

(21.17b)
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Then
ap; aq; op: ( 9qi aq; ag;
dgi — i gp, = 24 40, dP, + i g4
op, 4~ 5p Pi=5p 50, 9% T 3p I T,

dq; ( p; ap; ap;
—— —dQ;, + — dP, + — dt
8P,<8Q_y O+ gp 4B+ 5

(21.18)
= [Q.v» P] de + [Ps, Pr] dP\ + Gy de
= er + Gy dt

by use of the definitions (21.13) and (21.14). From the Lagrange bracket conditions,
this becomes

ap; aq;
dg, = dg; — —dp, — G, dt 21.18
Q ap, 99— 5p 4P 1 ( a)
However,
2 d 30,
do, = & dg, + 9 dp, + 9 4 (21.18b)
aq, apy at
Comparison of Egs. (21.18a) and (21.18b) shows that
aQ, dps
o _ op (21.16a)
ag; aP,
a 3
9 _ (21.16b)
aps P,

This completes the proof of the first two Jacobi relations.
To prove the other two from Eqs. (21.17), form

ap; 3g; ap; [ 9q; g; ag;
pldqi_ qi P = Pi qldQs-f-idPy—{———c—l—l-dt
aQ, a0, 30, \ 00, a P, ot
dgi ( dpi api ap;
——{—d0;, + —dP, + —dt
aQr(an Ot 5p T % (21.180)
= [Q‘\'y Qr]dQ\ + [Psy Qr]de + GZ ds
= —dP, + G, dr
Thus
4P, = = 2P g0 2 40 4 G (21.18d)
r — aQr qi aQr Pi 2 .
However,
apP, P, P,
dP, = dgs + dp, + dt (21.18¢)

3g; ops at
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Comparison of Eqs. (21.18d) and (21.18e) yields

aP, aps
I 2k 21.16¢)
9qs 20,
aP,  dg,

A (21.16d)
apx aQr

which are the other Jacobi relations. Note that the Jacobi relations of Chapter 12
are special cases of these, with @, = B¢ and P, = .

IV. Poisson Brackets

Let # and v be functions of ¢;, p;, i = 1,...,n, and t. The Poisson bracket
(u, v) is defined by

. v)—zn: du dv  du dv (21.19)
" = \dgidpi Bpi dg; .

We first use the Jacobi relations to derive some relations pertinent to Lagrange and
Poisson brackets in connection with contact transformations.

Theorem: For a contact transformation

(Qr, Os] = (P, Py) (21.20)
Proof: With use of the summation convention,
o dpi_ b Opr
00,090, 9Q,030,

from the definition of a Lagrange bracket. However, for a contact transformation,

[Qr, Os]= (21.21)

we have
aq; aP,
24 _ (21.16d)
90, ap;
and
op; d P
b s (21.16¢)
00, 0g;
Insertion of Eqs. (21.16d) and (21.16¢) into Eq. (21.21) yields
3P, 9P, | 3P, 3P,
[Qr» Q.\']=_ - — =(Pr,P_\‘) (212221)
dpi 9q;  Op;i g
Similarly
[P, Ps]=(Qr, Q) (21.22b)
[Qr, Ps] = (Qx» Pr) = 5rs (2122C)

The Lagrange brackets conditions immediately become the Poisson brackets con-
ditions (Q,, Q;) = 0,(P,, P;) = 0,(Q;, P,) = 6,5. These Poisson brackets
conditions are necessary and sufficient for the mapping (21.2) to be contact trans-
formation.
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V. Invariance of a Poisson Bracket to a Contact Transformation

Suppose we have two functions u(g;, p;, t), v(g;, pi,t), i = 1,...,n, and
transform them by means of a contact transformation. They will appear as some
other functions U and V of Q;, P;, i = 1, ..., n. That is

u(g, p,)y=U(Q, P, 1) (21.232)
v(g, p,y=V(Q, P, 1) (21.23b)

The invariance theorem states that
(u,v)y=(U,V) (21.24)

which can be written as

du du  du dv AU AV AU 3V
Judv 3udv U3V U 3V (21.25)

dg; dp:  Opi dq;  8Q; 3P AP 30,

with use of the summation convention. At any given time ¢, we have from Eqs.

(21.23)
auU U
du = —dQ, + —dP 21.26a
u 30, o, + ap 3% ( )
v av
dv=—d —dP 21.26b
V=0 or+ ap. 3 ( )
so that
du U 3Q, N aU 3P, dv BV 3Q; N av ap;
dg,  9Q, g, P, 3g, dq, 9Q; dq, P dg, 0127
du U 8Q, U dP, dv 3V 38Q; 3V 3P 27
ap,  dQ, dp, 9P, dp, dp,  8Q; dp, 9P ap,

Here, the derivatives of U and V are obtained from the functions indicated in Egs.
(21.23). The derivatives of the Q’s and P’s come from the canonical mapping
(21.2), which can be inverted when its Jacobian does not vanish.

Now

S V)= e — — 21.28
(. v) dgs dps ops 945 ( )

Insert Egs. (21.27) into Eq. (21.28). Then

aU 80, aU oP aV a0; oV 0P;
(u, v) = o ) ——&+——’)
30, 0q; dP, dqy an apy doP; ap,

oU o oU 0P oV 00; oV o0P;
_ 90,  BU 3P\ (09V 8Q; 9V 3b; (21.29)
aQr 317\ aPr aP\ aQ/ 3% 3P/ aq"
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Regroup terms to obtain

(u,v) =

90,00\ g, dp,  dp, 8g;

U 3V (3Q,3P; 30, 3P
a0, 31)] Bq\ ap\ ap\ 341\ 2
U 3V (3P, 3Q; 3P, 3Q;
0P, 3Q;\dqs dps - dps g5 /4
dU 3V (3P, 3P; P, 3P;
dP, 0P;\ dqs dp;  3py 3qs /4

U av (8Q,8Q.,~ _a_g_%)
1

However,
[ =@, 0)=0 [=(Qr, P))=4;
[]3=(Prij)=_8rj []4=(PraP.v)=O
because the transformation is of the contact type. Thus
aUu av  a8U 3V
)= —-—F 55— =(U"V)
0Q; 0P 0P 00

as was to be proved.

VI. Other Relations for Poisson Brackets
We have, very easily,
(u,u) =10
(u,c)=0
(u,v)y=—(v,u)
where c is a constant. The reader should also verify that
(uv, w) = u(v, w) + v(u, w)
For a Hamiltonian system with Hamiltonian H(q, p, )
(Qi,H)=?ﬁ—%ﬂ=ﬁ=q}
qj9p; 9pjdq;  3p;
(pi, H) = gﬂﬁ _p 3 = oA =—pi
q;9p;  9p; dq; 3q;
Any function u(g, p, t) of such canonical variables satisfies
ou ou . du du dH ou dH du

i gy e = e L 2
dg; dpi ot 0q; 3p;  8p; dq; Ot

L= ( H)+8u
u="(u, —
ot

259

(21.24)

(21.30)

(21.31)

(21.32)

(21.33)

(21.34)

(21.35)

(21.36)
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3 _( 8v)+(3u )
dq; " dq dg;

—(u,v)
8( " ( 8v>+<8u )
—w,v)={u, — —_—v
ap; ap; op;
Finally, we need Poisson’s identity
(u, (v, w)) + (v, (w, u)) + (w, (u,v)) =0

This is reminiscent of a similar cyclic rule for vectors,

AXBXC)+Bx(CxA+Cx(AxB)=0

Also

the “snake-biting-its-tail” relation.
To prove Poisson’s identity, we first note that

(0. ¥)=—-(, ¢)
so that
(u, (v, w)) + (v, (w, w)) = (u, (v, w)) — (v, (u, w))
Now
" /v dw  Jv dw
0= (5ra ~ aa) = O
and
"/ 0u dw  Ou dw
wor=3 (5o aa) = P
where

S (o

aq; 9p; op; 0q;

i
=
il
i1
NN
lm
=
lw
|
Ie.:
N
Im
——

dq; dp;  3p; Aq;

The operators D, and D, can be expressed as
2n
d
Do= ) gy
i=1
2n a
D, = L
5 ; B
where we denote

CIhCIZ,---,Qnsplypz,---’Pn

(21.37)

(21.38)

(21.39)

(21.40)

(21.41a)

(21.41b)

(21.42a)

(21.42b)

(21.432)

(21.43b)
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by
X1y X25 ooy Xpy Xntls Xn42ys o5 X2n

and where the «’s and B’s are as follows.

o Q... Oy Opyl ... Oy
av v av av v
o o Cop. gy aqn
Bi B2 oo Bu Burr ... Bum
du du ou du au
T op T 9qn

Now by Egs. (21.41)
(v, w) = D,w (u, w) = D,w

Then
(u7 (U’ U))) = DuDvw (21443)
(v, (w, w)) = DyD,w (21.44b)

Thus
(u, (v, w)) — (v, (u, w)) ={D,D, — D,D,}w (21.45)

Apply Eq. (21.43) to Eq. (21.45). Then

(u(vw))—(v(uw»—Zﬂ,aZ- Z Zﬂ,ax

(21.46)

The second derivative terms vanish immediately, and we are left with

2n  2n . .
u, (v, w) = (@, @, w) =Y > (ﬁj%‘?—w - a,%a—w) (21.47)

=1 j=1 axj 3x,~ 8x,- ij

This is simply a sum with coefficients of all the dw /g, and all the 3w/ pg, so that

“ dw dw
, (v, - (v, (u, = Ay— + By— 21.48
(, (v, W) ~ (v, (U, w)) k;(kaq kap> (21.48)

where the A’s and B’s do not depend on w. We may, therefore, determine the A’s
and B’s by giving special values to w.
To determine the B’s, let w = p;. Then
dv ap; v ap; 0
0, w) = (v, p;) = — 2P _ 2V P _ 9T (21.49)
qr Opr  Opx Oqx  Bq;
Similarly

(s w) = (. py) = ;’—“ (21.50)

i
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Now, insert w = p; in the right side of Eq. (21.48) and Eqs. (21.49) and (21.50)
on the left side. We find

dv du
B = (u, —) -~ (v, —> (21.51)
ag; aq;

However, from Eq. (21.32)

) (2
v,— | =—{—,v
8q; ag;

5 5 5
B, — (u _E) + (_” v) = (21.52)
dg; 9g; ag;
by Eq. (21.37).

To determine the A’s, let w = g;. Equation (21.48) becomes
Ai = (ua (U, ql)) - (U7 (uy 41))

so that

but
dv dg; dv 9q; v
W)= e 2
dqjdp; Op;aq; api
ou
u,gi)=——
(u, gi) o,
Thus
0 J 0
A = _<u, _”) - <_" v) =L (u,v) (21.53)
op; ap; ap;

Now, insert Eq. (21.52) for B; and Eq. (21.53) for A; into Eq. (21.48). The result
is

" /0w 3 ow 9
u, (v, w)) — (v, (4, w)) = k; (a_ma—qk(”’ v) — a_qka—m(“’ v)) (21.54)
(u, (v, w)) — (v, @, w)) = —(w, (u, v))
Thus
(u, (v, w)) — (v, (4, w)) + (w, (u,v)) =0
or
(u, (v, w)) + (v, (w, w)) + (w, (u,v)) =0 (21.39)

which is Poisson’s identity.
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Chapter 22

Lie Series

I. Introduction

HERE are series of nested Poisson brackets that can be used to form contact

transformations. Such series have been used by Hori' and many others to
formulate methods of doing perturbation theory. In this chapter, we shall use other
methods to carry out the first section of Hori’s paper! because his first section is
hard to understand and because of his use of a pseudo-time 7.

In Chapter 23, we shall follow Hori’s methods' but avoid his use of certain
artificial times ¢* and ¢. This avoidance of artificial times is facilitated by using
some of Brouwer’s methods? in doing perturbation theory for artificial satellites.

This method of Lie series has a decided advantage over the Brouwer—von Zeipel
method in that it does not use “mixed variables” to build up contact transformations.
It, therefore, proceeds in a purely recursive fashion, well adapted to the use of
machine algebra for the higher approximations.

We shall formulate only that much of perturbation theory that can be done by the
Lie series of Hori. For a comparison of the theories of Hori and others, see Ref. 3.

II. Hori’s Section 1

Let £;, n; be a set of 2N variables, and let f(£,n) and S(&, n) be arbitrary
functions of them. Let (f, S) be the Poisson bracket of f and S. We define the
operator D as follows:

Df=f Dif=(£S) Dif=DI""(Df) (22.1)
Define 2N variables x;, y; by

o0

foy) =Y =Dl fE ) @22
~ n!
where ¢ is a small parameter arising from the physics of the problem. In artificial
satellite theory, it might be J;. At this point, Hori uses a pseudo-time 7 to show that,
if £;, n; are canonical with respect to some Hamiltonian F(&, n, €), then x;, y;
will also be canonical with respect to F(&, 7, £).! We shall also prove this, but it
will take many steps to avoid the 7.

III. Theorems

With the definition (22.1), if § = S(&,n), $* = $*&,n), f = f(&,n), and
g = g(&, n) and if & and B are constants, we have some theorems.

263
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Theorem 1:
Ds(af + :Bg) = anf + .BDsg

Proof:
(af + Bg, S) = (af, )+ (Bg, )
=a(f, $)+ .S
Thus
Dy(of + Bg) =aD;f + BD;g
Theorem 2:
Dy(fg) = fDsg +8Dsf
Proof:
5\ (3(fg) 3 3(f8) 3S
Di(fg)=1(fg. S)= ; (‘—85'1—5'77 - 3_7h3_$z>
Since

N o/af S af 8S
0.9=3 (35 o ze)

this becomes
Ds(fg) = f(8,S)+ g(f. S) = fDsg +gDs f
Theorem 3:
Di(f, 8) = (f, Dsg) +(Ds f. &) (22.3)
Proof: By Poisson’s identity
(f, (8, N+, (S, N+, (fig)=0
(f, Dsg) — (8, Do f) — Ds(f,8) =0
This proves the theorem.
Theorem 4:
DDy — DDy = D5 v (22.4)
Proof: By Poisson’s identity |
(fi (S, SN+ (S, (%, N+ (S (£, ) =0
(i (S, SN+, 8,9 —(f,$,8)=0
Dy f + DsDp f — DDy =0
This proves the theorem.

Theorem 5:

n

DXfe)=)_ (Z) Dy fD; ™™g (22.5)

m=0
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(n> _ n!
m)  (n—m)im!

Ds(fg)= fDsg +gD;f

DX(fg)= fD?g +2DsfDsg + gD f

The theorem holds for n = 2. We now use mathematical induction. If it holds for
n, then application of D; to Eq. (22.5) gives

where

the binomial coefficient.

Proof:

(22.6)

n

Dy (o= (;’:1) (D7 FD;™™ g + DI F D] 22.7)

m=0

Now, break up Eq. (22.7) into two parts. In the first, let m run from O to #. In the
second, put m = m’ — 1, and let m’ run from 1 to n + 1. Then split off the term
m = 0 from the first sum and m = n + 1 from the second sum. We obtain

n
DIt(fg)=fDiMg+ gD f4+ ) DI DI

m=1

n! n!
X [(n-m)gm!+(n+1_m)!(m_l)!] (22.8)

where we have switched m’ back to m in this second sum. However, Eq.
(22.8),

n! n!
[(n —m)lm! + n+1—m)im— 1)!:|

B n! [l 1 }__ (n+ !
T (n—m)l(m — 1 m+(n+1—m) _(n—i—l—m)!m!
Thus
Dir\(f )—%———————————("H)! D" f D 229
g_m=0(n+1—m)!m! FDe 229)

If Theorem 5 holds for #, it holds for n + 1. However, it holds for 2 = 2, so that
it holds for all n.

Theorem 6:
n

DXfg)=) (,';) (DY f, Di™"g) (22.10)

m=0
Here, the comma denotes a Poisson bracket.

Proof: By Theorem 3
Dy(f, 8) = (f, Dsg)+ (Ds f, &) (22.11)
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Another application of D, with use of Theorem 3 gives

DX(f,8) = (f, D?g) + 2D, f, D;g) + (D2f, &) (22.12)

Thus, Eq. (22.10) holds for n = 2. The proof of Eq. (22.10) by mathematical
induction proceeds just like the proof of Theorem 5; therefore Theorem 6 holds.
We now define the operator exp ¢ Dy by

o0 _n

expeDyf =Y %D;f (22.13)
n=0 """

Theorem 7:

expeDy(fg) = (expeD; f)(expeDyg) (22.14)

where

o0 n

expeDi(fg) = ) —Di(fg) (22.15)

n=0
Proof: Apply Theorem 5 to Eq. (22.15). Then

= 8” 2 n m n—m
expeDy(fg) = Xz;) — mzz;) (m) D" fDr Mg (22.16)
Also
2, gk X gl
(expeD; f)(expeDsg) = kZ; FD’;fz(; - Dig (22.17)
— ]_

Here, Eq. (22.17) is a sum over the first lattice quadrant. To perform the summation,
draw all the lattice lines perpendicular to the 45°, sum over each of these lines
(k = Oton), and then sum over all the lines in the quadrant (n = Oto 00). With
k + j = n, we obtain

k n—k k ~k
B DD e = 33 e Dt
=y = —D fD" g (22.18)
o iz (1~ B!

which is the same as Eq. (22.16). Thus, Eq. (22.16) equals Eq. (22.17), so that
Theorem 7 is proved.

Theorem 8. With (, ) denoting a Poisson bracket,
expeD,(f, g) = (expeD; f,expeDsg) (22.19)

Here

o0

expeD(f.8) = ) = Di(f.8) (22.20)
n=0
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Apply Theorem 6 to Eq. (22.20). Then

[o¢] 8” n
expeDy(f, 8) = Z;

n=0 =0

(") (D f, DI ™g) 2221

but

o0

o0 £k
(expeD,f,expeD,g) = <Z Efov
k

=0 j=0

g .
i Dig (22.22)

The proof proceeds just like the proof of Theorem 7 with the appropriate insertion
of commas; so we shall regard Theorem 8 as proved.

Applications to Canonical Transformation

Let the variables &;,n;, j = 1,..., N, be canonical with respect to some
Hamiltonian F(£, ). Relative to the £’s and 7’s, their Poisson brackets satisfy
8)=0  Mmm)=0 (& m)=én (22.23)

These relations Eq. (22.23), of course, follow at once from the definition of a
Poisson bracket and do not depend on the canonicity of the £’s and n’s, with
respect to F(&, n).

Now, suppose we introduce new variables x;, y;, j=1,..., N, by
oo en 00 n
xj=y ;D;’gj yj = D"n j (22.24)
n=0 """ n=| 0

where S = S(&, ), independent of 1. We shall show that these x’s and y’s will also
be canonical with respect to some Hamiltonian K, where K = F if F is explicitly
independent of z. The proof goes as follows.

From Eqgs. (22.24)

x; =expeD; y; = expeDqn; (22.25)
The Poisson brackets of the x’s and y’s are given by

(xj, xp) = (expe D&, expe D)

= expeDy(§;, &) (22.26)
by Theorem 8. Since (§;, &) =0,
(xj, %) =0 (22.27a)
Similarly
Oy =0 (22.27b)
and

(xj, yu) = 81 (22.27¢)



dAalAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

268 J. P. VINTI

However, Eqgs. (22.27) are the necessary and sufficient conditions that Egs. (22.24)
should be a contact transformation. Because the £’s and n’s are canonical, the result
is that the x’s and y’s are also canonical.

We may write Egs. (22.24) in the form of Hori’s equations (5a) and (5b).! To
do so, note that D‘?Ej = £, D_?r)j = 15, and that

N r9E. 38  8&; 3S as
Dt =€.9= ) (30~ 22oe ) = 3
i=1

0&; om; O 9§ an;
(22.28)
D ~—(‘S)—XN: an; 8S  dan; aS\ 88
=)= —\3g on;  Om; 3& ) 0%
By Egs. (22.24) and (22.28),
D " 388
X" . 3S
yi=nj =) —D; 16—6 (22.29b)
n=1 J

These are the same as Hori’s equations (5a) and (5b). They are equivalent to
the series (22.24), which are the series of nested Poisson brackets previously
mentioned. Thus

D& =, S), DX =(ES),S), DX¥=(ES),S)9),

Suppose now that we have a function of the x’s and y’s that does not depend
explicitly on &. Call it f(x, y), where the comma does not indicate a Poisson
bracket.

xj = expeD,§; y; = expeDyn; (22.30)

Theorem 9:
fx,y)=expeDsf(&, ) (22.31)
where f(&, n) is the same function of the £’s and #’s that f(x, y) is of the x’s and
y’s.
Proof: From Egs. (22.30) and (22.31)

Fx.y)=28E.n ¢ (22.32)
where x; = £; and y; = n; when ¢ = 0. From Eq. (22.32)

3 A T af o
5 Z ( S Ox y O ——y—'i) (22.332)
& = \ox & 3)’k a§;

N
98 _ Z ( of dx , O aﬂ) (22.33b)
i =\ an; 3)’k an;
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We then insert Eq. (22.33) into the expression for the Poisson bracket of g and S:

ag oS dg 9§
(g.9)= ( — - —-—) (22.34)
§ ; 0 omi  om; 9%
with the result
of dx A M\ 3S  SNn (A LN Af 3y 38
@9=33 (2 >y ‘
1 i=1 an agl 3)’k 8& afh k=1 i=1 axk a'h a)’k 37)1 agt

Regrouping terms, we obtain

N
a a
@ 9= (G 9L 4, S)—f) (22.35)
= dxk Yk
N
a a
=Z( f Dyxi + nyk) (22.36)
=1 Bxk 0
By Egs. (22.30),
o 8"
=&+ 2—:1 n—!DfSk
so that
BXk_Z €n1DnE Z nlg DiEnD"g—Dx
38__ k = k= .\'-n! 5 Sk — Pyik
n=1 n=0
Thus
3)Ck
— =D;x; (22.37a)
ae
Similarly
d
% _ Doy (22.37b)
oe
and from Eqgs. (22.36) and (22.37)
N
of Oxp | Of Oy 08
8. 5) ;(axk 5e Ty e ) " % (22.38)
The last step follows from Egs. (22.32). Thus
ag a’g g
—=D;g, —=Dlg, ..., = D? 22.39
2 8 o2 58 Py ¥4 ( )

and

an
( g) =(Djg),_,=Dif (22.40)
e=0

den
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because g = f for ¢ = 0. However, by a McLaurin expansion

_N (s
8., 6) = Z_:O — (88" )ezo (22.41)
By Egs. (22.40) and (22.41)
g n.8) =) = DI f(E ) (22.42)
n=0 """

but g(s’ 7, 8) = f(x, y), so that

FO ) =Y =D

n=0
or
fx,y) =expeD, f&, m) (22.43)
Theorem 9 may also be expressed as
flexpe D&, expeDsn) = expe Dy f(§, 1) (22.43a)
If f(&¢,n) = S(, n), this becomes
fx,y)=S8E,m (22.44)

which means that the generator is conserved under the mapping (22.29).

Compounding Transformations

Suppose we go from (x, y) to (&, ) by means of the transformation function
S, n), ie., by

xp = exp eD;&y Yi = exp £D;n (22.45)

and then from (&, n) to (p, ¢) by means of the transformation function S*(p, g),
ie., by

& =expeDpgy T = exp & Dy py (22.46)

How then can we express the x’s and y’s directly in terms of the ¢’s and p’s?
Equations (22.45) imply Eqgs. (22.43), so that

X0k

&
f =3 oD nfE D (22.47)
Similarly Egs. (22.46) imply
o0 Sm
gE,m= X;) —Diq.n8@ P) (22.48)
m=

In Bq. (22.47) put
Di  fE.m =g&En (22.49)
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Then by Egs. (22.48) and (22.49)

fore) g
DienfEm =2 —Dy nDiynf@ p) (22.50)
m=0 """

Now, insert Egs. (22.50) into Eq. (22.47). We obtain
FGy) = ZZ m D”i(q nPig.nf@: P) (22.51)

k=0 m=0

The sum is over the first lattice quadrant. As in proving Theorem 7, putm +k =
n, sum over m from O to n and then sum over n from 0 to co. We obtain

foxy) = Z Z (n _ m)'m' D”i(q p)D?(Z?;))f(q, p) (22.52)

This is the desired compound transformation, the same as Hori’s equation (7).!
For the special cases f = x; or f = y;, and omitting (g, p) in $* and § for
clarity, we obtain

o0 n n
ZS| (n>D:ZDn K7
n! m

qj
(22.53)
S 525 (2o
n! = \m De: Pi
=
or
"I n _
x.i“‘li*’Z;—Q ( )DmDn "
n=1""m=0
(22.54)

| ™

[ ] n n
y]—P,'f'Zn‘ ( )D:’:Dn mP;
0

n=1 m=

From these equations, we can show that —S(&, ) produces the inverse of the
transformation produced by S(£, ). To show this, put $*(¢, p) = —S(q, p)inEq.
(22.54). By Theorem 4

DDy — DDy = Dy o4y
Because (S, —S) = 0, we have D, ;) = 0, so that
D_;D; = D;D_;
In Eq. (22.54)

n

) (n)Di-’i D" = (D_, + Dy’
m

m=0

by the binomial theorem, since D, and D_; commute. However, D_; + D, = 0,
so that the sums from m = 0 to n in Eqs. (22.54) vanish. Thus, $* = —S yields
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x; = q; and y; = p;. Changing the sign of S reverses the transformation, as was
to be proved.

We may now put the compound transformation x, y — ¢, p of Eq. (22.52) into
another form.

Theorem 10: For Lie series mapping, if x,y — &, nand £, n — ¢, p, then

2 2
fG.y) = £q. p)+e(f. S+ 8% + %((f, S+ 5%, 5+ 5+ %(f, (S, §%)

3 3
+ %((f, (S, 5), S+ 5%, 5 + ) + %((f, 25 + 5*), (S, $*)

3
+ %((f, (S, §)), S +25%) + - -- (22.55)

Here S = S(&, n) and $* = S*(gq, p), but both are to be expressed in Eq. (22.55)
as functions of ¢ and p, according to Egs. (22.54).

Proof: From Eq. (22.52), we have for the terms
n=0:

fla, p)
S(D.?*DS + DS*D?)f(q’ P) = E(Ds + Dx*)f = 8(f, S+ S*)

&2
2

Here, we have to do some noncommutative algebra. Put

DS = D_\-*=ﬂ

2
£
(D +2DyD;+ D%) f(q, p) = 5 02f

Then
Q) =o +2Ba+ B
Now
@+ B =al@+B)+Bla+p) =o® +af + fo + £
Then

Qr — (@ + By =’ +2Ba + p* —a’ —af — fa — B
= Ba —«f
= DD, — D, Dy
= D o
by Theorem 4. Thus
Q2 = (Ds + D) + Dis sm)
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The n = 2 term becomes

g2 &2
5((fy S+85%), 5+ 8+ j(f, (S, 8*)

For n = 3, the binomial coefficients are 1, 3, 3, 1, so that this term is

3 3 3
= (D2+3D.D}+3DED,+ DY) f = =@ +3p02 + 3%+ ) f = %ng

Now
(o + B) = aer + B)* + Blor + B)*
= a(e® + of + P + ) + B + af + Pa + B%)
=&’ +o’B + afa +ap’ + o’ + Bap + o +
Then
03 — (@ + B)* =2B0® + 28%x — &*f — o — afo — Bof
= (Ba — af)20 + B) + (a + 2B)(Ba — o)
Thus

Q3 = (Dv + Ds*)3 + D(s,.\'*)(ZDx + D\‘*) + (Dv + ZDS*)D(.\',S")
This gives for the n = 3 terms

3 3
%((f, (S,89, 8+ 5,5+ 5+ %((f, 28+ 5%, (S, 5

3
n %(( £.(5, 5%, S +28%)

This concludes the proof of Theorem 10.
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Chapter 23

Perturbations by Lie Series

I. Introduction

N THIS chapter, we shall use the method of Lie series to solve a perturbations
problem defined by a time-independent Hamiltonian

F = Fyx, )+ Y Fulx,y) (23.1)
k=1

Here, F; has a factor ¢*, & being a small parameter, and the x’s and y’s form a
canonical system

dx; oF dy,  9F
ad A R P T (23.2)
dr ay] dt axj

We shall follow Hori' up to the point where he introduces artificial times. After
that, we shall use the methods of Brouwer? to indicate the solution of the problem
of an artificial satellite, when only zonal harmonics are considered. The results will
go beyond that of Brouwer, but we shall show how they include Brouwer’s results.

II. Lie Transformations

Since F(x, y)is time independent, it is constant. Suppose we transform to new
variables £ and 7 by means of a Lie series with a generating function S(&, n, £). We
obtain a new Hamiltonian F*(§, n) with (¢, n) canonical with respect to it, so that

dg; aF*@.m)  dy;  AFE.n)

e j=1,...,N 23.3
ar an, ar 3, J (23.3)
Then

F(x,y) = F*(&,n) = const (23.4)

is an integral of the motion. We can write this as
Y Ry =) FE (23.5)
k=0 k=0

where the subscript k means that the term contains &* as a factor.
A Lie series with S(&, 7, £) as a generating function has the form

[e.2]

=Y =Dl fE ) 236)

n=0

275
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Here

DPf=f Dif=(S D'f=D"'(f5) (23.7)

where the Poisson bracket

N oraf os  of BS)
,8) = —_—— 23.8
&9 ; (afi on;  dn; 9 @38)

It is convenient to define functions Sy(&, n, £) by means of

eES=S % =85+ 5%+8%+. - (23.8a)

where each Si has £ as a factor.

We next apply Eq. (23.6) to the left side of Eq. (23.5) and equate terms with
equal powers of ¢ on either side. What happens to £" D} Fi(£§, n)? If n = 0, we

obtain Fy. If n = 1, we obtain

eD;Fr =e(F, )= (F, ) =F, 1+ S+ S+ -9 (23.9)

For general n

e"D"Fy = &"(-+ - (Fx, 5), §), S)- - )

= (- ((Fy, £5),£5),85)- ) (23.10)

an n-fold nested Poisson bracket. However, this is

"Dy Fy = (- - (Fg, Si+ 852+ 834 ), Si+ S+ 853+--2), Si+S+834+--)-+2)
(23.10a)

also n fold. The left side of Eq. (23.5) becomes
ZeFe(E, m) + Ze(Fie, St + S2+--+)
+ 35 (Fi, St + S+, S + S+
+ 5 ((F S1+ Sa+ ), S1+ S+ ), S+ S +-9)

+ %Ek(quadruple nesty+--- =X, Fr(g,n) (23.11)

Thus, F; is equal to the sum of all those terms on the left side of Eq. (23.11)

for which the sum of k and the subscripts of the S’s is equal to m. We obtain

Fo=Fy (23.12a)
Fi + (Fp, ) = F} (23.12b)
Fy + (Fo, )+ (F1, S) + 3((Fo, $1), S1) = Fy (23.12¢)

F3 + (Fy, $3) + (F1, 82) + (Fa, §1) + 3((Fo. $1), 82) + 3((Fo, $2), S1)

+ 3((F1, 51), S1) + £(((Fo, S1), $1)81) = F (23.1249)
If we insert Eq. (23.12b) into Eq. (23.12¢) and Egs. (23.12b) and (23.12c) into



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

PERTURBATIONS BY LIE SERIES 277

Eq. (23.12d), we can express these equations in sequential form
0

e Fy=F; (23.13a)
e Fi+(Fo,S)=Ff (23.13b)
& P+ (Fo,S)+ 3(Fi+Ff,S)=F; (23.13¢)

e F+(Fo,$)+ 3 (Fi+ F, $)

+ X P+ F3, SO+ S5((FL — FF, 80, $) = F (23.13d)

These equations are canonically invariant, so that any particular set of canonical
variables can be used in them.

III. Application to Satellite Orbits

To apply the preceding to artificial satellites, we use Delaunay variables L, G, H,
£, g, h. According to Delaunay’s choice, the Hamiltonian F is minus the energy;
L, G, H are the x’s; and £, g, h are the y’s in

dx, OF dy.  0F

—_—= = k=1,...,N 23.14
dt Ve dt axy ( )

We shall treat only zonal harmonics as perturbations. Then £ = Q is absent from

F.If
Fo = n2/2L2 (23.15a)
F = —Mr—zeszPz(sin 6) (23.15b)
we have
F = Fy + F; + higher zonals (23.15¢)

Here, F, would appear only if we were to include highér zonal harmonics. Also,

& = J,. Since the higher zonals are of order J? up to rather high zonals, we should
have

Fy =ks&? f3 + kae2 fu + - - (23.16)

Here, k3 and k4 are of order unity, and f3 and f; come from expressions for the
third and fourth zonal harmonics in the potential. With the notation we have used,
the £’s are then L', G', H', and the ’s are £, g’, h’. Equations (23.14) are

dL  3F d¢ oF

dr T ae A L
dG _9F  dg _ OF

dr ~ og dr ~ G
dH _9F dh _ 3F

(23.17)

dt ok dt ~  9H
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Since h does not appear when zonals only appear in F, we have
H = const (23.18)
After the Lie transformation (x, y) — (&, n), Egs. (23.17) become
dL’  aF* e’ 9F*

e~ 8¢ dr AL’
d¢’  aF*  dg'  oF*
& "oy W6 19

dH'  dF* dn’  9F*

a  ow dt — 9H
We anticipate the fact that the Lie transformation will make the F;" and the S
independent of #’, so that we shall have H = H'.

IV. Elimination of the Mean Anomaly

Consider
Fi + (Fo, S1) = FY (23.13b)
Split F; into two parts: ‘
Fi=F+F, (23.20)
where
~ 1 [
Fi = E/(; F(L',G' H ', g")d¥ (23.21)
and
Fy,=F —F (23.22)
By Egs. (23.13b), (23.20), and (23.22)
Fi + (Fo, $) = Fy (23.23)
To eliminate £’ from the new Hamiltonian, use Brouwer’s procedurezz
Ff=F (23.24)
(Fo, $1) = —Fip (23.25)

Here, Fy and Fj, are given in Chapter 19 on the Brouwer theory. In the present
case, they become

2 13 ’2
. = wrihL 1 3H
fi=h="27 E(_TLEE) (23:26)
2 12 13 /3 12 13
ur;Js 1 3H a L 3 H'*a
Flﬁ#{[—fzm FERE ) KTl R
(23.27)

In contradistinction to Chapter 19, all quantities in Eq. (23.27) are primed.
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Also, in Eg. (23.25)

dFy 38
(Fo.$1) = g2 = ~Fp (23.28)
Then
dry\~!
Si=8L, G H,l,g)= _(d_L‘j> fFlp de (23.29)

We have not had to introduce an artificial time as Hori did.!

To find F; and S,, we use Eq. (23.13c), omitting the F; if we choose not to
include effects of zonal harmonics higher than the second. On resolving F; as
before, we obtain

Ff = (Fo, S+ 5(Fi + Ff, S1)s + 3 (Fy + F, 81, (23.30)

Here, the subscript s denotes an average over ¢’ and the subscript p the quantity
minus this average value.
We eliminate £’ from F3 by choosing

1 1 27
Ff=-(R+F, S)y=— | (F+F,S)d (2331)
2 47 0
For S, we obtain
(Fo, $) = —5(Fy + F}', Sp)p (2332)
or
dF, 35, 1
— 5 =—;F+F,S 23.33
dL’ a¢ 2( 1+ B 1)17 ( )
Then
1(dFp\™" . ,
S = “s\ap (Fi+ F}, 8y), de (23.34)
To find F and S3, we use Eq. (23.13d). If we omit F3, we have
Fy = (Fy, $3) + M3, 4+ M3, (23.35)
where
=3(Fi+ F, )+ 3(Fa+ F5, S+ H(Fy — Ff, 1), 51) (23.36)
Then
1 2
Mz, = — M; de’ (23.37a)
2
M, = M3 — M, (23.37b)
We choose
F} = M3, (23.38a)
dFy 35,
Fo,83)= ——=-M 23.
(Fo, $3) TZEYT 3p (23.38b)

dFp\ !
S; = ( dL,) / Ms, de’ (23.38¢)
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We could go on and find all the F}f and S; in the same way. Like F{', F}, F}, 1,
S3, and S3, they are all independent of £’ and #’. Since F* = 2 F}, we have

dL’  3F* ,

” = T =0 L’ = const (23.39)
dH’ O3F*

o S s 0 H' = const (23.40)

From the S;, we find S from ¢S = XS;, where ¢ = J,. From the Lie serics
of Chapter 22, with the (x, y) as unprimed Delaunay variables and the (£, ) as
primed Delaunay variables,

[e.e] 8”
fO )= fEm+ Y =Dy f& ) (23.41)
=t n:
Let us work this out for H.
00 P
— / N YN 24
H=H+ ; — D H (23.42)
Here
DyH' = (H' S)—E—-O (23.43a)
¥ - ) - ah/ — .
D'H' =0 (n>1) (23.43b)
Thus
H=H (23.44)

Before going on to the next topic, let us compare results with Brouwer.?

V. Comparison with Brouwer’s Theory

We have already shown that the Lie and Brouwer methods yield the same results
through order J; in the splitting off of short periodic terms. Next, we shall show
that they yield the same results through order J? for F; and L — L'. The reader
may also wish to show that G — G’, £ — £, g — g’, and h — K/, computed by either
method, also agree to this order.

Use the subscripts L and B for Lie and Brouwer. From Chapter 19

dFR\ ™!
Sip = _(&2,> / Fp,de=y(L', G H, g (23.45)

From this chapter
Siw=y({L' G H t g) (23.46)

the same expression with £ and g replaced by £’ and g’. Here ¥ (£, g) and (€', g')
are both of order J;, differing by a quantity of order 122.
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Comparison of F; by Both Methods
Brouwer’s
Ffy=N (23.47)

where

1d?Fy (35,\* 8F 39S, 0F 08
N= °< ‘) TR Kl B (23.47a)

T 2dL2\ o aL’ 3¢ ' aG’ og
Here, Fy = u?/(2L'%),and Fy and S; arefunctionsof L', G’, H', £, and g. Through

order J22, N will be unchanged if we replace £ and g in Fy, S and N by ¢’ and g’
Also, through order J2,

_ 1 2 1 2
N=— N dt = —/ Ndre (23.47b)
2n Jo 2w Jo
To find F3} , use Eq. (23.31):
1 27
Fp=— [ (F+F,S)d (23.48)
4
where
Ff=F/\L,G' H) (23.49)
given by Eq. (23.26), and
=R G H. ) (23.50)

given by Egs. (23.20), (23.26), and (23.27). By Eq. (23.49)

aFFas, AFrF 23S

Fr.S) =
(Fr. 50 =31 % aG’ dg’

(23.51)

By Eq. (23.50)

aF, aS dF 88 aF, 98 aF, a8
(F. S) = 1001 90105 oM dh  9F 9o 23.52)
aL’ 9¢’  aG’'ag’ AL AL g G’

Using FY = F1 — Fip, we find for half the sum of Eqs. (23.51) and (23.52)

aF 0§ aF, a8 10F, 0S8
i * 1 1 1 1 1p 1
YR+ F 8)=—— e = —— L
2(h 1S aL’ 9¢ 3G’ ag’ 2 aL’ a¢

10F,0S; 10F 38 10F 45

209G ag' 2t oL’ 2 ag oG’

(23.53)

By Eq. (23.28)

dFy 95
F,S = —_— = -
(Fo, S1) L 3¢ 1p
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so that
dFip _ d’Fy 88, dF, 3%$,

dL’ ~ dL'? 3¢  dL’ aL'a¢
dF; dFy, 9%S
0 "1 (23.55)
dG’ dL’ aG'a¢’
Insertion of Eqgs. (23.54) and (23.55) into Eq. (23.53) gives

J(Fi+FL8)=N+Q (23.56)

(23.54)

where N’ is the same as N in Eq. (23.47a), except that £ is replaced by £’ and g
by g’. Also

1dFy 828, 88, 1dF, %S, 88, 18F 88, 13F aS;

C=sararae s T 2L 3G'at 3g 2 ot aL' 2 ag’ 3G’
(23.57)
Using
dF, 35
odr _ g 23.28
dL’ av r (23.28)
we find
Fo 825
o _ 3k, dR 7S (23.58)
FYZEY7 dL 32
F, dF, 9%S
of 3Ry dF 9751 (23.59)
ag  dg’ dL’ 3g'a¢’
From Egs. (23.57)-(23.59), we find
1dFy [ 828, a8, 9%S; a8, 925,98 328, aS
Q=—_“(')‘ 1 1 1 __1+ 1 1 1 _1 (2360)
2dL'\3L3¢ e | 3G'ar ag’ | a2 aL | ag'at 3G’
or
1dFy 9 (35,85 a5, dS
Sl A i Wod WA Wdad (23.61)
2dL 3¢\ L' 3¢ ' 3G’ ag’

Now 95,/98¢ is purely short periodic in £, and S is the sum of a short periodic
terni-and a constant by Eq. (23.28). Thus

. 1 dF, (35,88 a8 a8 \*
0=—-0(212t o200 =0 (23.62)
4 dL' \BL’ 3¢’ ' 3G’ 3g' ) yyp
By Egs. (23.48) and (23.56)
F;=N+0Q0=N (23.63)

using Eq. (23.62). However,
Fjs =N (23.47)
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Here, N — N = 0(jj3), so that
Ff = F (23.632)

through order J2. Through this order, the Lie series and Brouwer’s method yield
the same transformed Hamiltonian.

Comparison of L — L’ by Both Methods
By the Lie method

L—-L = 3
- n!

n=1

8"
% (23.64)

Refer back to Egs. (22.10) to see that

" 1
;I‘TD.?L/=;;("'(((Fk,51+52+"'),51+Sz+"'),Sl+Sz+"')"')

(23.65)
an n-fold nest of Poisson brackets. Then
05 25 1/88
L-L = -&—‘ + a—; 5(3—61 S,) + 0(%) (23.66)

where the S; and S, are those of the Lie method. Now, write out the indicated
Poisson bracket in Eq. (23.66). Then
s 3S, 1 8%S; aS; 328, 98
o 9L 2| aL’3¢ a¢  AG'AL Ag’
325, 85, 38, 345,
e'2 9L’ dg’ar 8G’

(L-L) =

] + 0(J3) (23.67)

Next, we must express L — L’ by the Brouwer method in terms of the same

variables:
(L—-L)p= 8;% + %SZP- +0(J3) (23.68)
If we write the Lie S; as
Si=y(L' G H, g (23.69)
the Brouwer
Sis=y(L' G H ¢zg) (23.70)
For short
Si=vy,g)  Se=v(Ee) (23.71)
Then

Sp=y(+¢-0, g +g~g) (23.72)
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Expand this in Taylor’s series and use

A

WJFO(J%)

e—e’:—%‘z‘—‘3—+0(122) g—8 =-—

Then

0y aSip 0y A5

S = Z/, n__ ¥ 9o1B  9Y
=V ) =SS T g G

+0(3)

To the same accuracy, this may be written
38, 9S8 as; a8
Sip=8———L - =4 0(J5)
Now, since Sig = ¥ (£, g),
3S1]3 _ aSlB e i 351]3 8g,
ae v L dg oL
By Egs. (23.73) and (23.75)

EYA 928
1+ !

_ ag’ _ 32S1
e 9oL

3 aG'aL

+0(%)

+0(J3)

(23.73)

(23.74)

(23.75)

(23.76)

(23.77)

If we insert Egs. (23.77) into Eq. (23.76) and use Eq. (23.75) for Sig, we find

through order J2

35 _ S, 925,38, 88 a8 )
3¢ 3¢ arr AL agal’ 3G’ 2

(23.78)

In Eq. (23.68), we also need 35,5 /8¢, which we have to compare with 35,/9¢’ of

the Lie theory. First consider ;. By Eq. (23.33)

dFy S, 1 .
ar g = Bt EL SO
By Egs. (23.56) and (23.33)
dFy 85, ,
e = Mm@ =N
sinceQ = 0.
Now consider S,g. From Chapter 19
dFy 8Som
dL’ a¢ P

Through order .122, we can write this as

dFo 39S _

dL’ a8 O F
If
AS; =5 — S

(23.33)

(23.79)

(23.80)

(23.80a)

(23.81)
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it follows from Eqs. (23.79) and (23.80a) that

dFy 3AS,
o oe ¢
By Eq. (23.61)
1dFy @ (85,38, 85 05,
= 5@@(@% ﬁg)
and the second-order term in Eq. (23.68) is
3AS, 18 (8588 35 985
2 752/(3_53?/ 5(7?9?)
Thus
3S; 43S 19 /3885188, 9885 935,
B A EW(E—L_EZ 3_578_g’)

35y Sy ;
——— )+ 0(J;
T3 Bg’) +0(%)

3¢ 280 \aL v

0SB 88 10 (9538 98 95
oL’ 8¢

= —— ——}+0(J
aL o 200 RFYeT 8g’) +0(2)
By Eqgs. (23.78), (23.68), and (23.85), we find
38 928, 85,
3L L
38, 103 (85 a8
aer 200\ oL 8t

_3Sm 13 (as1 35S,

328, 85
3ag'at’ aG'

a98; 3.5, 3
+ W‘é?) + 0(]2)

L~ L' _ 38 +asz+l 328 8  8%S 8S:
BT %0 T ae T2 aLse ar T Gl ag’
328188, 825, S,

— — 1+ 0(J)3
302 8L’+8g’8£’8G’ +0(%2)

285

(23.82)

(23.61)

(23.83)

(23.84)

(23.85)

(23.86)

which is the same as Eq. (23.67) for (L — L'),. This is what we set out to prove.

VI. A Second Lie Transformation

For an artificial satellite, with zonal harmonics only in the potential, we now

have as Hamiltonian

F*=Fj(L) + F{(L',G', H') + F{L',G',H',¢") + F}(L',G', H', g

where L' = L and H' = H. The variable £’ has been eliminated.
If we can find a Lie transformation that will make

F** — F**(L//’ G”, HII)

(23.87)

(23.88)
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the problem will be solved. If so, we shall know the differences between the singly
and doubly primed variables, and L”, G”, H” will be constants that will serve as
mean orbital elements. Also, we shall have

dv' _ _OFT g’ BF™ v aFT
dt 3L d — 3G” d ~ 9H” '
so that
¢ = 23 — ———aF t
aL’
aF**
g// = gg — aG/ t (2390)
h” — hll_ aF**t
°  3H
Then, £3, g5, hy will be the remaining mean elements to be determined by
observation.
With
Em=WL,G,H 2, g,n)
(23.91)

(q, p) — (LN, GH, H”, el/, gl/, hl/)

we now perform a Lie series transformation from (£, ) to (g, p). Because F* is
time independent, if we use a generating function $*(g, p, ¢) that is time indepen-
dent, we shall obtain

F*=3XFX&, n)=XF™4q.p) = F*(q, p) = const (23.92)

Apply
oQ 8”
fE =Y =DLfg p) (23.93)
0 n:
to F**. Then
o0 8)1
ZEEkD;aF;(q,p) =S Fg. p)=F* + F* + F* + FP* + -
n=0 """
(23.94)
Now apply Eq. (23.93) to Fj (&, n) = F3(L") = pu?/(2L'?%). It yields
o0 n
% &
FX(L)= FXL") + ZO — D5 Fy(L") (23.95)
h=
Here
. v on.  dF2a3S*
Dy-F(L"y = (F§, $*) = TARTT (23.96)

Because F* depends only on L', G’, H’, and g’, we need S* to depend only on
L”,G", H", and g”. Thus

S* — S*(L”, G”, H”,g”) (23‘97)
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Then
Dy F3(L") =0

DLENLY=0 (n>1)

287

(23.98)

As aresult, all the terms in Eq. (23.94) involving F; disappear, except Fj itself.
It is also convenient at this point to show that H' = H". To do so, apply

Eq. (23.93) to H'. Then
(&) g"
. " _ n "
H =H +Zln!DS*H
n—

but
aH" 3S*

D‘\-*H” — (H”, S*) - -
aH// 8h//

0

by Eq. (23.97). Then
DLH" =0 n>1
Thus, by Egs. (23.99)-(23.100b)
H/ — H//
We may now rewrite Eq. (23.94) as

(23.99)

(23.100a)

(23.100b)

(23.101)

2
£
Fg+F;*+F2*+F;+.-.+gDA.*F1*+sD,‘.*F;+---+7D§*Fl*

=F"+F"+F*"+F" 4+
Then
3™ = Fg(L") = /L")
By Eq. (23.26), F}" depends only on L', G’, and H'. Thus
Fy* = FX(L",G", H")

independent of £”, g”, and A".
Now choose S}, 53, etc., so that

eS* = EkS;:

where S} has &¥ as a factor. We then find

Ff+Ff -+ (F, eS8+ (F},eS*) +---

+ %((F*’ 88*)7 8S*) = F;* + F';* + .«
This becomes

Fy + Ff + (FF, S+ (FF, 8) + (F5 L S

+ H(FF SH, S+ 0 = B3 + Ff* + - -

(23.102)

(23.103)

(23.104)

(23.105)

(23.106)

(23.107)
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Thus
F*=Fy +(F, S)) (23.108)
F*=F +(F, )+ (F},S)) + %((F*, S, S (23.109)
or
= F +(F, S+ %((Fz* + F5*, 81, D) (23.110)
Also
F* =F}L",G", H") (23.104)

Because we shall choose F** tobe F**(L”, G”, H"), independent of £, g”, and
k", it follows that L”, G”, H"” will all be constant. Thus, Fj™* and F;™* will both be
constants of the motion.

In Eq. (23.108), write

Fy=F5 + F2*p (23.111)
where the subscript s means an average over g”. That is
1 2
F;} — E/(; Fz*(L”, G”, H”, gl/) dg// (23112)
Then
Fy,=F;(L",G" 0", ")~ F(L",G", H") (23.113)
and by Eq. (23.108)
(FY, S+ F5 + Fz*p = F;* (23.114)
To eliminate g” from the Hamiltonian, choose
F* = F} (23.115)
Then
(Ff, S7) = —F;, (23.116)
Because F|' = F{(L", G", H", g"), this becomes
aF* oSt
L1 - _F; (23.117)
aG// 3g// P
so that
* aFl* - * " 14 n " 1
Si=—\307 Fy(L",G",H", g")dg (23.118)

Here, we have been following Brouwer’s procedure, so that the results must agree
with Brouwer’s for the first-order long periodic terms.
Next, consider Eq. (23.110). We can write it as

Ff + F3, 4+ (F, S5+ S(F; + F5, S1), Sy

+ S(F5 + F3*, 8D, S, = F3~ (23.119)
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Now choose
™= Fj + %((Fz* + F*, 81), ST )s (23.120)
Then
(F,8) = —F;p — %((Fz* + F7*, 80, SDp (23.121)
so that
* E)Fl* ! * 1 * *% * * "
S =~\3a7 Ffp = S (F5 + F7 85D, 5D, | dg (23.122)
If fisanyof L, G, H, ¢, g, h, then
o0 8”
= f" — D" " 23.123
U ML (23.123)
or
Fr=f" =" ST+ + )+ 3((f7. ST+ 83, S+ 53)
+ WS SEH S, S+ S ST+ S+ (23.124)
This gives

Ll = LN H! — HN

as we have already seen. Knowing the doubly primed Delaunay variables, we can
find the singly primed ones.

We can find the doubly primed variables by Eqgs. (23.90), since we now have
F* = ZF. Given the mean elements L', G”, H, £, g7, and h{, we can work
backto L, G, H, £, g, and k at a given time ¢, then to the Keplerian elements, and
finally to the rectangular coordinates and velocities.

References

YHori, G., Publications of the Astronomical Society of Japan, Vol. 18, 1966, pp. 287-296.
ZBrouwer, D., “Solution of Problem of Artificial Satellite Theory Without Drag,” Astro-
nomical Journal, Vol. 64, No. 9, 1959, pp. 378-397.
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Chapter 24

The General Three-Body Problem

1. Introduction

HE general problem of the motion of three particles, moving in response to

their gravitational interactions, cannot be solved in closed form. However,
there are certain integrals of motion that can be written down, and there are certain
stationary solutions that we shall derive. If one of the particles has a mass that is
negligible compared with the other masses, a good deal more can be said about
the motion. This problem, the restricted three-body problem, will be treated in
Chapter 25.

II. Formulation of the General Three-Body Problem

Let the three particles with masses m, m,, and m3 have position vectors
F1,ry, F3in aninertial system Oxyz as shown in Fig. 24.1. Their separation vectors

are
Pip=ry—ri (24.1a)
Py =r3—rp (24.1b)
P3 =ry—rs (24.1¢)
The equations of motion are
.  GCm Gms
Fi=—=ppn——5P3 (24.2a)
Piy P31
Gms Gmy
Fo=—==P3——5Pu (24.2b)
P23 P2
. Gmy Gmy
F3=——p3y — —5Pn (24.2¢)
P31 Pa3

where G is the gravitational constant.

III. Momentum Integrals

Multiply Eqgs. (24.2), respectively, by m, my, and ms, and add the results. We
find

mli‘l + m2f2 + m3i‘3 =0 (243)

291
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Fig. 24.1 Formulation of the general three-body problem.

Then
miry + moFs 4+ mafy = ¢ (24.4)
and
MR = mqr; +myr, +msrs =cit +¢; (24.5)
where
M=m+m;+ms (24.6)

and where R is the position vector of the center of mass of the three particles.
Equations (24.4) and (24.5), when expressed in terms of rectangular components,
yield six integrals.

IV. Angular Momentum

The total angular momentum is given by

L =S x (my) (24.7)
Then

dL

-d—t' = Z,-r,- X (m,r,) (248)

From Eqgs. (24.2) and (24.8), it follows that

_ldL m1m2

1 (r rz)><P12+ ("2—1‘3)><P23+ (fz—fx)xpzl
t 12 23 ,031
(24.9)
Then by Egs. (24.9) and (24.1)
dL
T 0 L = const vector (24.10)

This vector equation yields three integrals.
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V. Energy

In Eqgs. (24.2), form the scalar product of each #; by m;#; and add the results.
The sum of the left sides becomes
dr

E,‘m[f',"f,‘ = E (2411)
where the kinetic energy T is
1
T = EE,vm,»i‘,.z (24.11a)
The sum R.S. of the right sides becomes
mymy . X moms . . msmy . .
RS. = G[ 13 (F1—="72)-p;p + 23 22 —F3) - py + 3 Ly —71)'P31]
Pia P P3

(24.12)
However,
Fil—Fy=—p;, Fa—F3=—py F3—F1=—py (24.13)

so that by Eqgs. (24.1)

(F1—F2) 1o = —P12- P12 = —P12f12 (24.14a)
(F2 —F3) Pz = — P23+ Py = — P3P (24.14b)
F3—F1)-p3y = —p31* Py = —Pnp3 (24.14¢)
Then
mim mam mym
RS. = —G[ bz + 23 2 posbs + 33 ],031/)31]
P12 P P31
d
= G_[”“mz + 2 m3m‘} (24.15)
dr| pn 25 P31
or
RS, = - (24.16)
S.= - .
where the potential energy
V= —G[mlm?‘ 4 mams m””‘] 24.17)
P12 023 P31
From Eqgs. (24.11) and (24.16)
i vy (24.18)
da ' dr '
so that the total energy
T +V = const (24.19)

This gives one more integral, so that we now have 10 integrals of the motion.
There is another integral' obtained by “elimination of the node,” but we shall not
consider it in this text.
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VI. Stationary Solutions

A stationary solution of Egs. (24.2) is one in which each particle moves in a
circle about the center of the mass, each with the same angular velocity n. We shall
show that such solutions, which were discovered by Lagrange, do exist.

For such a solution, with origin at the center of mass,

¥ = —n’r; i=1,273 (24.20)
With origin at the center of mass
miry+mary+mar3 =90 (24.21)
so that
maro = —mr; —msrs (24.22)
Equation (24.2a) becomes
—”—z—;—‘ = “Z%(rz —r) - %—j(rl —r3) (24.23)

From Egs. (24.23) and (24.22)
n’r m m m m m
_in =r1<——31 -2 -2+l =] @29

Apply r; x to Eq. (24.24). The result is

mary X rj (—13— — —IT> =0 (24.25)
P Pi2
The assumed solution requires either that
rixr3=20 (24.26a)
or
P12 = P31 (24.26b)

Next, apply a similar procedure to Eq. (24.2b). In place of Eq. (24.23), we find
an equation that can be obtained by the cyclic permutation 1 — 2,2 — 3,3 — 1.
The result is

n’r m m
= s~ S ra—r) (24.27)
G P23 P2
From Eq. (24.21)
myry = —myry — msrs (24.28)

Insert Eq. (24.28) into Eq. (24.27). The result is

2
nr m m m
SR AN L R e TR (i N (24.29)
G P12 Pz Piz P33 Piz
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Apply r; x to Eq. (24.29). The result is

m3rs X rs (L3 — —13—) =0 (24.30)
P Pi2
Then, either
roxr3=0 (24.31a)
or
023 = p12 (24.31b)

To summarize Eqs. (24.26) and (24.31): The following conclusions are both
necessary conditions for the stationary solution (24.20).

rixry=>0 or P12 = P31 (24.32a)
ro Xry= 0 or P23 = P12 (2432b)

Now, for example, r1 is the vector from the center of mass to particle 1. If either
of the vector products ry X r3 or r, X rs vanishes, but not the other, then two of
the particles lie on a straight line containing the center of mass, and the third lies
off this straight line. This result is impossible, as the center of mass of all three
particles is the center of mass, e.g., of m, and a particle of mass m; + ms at the
center of mass of m; and m3. Thus, both vector products must vanish or neither
can vanish.

If neither vanishes, we must accept the alternative conditions in Eqgs. (24.32a)
and (24.32b), which lead to p12 = p31 = pa3, i.e., to an equilateral triangle solution.
If both vanish, then all three particles are collinear.

VIL. The Triangular Stationary Solution
If p12 = p31 = pa3 = p = const, there is a stationary solution for which

n*p® = G(my + my + m3) (24.33)
To show this, apply Egs. (24.2), with the origin at the center of mass, so that
miry+mory +myrs =0 (24.34)
and put
PR=p31 =P =27 - (24.35)
Equations (24.2) become
03
Eil = mz(rz —r,) — m3(r1 —'l‘3) (24368.)
PE
Ei'2=m3(r3—r2)—m1(r2—r1) (24.36b)
03
—f3 = ml(rl - r3) - MQ(I‘g — rz) (24360)

G
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since
pij=r;—r; (24.37)
Apply Eg. (24.34) to the right sides of Egs. (24.36). We find
3

%Fl = —(m1 + my+ my)r; (24.38a)
03
Ef2 =—(my+my+m3)ry (24.38b)
0°
Ei‘é =—(m; +my+ms3)rs (24.38¢)
Thus,
GM
Fi = __p3 ri i=1,2,3 (24.39)
where
M= my+my; +ms (2440)
or
Fi=—n?r (24.41)

which is the equation for a stationary solution, with
n*p* = G(m + my + ms) (24.42)

If one of the masses vanishes, Eq. (24.42) becomes the usual equation of the
two-body problem

na® = G(my + my) (24.43)

corresponding to Kepler’s third law.

VIII. The Collinear Stationary Solution

We saw from Egs. (24.32) that the vanishing of both vector products r; X r3
and r, x r3 was one of the possible choices among necessary conditions for a
stationary solution. Let us now assume this vanishing. Thenr, 7, and r5 are all
parallel, with the resuit that the right sides of Eqgs. (24.2) are all parallel to any of
these three vectors. It is appropriate to place

Fi=Air
Fo = A1y (24.44)
F3 = A3r3

but we need more for a stationary solution. Indeed, we need
A=Ay = Az = —n? (24.45)

so that the three particles will stay on a line rotating with angular velocity n.
Let us now see if this is possible. For Egs. (24.2), (24.44), and (24.45) to hold,
we need to replace #; by —n?r; in Egs. (24.2). Do so and let i be a unit vector
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y
X, .
)
%
‘4 a RN
° . o
0 m, ¢ m, msy
Fig. 24.2 Collinear stationary solution.
pointing along the line of collineation. Call
rpei=xg k=1,2,3 (24.46)
Then Eqgs. (24.2) become
Gm Gm
—ntxy = S O — X1) =~ (4 — X3) (24.47a)
P2 P31
Gm Gm
—nPxy = (x5 = Xp) — — (X2 — X1) (24.47b)
P23 Piz
G G
—n2x3 = #(Xl — X3) — —?(J@ — JC2) (2447C)

31 %)

Consider Fig. 24.2, where we choose the case where the center of mass C lies

between m; and m,. Placing
Xp— Xy =a=pp
X3 — X2 =4ap = pn3
x3—x; =a(l+ p) = p3
we find
2 Gmy n Gms
a2 a2(1 + p)?

2 _ Gm3 Gm1
—n X2 o — —_—

ap? a2

(24.483)
(24.48b)
(24.48¢)

(24.492)

(24.49b)

It is not necessary to use Eq. (24.47¢). We may use instead the equation for the

center of mass
mixy + ma(a + x1) + ma@a +ap +x) =0
Solve Eq. (24.50) for x;; we have

(my + my+ m3)x; = —maa — maa(l + p)

(24.50)

(24.51)
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With
M=mi+my+ms (24.52)
x = —-%[mz + ms(1 + p)] (24.53)
then
Xp=a4x = %[m1 — map] (24.54)

Insert Eq. (24.54) into Eq. (24.49b) and solve for n?:
2 _ GM mi —ms/p?

n 3 (24.55)
a m;p—m3p
If m5 = 0, this yields the usual two-body equation.
From Egs. (24.53) and (24.55)
G _ 2
wxy = = LI a1 4 ) (24.56)
a® m;—msp
but by Eq. (24.49a)
sz Gm3
2
=— - 24.57
" 2 a1+ pp (@457
On equating Eqgs. (24.56) and (24.57), we obtain an equation for p:
_ 2
mi—ms/p s (24.58)

p [my +m3(1+ p)l =my + WD

which reduces to an identity if m3 = 0. Equation (24.58) reduces to a quintic
equation for p:

my —m3

msF(p)=0 (24.59)
where
F(p) = (m1 +m2)p’ + Bmi + 2ma)p* + Bmy + my)p?
— (my +3m3)p* — 2ma + 3ma)p — (ma+m3)  (24.60)
Then, either m3z = 0 or
F(p)=0 (24.61)

Here, F(p) has only one change of sign for positive p, so that by Descartes’ rule
of signs there cannot be more than one positive root. There is one root, because
F(0) < 0and F(o0) = +oc. By renumbering the particles, we can find two other
collinear solutions in the stationary case.

Reference
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p. 341.
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Chapter 25

The Restricted Three-Body Problem

1. Introduction

ET one of the masses, M3, be very small compared with the other two, M;
and M;. This would be true if M and M, are the masses of the sun and Jupiter
and M35 that of a Trojan asteroid or if M and M, are the masses of the Earth and
the moon and M3 that of a lunar vehicle or an Earth-moon space station.
Label the masses, so that M{ > M, and let

M, M
_— =m _—
M+ M, M+ M,

Then m < 1/2. The masses M; and M, are called the primaries. In the bounded
case, each moves in an ellipse about the other or about their center of mass C. We
shall consider only the “circular restricted” problem where the primary orbits are
circles. Either moves in a circle about the other or about C.

Denote X, Y, Z as the rectangular coordinates of a rotating coordinate system
suchthat M, is at (X1, 0, 0), M, at(X,, 0, 0), and C at (0, 0, 0), with C being at rest
with respect to an inertial system (Fig. 25.1). The angular velocity in the circle is
the mean motion n, and the separation distance between M; and M; is M1 M. Thus

1-—m (25.1)

e =GMi+ M) a=X,-X; (25.2)

Let R be the position vector of M3, and let V and A be its velocity and accel-
eration relative to the rotating system. Then M3 A is the sum of two gravitational
forces, a Coriolis force, and a centrifugal force. Thus

GMiMs , _ GMoMs
L
R} R

M3A = — Ry —2Mank x V — Man*k x (k x R) (25.3)

Here, R;, R,, and R are the position vectors of M5 relative to M1, M, and C, and
k is a unit vector along C Z, so that the vector angular velocity n = nk.
By Eqgs. (25.1)

GM, =G(M + My)(1 —m) GM, =G(M; + My)m (25.4)

Let i and j be unit vectors along CX and CY, and denote a time derivative by a
prime. Then

R=Xi+Yj+Zk
V=Xi+Yj+2Zk (25.5)
A — X//i + Yl/j + lek

299
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Fig. 25.1 Restricted three-body problem.

Ri=(X—X)i+Yj+Zk

(25.6)
R=X-X)i+Yj+Zk
kxV=kxXi+Yj+Zk=-Yi+Xj 25.7)
kxkxR=k(k-RN—R=-Xi—-Yj (25.8)
Inserting Eqs. (25.5)—(25.7) into Eq. (25.3) and canceling the M3, we find
X” ij1 (X“Xl) GM2 (X—XZ)
Y == R3 Y - 3
Z 1 7z 2 7
-y’ -X
—-2n{ x| —n?| _y (25.9)
0 0
so that
B GM, GM, b
2X — X—-X)—-——X-X
o n I ( 1) %3 ( 2)
—2n
GM GM
Y +onx | = n%yY — R3‘Y—R—32Y (25.10)
" 1 2
z GM, GM,
3 f- 53 2
L Ry R; _
With X, — X; = a, it is now convenient to use a as the unit of length and 1/n

as the unit of time. This involves putting x = X/a,y = Y/a,z = Z/a,R| =
apy, Ry = aps, and t = nt. The length and time units, which depend only on a
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and n, become arbitrary by this normalization. Also use Eqs. (25.4) and denote
d/dt by a superscript dot. Equations (25.10) become

3 1-m) m 7]
x———=——x1)— —5x—x)
i -2y ! F2
(1-—m) m
M y— _n, (25.11)
yt P} p?
z (1-m) m

- zZ —Z

L o7 P :

Next multiply Egs. (25.11), respectively, by %, y, and z, and form the resulting
sum. The result is

: . (1=-m) . S
XX+ yy+ii=xx+yy— pE [(x —x1)x +yy + 2]
1
— =& —x)i + yy + z2] (25.12)
P
or
d 1.2 .2 a2 d[1 2 2 (1-m) . . .
E[E(x + +Z)}=E E(x +y9)| - P [(x —x)x + yy + 2]
s [(x —x2)% + yy + z2] (25.13)
2
If we write
o1 = (x —x1)i + yj + 2k (25.14a)
;=G —x)i+yj+zk (25.14b)
we obtain
prep =@ —x)x+yy+zz=pph
P2 pr=(x —x2)% +yy+ 22 = pofn
Lt —xk 5 +22) __P_l_i(i)
I3 pi  dr\p
[ —x2)X 4 yy + 2Z] __@__i(L)
p3 p;  dr\p
Then
1d_, 5 . 1d _, d (1—-m d (m
- == — —| —] (25.15
2dr[(x + 37 +29)] 2dr[(x +y)]+dr o +d'C - ( )
or
1, 2 9 r ., 2 l—-m m
(G +y"+29] = 1"+ y9)] - — — =-2C =const (25.16)
2 2 p1 P2

Here C is called the Jacobi constant, and Eq. (25.16) is called the Jacobi integral.
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Fig. 25.2 Inertial coordinate system in a rotating coordinate system, with £ = (.

It is instructive to derive the Jacobi integral (25.16) by a Hamiltonian method.
To do so, we first rewrite Eq. (25.16) in terms of the original variables. The form
is

1| /dx\? [dy\* [dz\?| »? GM; GM,

- - il il __XZ Y2 Tt = C 2.2

2|:<dt>+(dt)+(dt) PR T > ma
(25.17)

To do this derivation, we construct the Hamiltonian in the rotating system and
show that it does not depend explicitly on the time. Let &, n, ¢ be an inertial system
of rectangular coordinates, with which C XY Z coincides at time ¢ = 0 as shown in
Fig. 25.2. The preceding rotating system rotates about C Z with angular velocity
n. Then

Z=¢ (25.18)

If the projection of R on the plane { = 0 makes an angle 6 with C£, it makes an
angle 6 — nt with CX. As a complex number, this projection can be written as
& + in in the inertial system or as X -+ {Y in the rotating system.

If
€ +inl =X +i¥|=r, (25.192)
then
£4in= rpgi(? (25.19b)
X +iY = r,el®=m (25.19¢)
so that

E4+in=(X+1iY)e™ (25.20)
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With use of a prime for d/dt,
E4in =X +iV)e™ +in(X +iY)e™
g —in =X —iYNe ™ —in(X —iY)e™'™
E2 42 =X2+ Y2+ X2+ YD +20(XY - YX)  (25.21)

The kinetic energy per unit mass

1 1 n? ,
T = 5(5’2 +7 4+ = E(x’2 +Y%+72YH+ —2~(X2 + YD)+ XY —YX)

(25.22)
Then
oT
p1 = 53(—, = X/ —nY
8T .
P2 = oy Y +nX
T
p3 = a_Y! = Z

Tpg=piX +p¥Y +pZ = X244+ 2+ n(XY' —YX)  (25.23)
Lagrangian:
L=T—-V= %(X’Z +Y?24+ 7%+ ";(X2 +YH+nXY —YX)-V
Hamiltonian:
H=%pj—-L= %(X’Z +Y?24+272H - 92-2-()(2 +YH+V (25.24)
or

1 n?
H = 2[(pr+nY) +(p2 = nX)* + pi] = (X + Y +V

a constant because it does not depend explicitly on the time. However

and the term containing the p’s is simply (X2 + Y'% + Z’2)/2. Thus
1 2 M
Sy 427 - "7()(2 FYy =22 2 const (25.25)

which is the same as Eq. (25.17). This completes the Hamiltonian derivation of
the Jacobi integral.

It is also of interest to show that this Jacobi integral is equal to the energy minus
the product of the angular velocity and the z component of the angular momentum.
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By Eq. (25.22), the energy is

1 2
W= (X2 Y2+ 2%+ %—(X2 FY) 4 n(XY —YX)+V  (2526)

We first show that the z component of angular momentum, viz.,
L,=§n —nt' =XY' —YX +n(X2+7Y?)

To do so, use

F=V+oxr=Xi+Yj+Zk+nkxXi+Yj+Zk)

=V +n(=Yi+Xj)

L=rxF=rxV4+nXi+Yj+Zk)x(-Yi+ Xj)
On taking the z component of each side, we obtain Eq. (25.27). Then

nEn —nE) =nXY' - YX)+n*(X*+7Y?

(25.27)

(25.272)

On subtracting Eq. (25.27a) from Eq. (25.26), we obtain the Jacobi integral (25.25).

II. Zero-Velocity Curves
Examination of Eq. (25.16) suggests introducing the function
1, 2 l—-m m
U(x’y’z)= _[(-x +y )]+_+_
2 P1 P2
By Eq. (25.14)
pr=G—x)Y+y +2°
p3 = (x — x2)* + y* + 2*
so that

% =X d _m)(x—xx)— ﬁ3(JC—3€2)
i P2

aU _ (1 —m) m
8z pi P
Equations (25.11) then become

x-2y aU
y+2i | =| 5

z aU

(25.28)

(25.29a)

(25.29b)

(25.29¢)

(25.30)
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On multiplying Eq. (25.30), respectively, by %, ¥, z and adding the results, we
find Eq. (25.16) again. If we put

vi=x? 4yt 442 (25.31)
we obtain
1 dU 0 (25.32)
2 dr dr
so that
v =2U-C (25.33)

the same as Eq. (25.16). For 2U = C, there corresponds a zero-velocity curve. By
Eq. (25.28), on such a curve, C can be large if p; or p; is small or if x2+ytis
large. In such a case, real motion can take place only inside small ovals enclosing
each primary or outside the circle x> 4+ y? = C. As we vary C, we find a pattern of
regions where motion is permitted or forbidden. Diagrams are given by Pollard!
and Brouwer and Clemence.? They are used to develop the concept of double
points, where two of the curves touch each other. This concept in turn is used
to find the equilibrium points. Since there is a simpler method of finding the
equilibrium points, we shall not draw such diagrams but proceed in a different
way.

III. Equilibrium Points

Return to Egs. (25.11). Suppose that the first and second derivatives of x, y, z
with respect to 7 all vanish initially. Equations (25.11) show that all the higher
derivatives of x, y, z vanish initially and, thus, vanish for all values of T by Taylor’s
theorem. [Remember that p? = (x —x;)?+ y?+z% and p? = (x —x)*+ y2 +22.]
Thus, if %, y, z, X, ¥, Z all vanish initially, then z = 0 for all 7, and x and y remain
constant, so that the points of equilibrium satisfy

aU 1—-m) m
— =x - 7 —x)— =@ —x2)=0 (25.34a)
dx Pi I3
U 1-
S Gl N (25.34b)
dy pi P
aU
— =z=0 (25.34c)
9z

for all values of 1.

The Triangular Points of Lagrange
For equilibrium points with y # 0, Eq. (25.34b) gives
1-m m

I3

1 =0 (25.35)

03
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L, x =12 -m

y=yB72

L x=12 -m

5y=—]3_/2

Fig. 25.3 Triangular equilibrium points (y # 0, z =0) with 3, and M, as primary
masses, M3 at equilibrium points, and M; > M, > M,.

From Egs. (25.34a) and (25.35)

—x<1—(1_3m)—ﬁ3)=m+m—§2=o (25.36)
Pi P2 P )
but, by the property of the center of mass,
A=—mixi +mx; =0 (25.37)
Also
Xg — X1 = 1

so that

X1 = —m X, =1-m (25.38)

Insert Egs. (25.38) into Eq. (25.36). Then, m(1 — m)(p;> — p;°) = 0, so that
p1 = py. On inserting p; = p, into Eq. (25.35), we find
pr=py=1 (25.39)

Thus, there are equilibrium points (Ls and Ls) at the vertices of an equilateral
triangle (as shown in Fig. 25.3), which are called the Lagrange triangular points.

The Collinear Equilibrium Points
In Eq. (25.34a), insert y =z = 0, x; = —m, and x, = 1 — m. Then

pi=G+mP  pi=@+m—17
and
(1—m)(x+m)_m(x+m—1)_

fx)=x— T I 0 (25.40)
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w=nk
X, =-m X,=1-m
/y
L_ L L
~ ‘ C I t
M1 M,
m= M2 <L l-m= MI
M +M 2 1\/11+M2

Fig.25.4 Collinear equilibrium points (y = z = 0) with M; and M, as primary masses,
M, at equilibrium points, and M; > M, > M.

This is the equation for equilibrium points (L;, L, and L_ that some authors
denote, respectively, as L, Ly, and L3) on the x axis joining the primaries (M,
and M;) as shown in Fig. 25.4. For the Earth-moon-space station system, the
equilibrium points are depicted in Fig. 25.5.

Casel:x < —m

In this case

x+m<0 x+m—1<-1
(25.41)
x+m=—|x+m| x+m—-1=—[x+m-—1|
n=nk
L
) 4 elliptic
\ motion
L3 L2
* - - x
M,
Earth: M,
Moon: M -~
2 S . elliptic
Space Station: M 3 (at equilibrium points) motion

5

Fig. 25.5 The triangular and collinear equilibrium points (Ly, Ly, L3, L4, and Ls) for
the Earth-moon-space station system.
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By Egs. (25.40) and (25.41)
1—m m
7 T 2
(x +m) x+m-—1)
2(1 —m) 2m

fly=1- cimr Gims 0 (25.42b)

fx)=x+

(25.42a)

the sign being positive by Egs. (25.41).
Also

f(—o0) = —00 f(=m) =+o0

Because f'(x) > 0 for x < —m, it follows that the curve of f(x) vs x crosses the
x axis once and only once when x < —m. Call this zero L_. In Fig. 25.4, this is
the collinear equilibrium point to the left of the larger mass M;.

Case2: —m<x<1—m

Here
x+m>0 x+m—1<0
(25.43)
x+m=|x+m| x+m—-—1=—jx+m-—1}
By Egs. (25.40) and (25.43)
1—m m
=X — 25.44
fx)y=x (x+m)2+(x—{—m—l)2 ( a)
2(1 —m) 2m
‘=1 - 0 25.44b
') +(x+m)3 (x+m_1)3> ( )
Here f/(x) > 0 by Egs. (25.43).
Also
1—
f(_._m+8)=—m+g_ 82m+(8in1)2—)—oo as e—>0
1 —
f‘(l—m—e):l—m—s—zl—_g;+g—>+oo s  £—0

In this interval between the primaries, f(x) starts out at —oo and goes to 400,
always increasing. There is one and only one equilibrium point between the pri-
maries; call it L; (intermediate).

Case3:x>1—m
This is to the right of the smaller mass in Fig. 25.4. Here
x+m>1 x+m—-—1>0

(25.45)
x+m=|x+m| x+m—1=|x+m-—1]
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By Egs. (25.40) and (25.45)

1—m m

fx)y=x— Pl par— (25.46a)
21 =m) m
f@ =14+ e s > (25.46b)
Also
Flom—g)ymlom—p— o M (25.47)

(1—e)2 g2

as & — 0, and f(o00) = 400, so that f(x) goes from —ocoatx = 1 —m to
400 at +00, always increasing. There is one and only one equilibrium point for
x>1—m;callitL,.

Solution for L
Putx =x;+ p =1—m+ p,sothat p = p,. Insert this into Eq. (25.46a) with

f(x) = 0. Then
1—m m
l-m4+p—-—— =0 25.48
Pr U+ pr 22 ( )
Divide by 1 — m and transpose:
p 1 m 1

1+

I—m (+p2 1-mp?

p m
2 {1+ =
1—m (+1—m>'o
1+(1+ m 1 _oom 1
1-m )’ (14p2  1—mp?
m (1 >_1+ 1 (+pP—1
T—m\e2 7)) T TP TR T T+

m (1—=p>\  p*+3p"+3p
1-m\ p* ] (+p?

since m < 1/2 as defined in the first section of this chapter. Thus, p; = p < 1 and

Use

>0

m  3p°(14p+p*/3)
l—m (14 p)2(1—p3)

(25.49)

Now put

[P

m 3
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Then
(1 + p+p?/3) = 231+ p)*(1 — p*) (25.51)

If M, is the sun, M, the Earth, and M3 an Earth-orbiting satellite, then p; = p is
small. For small p, we have p & A, which suggests use of a series expansion

p=Al+cA+cA?+-) (25.52)
Insert Eq. (25.52) into Eq. (25.51) to find
1+ (1+3c)r+ (3 +4c1 +3c+3c})A2 = 1424 + (1 +2c)A*  (25.53)

Comparing coefficients, we find

Al
1+3¢c =2 or =3
A2
%+4C1+3C2+3C%=1+261 C2=—é
Thus

p=A(l+ir—5r2+...)

where m = M, /(M + M) and A = (M,/(3M;))'/? is given by Eq. (25.50). Thus,
for L,

x=1-m+A(l+3r=3224-.) (25.54)

Solution for L;

Putx =x;—p =1—m— p, sothat p = p,. Here p < 1. Insert this into
Eq. (25.44a) with f(x) = 0. Then

l—m m
l-m—-p———+—==0 (25.55)
(1 -py  p?
Proceed as previously described, solving for m /(1 — m) in terms of p.
m  3p31=p+p?/3)
l—m — (1-p@(1~-p)

(25.56)

Again
1

oA = (5(1_’?7”—» (25.56a)

for small p. We could go through the same procedure of expanding in powers of
A; it is easier, however, to solve for p in terms of A by means of a trick, from that
for L. In neither Eqgs. (25.49) nor (25.56) does the p> in 1 — p* contribute to the
expansion if we stop at A>.
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For L., we had

3 2
m p’(1+p+p~/3)
= =F 25.57
3 —m) TEYSE (») ( )
Now in Eq. (25.56), put p = —p’, and put A = —A’. Then by Eqgs. (25.56) and
(25.56a)
13 1 ! 72 3
p(L+p +p7/ )=—)d3 (25.58)

(1+p')?

Equation (25.58) has the same form as Eq. (25.57), with p’ replacing p and A’/
replacing A. Thus, p’ is the same function of A’ that p is of A, so that

pl= N1+ g — N2+ ) (25.59)
or
p=rl+ir—Ia2+...)
This is the solution for L;. With m = M, /(M + My) and A = (M/BM))'/3,

x=1-m—A(1+31—52%+--) (25.60)
Solution for L_
Put x = x; — p = —m — p, so that p; = p. Here p < 1. Insert this into
Eq. (25.42a) with f(x) = 0. Then
1—m m
—-m—p+ pe +(1+p)2=0 (25.61)
Then

1—-m

1
ml———1)=p-

((1+p)2 ) S
m 1 P 1 m 1
" = 1Yy - —
1—m<(1+p)2 ) l-m p? (+1—m) p?

m 1 ] _ 1

I —m\ {1+ p)? py==r p?

m (l—(1+p)3> -
=p-p

L—m\ (14 p)?
m (p—pHA+p)?* (= DA+ p)?
= = (25.62)
1—m 1—(1+p) P11 = (14 p)]
We may write this as
N
L. (25.63)
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where if
a=p—1 (25.64)
N = 12« + 240® + 192 + Ta* + o (25.65)
D =7+ 26« + 37% + 250> + 8a* + (25.66)
From Eq. (25.63)
N (25.67)
m=— .
D—-N
so that
12 + 240 + 1902 + 7a® + a*
__tﬁ= + 24a + 19 + 7a” + « (25.68)
o 7 + 140 + 1302 + 603 + o4
By the elementary algorithm for division
m 12 23 o2 3
S o 25.69
« =7 Y Toe) (25.69)
The first approximation to a solution for « is
7
o=y = _Tim (25.70)
Insert this into the «r? term in Eq. (25.69). The next approximation is
m_12_23( 7 \'_ 12[ 237 ,
« 7 o\ 12") 77 912"
m 7m[ + 23 7 2}
=0 _»B1.2] 1019
17[ 39 12’"2] 12 4912
or
7m 23
— 14 ZZm? 25.71
o [ + i ] ( )
Tm 23
=p=1-—|1 z 25.72
pr=p= 2 { + 3™ } ( )
This is the solution for L. With m = M, /(M + M,) and A = (M,/(3M}))'/3,
m 23
—m—14+—[14+Zm? 25.73
= —m +12[+84m} 25.73)

IV. Motion near the Equilibrium Points
Return to Eqs. (25.30)

=2y =U, (25.30a)
§+ 2% =U, (25.30b)
i =U, (25.30c)
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where the subscript of U denotes a partial derivative and
m

02

| -
UG,y 2) = 3163+ )1+ Tm + (25.28)

Again, Egs. (25.28) and (25.30) apply only the “circular restricted” problem where
the primary orbits are circles. From Eq. (25.28)

1—
U =-—z-2 (25.74)
Pi P
By Egs. (25.28) and (25.30c)
f4+kz=0 (25.75)
where
1—
k=—r2 4 2 (25.76)
Pi ]

If p; and p, are the distances of an equilibrium point from the primaries, then
U, is the first term in the expansion of U, in a Taylor’s series in the neighborhood
of the equilibrium point. Then k is a constant, and by Eq. (25.75)

z = by cos(k?t —6) (25.77)

6 being a constant. Equation (25.77) shows that motion of the orbiter perpendicular
to the plane of the primary motion is simple harmonic if the orbiter remains near
an equilibrium point. If the equilibrium point is a triangular one, then p; = p; = 1
and

k=1-m—m=1 (25.78)

To the approximation considered, the z frequency is the same as that of the
primaries.

Y. Motion in the Plane of the Primaries
In Egs. (25.30a) and (25.30b) put
x =x0+ P
Y=Y+ b (25.79)

In the neighborhood of the point xo, yg, the Taylor expansion of a function f(x, y)
takes the form

fx, y) = f(xo, yo) + Bi fx(x0, Yo) + B fr(x0, yo) + - -+ (25.80)
where
o o
fi= dax 5= ay
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Then, in Eqgs. (25.30a) and (25.30b), by Eqgs. (25.79) and (25.80)
Bi — 2B = (U)o + BiWUxx)o + BoUnylo + - -
. , (25.81)
Bo+261 = Uy + B1(Uyx)o + B2(Uyy)o + - -
Because
1 1-—
= o[y + —— + 2 (25.28)
2 P1 P2
we find
1—m
Ux=X~( )(x—xl)— — & —x2)
pl 03
(1 —m) m
Uy=y—- - =3
’ oi p3
A—m m  3(1 —m) 3m
Uxx =1- —3-)- -3 + —(—5——(x'—x1)2+ —S(X —X2)2 =
Pi p3 P P

31 —m) 3m
ny = ny = _;)S—(X _xl)y + _5(x —xz))’ =8B
1 2

dA-m)y m 3(1-—m) 3m
Uyy =1- 3 T 3 —52+—5—y2=C
Pi P Pi )
At the triangular points
X—X1=% )Q—X—% p1=,02=1
Li: y=3iv3 Ls: y=-1v3
3
A=z (25.82a)
3 3
= —‘—/——(1 —2m)atLs, B = ——‘/——-(1 —2m)at Ls (25.82b)
=9/4 (25.82¢)
At the collinear points
31 —m 3m
A=1—k+ —(-—5—)()( —x)’ + =& —x)
Pi P2

=(x +m)* = (x —x1)?
=@ +m— 1= —x)?
=1—k+3—(1——3—’l)+ =1—-k+3k=1+2% (25.824)
P
(25.82¢)

d=m)_m _\_4 (25.82f)
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Since (Uy )y = (Uy)o = 0 at equilibrium points, we find from Eqs. (25.81)
Bi — 2B, = ABi + Bf,

Br+ 2 = BB +CB, (25.83)

If the operator D = d/dz, thén
(D* = A)B1 = 2D + B)fa (25.84)
(D* = C)py = —(2D — B)By (25.85)

Operate on Eq. (25.84) with 2D — B. Then
(2D — B)Y(D* — A)By = (4D* — B*)B,

The operators commute, so that

(D* — A)2D — B)B; = (4D* — BYH)B, (25.86)
but by Eq. (25.85)
—(D? — AXD? - O)f, = (4D* — BH)p, (25.87)
Thus
[D*+(@4—A-C)D*+ (AC —BH|B, =0 (25.88)
Now, operate on Eq. (25.85) with 2D + B to obtain
(2D + B)(D? — C)B, = —(4D* — BY)B, (25.89)
Thus

(D> = C)2D + B)f, = —(4D* — B*)p,
Apply Eq. (25.84):
(D* - C)(D?* — A)B1 = —(4D* - BB,

so that

[D*+ (@& —A-C)D* +(AC — BHIB =0 (25.90)
Thus, B; and B, both satisfy the same fourth-order differential equation

D*f+@4—-A-C)D*f +(AC — BHf =0 (25.91)
To solve, place

f=e
Then
p*+@—-A-C)p*+AC—-B*=0 (25.92)

There are four roots, so that the solutions take the form

4
f=Y ae (25.93)
i=1
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If we put

q=7p°
then

g*+@—-A—-C)q+AC - B?>=0

Stability of Motion near the Triangular Points

For these points, we have

3 33 9
A== B=+—"-(1-2 C==:=
4 7 4= 1
Thus
4—-A—-C=1
27
AC—BZ=—Zm(1—m)
so that
27
g*+q+md—m=0
Then

g =—1+1[1-27m(1 — my}

(25.94)

(25.95)

(25.96)

(25.97)

(25.98)

If 27m(1 — m) < 1, then q is real and < 0, and all values of p are pure imaginary.
This means that the solutions for 8; and 8, contain only sines and cosines, with

no increasing exponential functions. If

27m(1l —m) < 1

(25.99)

the orbit never goes to infinity, and the motion is stable—as far as we can tell from
the linearized equations. The motion near the triangular points has been proved to

be stable even with the nonlinearized equations.!

Instability of Motion near the Collinear Points

Lemma: At the collinear points

1-m m
k = 3 —|— —3 > 1
P P
Proof: Write down Eq. (25.34a) for an equilibrium point
(I-—m)
——5— & —x) - 5 —x)=0
i P
and use x; = —m, x, = 1 — m. At any equilibrium point
1—m m
xR —1) =0

1 3

(25.99a)

(25.34a)

(25.100)



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

THE RESTRICTED THREE-BODY PROBLEM 317

We also have the identity

— -1
‘= (1 —m)x + m)p1 " m(x+m )}02 25.101)
01 P2
Insert Eq. (25.101) into Eq. (25.100). The result is
(1 —m)(x +m) _ mx +m—1 _
T(pl ~ Py 2) + T)(pz ) 2) =0 (25.102)

Equation (25.102) holds for all the equilibrium points. To prove Eq. (25.99a) for
all the collinear points, we have to treat each one.

At L.
Here, x = —m — p; and p; — p; = 1. Thus
x+m=—p
Xtm—1=—p —1=—p
Insert into Eq. (25.102). Then

(1 = m)(—p1) (o1 — 072) + m(;pz) (r—p;)=0  (25.103)
2

P1
or
A =m)(pr — p7) +m(p2 — ;%) =0 (25.104)
or
(1-m)p mp2
(1 —m)p — g +mp; — —3 = 0 (25105)
Pi P

Because p; = p; + 1, this becomes

1—m m m
(I—m)pl—g——ﬁl)l-f—m—f-mp]———a————%:()
Pi P2 )
By definition
1—
k=—r+ =
Pi P
Thus
m
(1 —m)py+m+mpy — ;3 —pk=0 (25.106)
2
or
pik — 1) = m(1 - p;°) (25.107)

Since for L _, we have p, > 1, it follows that k > 1 for L _.
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At L;
Here, x = —m + p; and p, + p; = 1. Thus
x+m=p
x+m—-1=p —1=—p
Insert into Eq. (25.102). Then

(A =m)(p1 — pi%) = m(p2— p37) =0 (25.108)
or
(1 —m)p mp;  m
p1—mpy = —m A mpy — — + — =0
P1 P2 23
or

1-m) m _
s

because p» = 1 — p;. However, the bracketed factor on the left is simply 1 — k.
Thus

pi(1 —k)y=m(1 — p,°) (25.109)

Since for L; we have p, < 1, it follows that & > 1 for L;.

At Ly
Here, x = —m + p; and p, — p; = —1. Thus
X +m=p;
x+m—l=p —1=p
Insert into Eq. (25.102). Then

(A =m)(pr = pr%) +m(p2 — ;) =0

or
1l—m m m
pl—mm—(——3—)—pi-m+mm——%+~—3=0
Pi P 03
or
(I-m) m _
p,[l — — — = | =m(l-p;°) (25.110)
Pi P2

because p; = p; — 1. However, the bracketed factor on the left is simply 1 — k.
Thus

pi(1~ k) =m(l = p;°)
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Since for L, we have p, < 1, it follows that k¥ > 1 for L. This completes the
proof of the lemma

for all the collinear equilibrium points.
We have now to investigate the roots of

g*+@4—-A-C)g+AC-B*=0 (25.95)
For the collinear equilibrium points, we found

A=1+2% B=0 C=1-k%
in Egs. (25.82d)—(25.82f). Insertion of these values into Eq. (25.95) yields

+Q—-kg+1+2k)1—k)=0 (25.111)
so that
= —(2;/‘) + %[(2—/@2 ~ 4(1 4 26)(1 — k)]
2—k) 1 s
_ ! > ) ¢ 5(918 — 8k)?
The two roots ¢; and g, satisfy
2q1 =k — 2+ (9k* — 8k)? (25.112)
2y =k — 2 — (92 — 8k)z (25.113)

Consider
Ok* — 8k = k* + 8k* — 8k
Because k > 1, 8kZ — 8k > 0, so that
%> — 8k > k* > 1

or
Ok — 8k)2 > k > 1 (25.1132)
By Egs. (25.112) and (25.113a)
2 > 1-241
Thus
g1 >0 (25.113b)

For g5, use Eqgs. (25.113) and (25.113a). Then
—(9k? — 8k)? < —k (25.113¢)
By Egs. (25.113) and (25.113c)
29, <k —2—k <=2
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Thus
g < -1 (25.1134d)

Because g = p?, q; > 0 gives rise to two real roots of opposite signs, and g, < 0
gives rise to two imaginary roots.

For the collinear points, the fourth-order equation for 8, and 8, leads to solutions
of the form

B; = c,-ls}‘" + cjzs_Azr + cj3cos(AzT — cj4) (25.113e)

Even though the initial conditions may be such as not to bring the positive expo-
nential function e*' into the solution, a small change in the initial conditions can
always bring it in. Thus, the motion is unstable near a collinear equilateral point
or libration point.

VI. Further Considerations About L4 and Ls

We have found that the solutions for 8; and B, are of the form £, where p;
satisfies

p*= -1+ i1 -27m(1 — m)]'/? (25.114)

Case1: 1 —27Tm(1 —m) < 0

P*=2Tm(1—-m)—1>0 (25.115)

where we can take b > 0. The values of p;, p;, p3, and p4 are given by

ply = 2(=1+ib) = (1 + 26" (25.116)
pra = £273(1 + b?)i (25.117)
P} =3(=1—ib)=3(1 +bH)i" (25.118)
pis = £273(1 + bP)sgl®2 (25.119)

From Eq. (25.116)
1 1 1 b
50 + b2 cosd = —5<0  sa + b))} sing = 250
Thus, 90° < 8 < 180° and 45° < 6/2 < 90°, so that
6
cos 3 >0 (25.120)

By Eqgs. (25.117) and (25.120)
Re(p1) > 0 Re(py) <O (25.121)
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From Eq. (25.118)

1(1 +bY)2 cos ¢ = L o 1(1+b2)% sing = A

2 T2 2 2
Thus, 180° < ¢ < 270° and 90° < ¢/2 < 135°, so that

cos% <0 (25.122)

By Eqgs. (25.119) and (25.122)
Re(psy) <0 Re(ps) > 0 (25.123)

Two of the solutions have positive exponential factors, so that the motion is
unstable.

Case2:1>1—-27Tm(1—m) >0

By Eq. (25.114), all four values of p are pure imaginary, so that the solutions
are all cosines and the motion is stable. Now, consider Eq. (25.114) and put

27fm)=1-27m(l —m) (25.124)
Then
fomy=m® —m 4 = = (m——l-)z—l -
27 2 4 27
f(m) = (m - —1—)2 - 2 >0 (25.125)
2 108
and
) n
2 108
or
m < 0.03852 ~ 1/26 (25.126)

This is anecessary and sufficient condition for stability of motion near the triangular
points, at least in the linearized theory. It is satisfied when the primaries are the
sun and Jupiter, the sun and the Earth, and the Earth and the moon. Because
m = M,/(M; + M,), we have

sun—Jupiter m ~ 1/1000

sun—Earth m =~ 1/300,000

Earth-moon m =~ 1/80

Now let
1-2Tm(1 —m)=A*>0 (25.127)
By Egs. (25.114) and (25.127), with A < 1 for the preceding three combinations
of primaries,
1 2
pPP=—-+=<0 (25.128)

2 2
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Let p; and p; correspond to the + sign and p3 and py4 to the — sign. Then

2 1 A 2 |
p1'2=—§+§ P3,4=—§—§ (25.129)
[1=2\?
p1=1 5 (25.130a)
1—1\?
P2 = —i(—;—) (25.130b)
1
14+ 2)\2
p3 = i( Z ) (25.130c)
1
3
pa = —i(l ;k) (25.130d)
There are two frequencies v; and v,, given by
1—2\?
w) =27y = (T) (25.131)
1
14+ x1\?
wy =27V, = (—-—-*2-;—-) (25.132)

For the sun—Jupiter case, the motion near a triangular equilibrium point is exem-
plified by a Trojan planet. Here

m = 0.00095388 < 0.03852
A =1-27m(l —m) = 0.974270
A = 0.987051

1
— z

1
L4\
w0y = (%) — 0.996757

If n is the Jupiter mean motion, we have
T = nt (25.133)

Let T; be Jupiter’s actual period, T the actual period of the Trojan, and P its period
in T units. By Eq. (25.133),

=—T (25.134)

so that
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Corresponding to w; and w,, we find

T4
T, = L = 1243T, 25.135
'™ 0.08046 J ( )
Ty — 5 1003254 (25.136)
27099757 ] ‘
Because T; = 11.862 tropical years, we find
T, = 147 4 years (25.137)
T, = 119 years (25.138)

These are the periods of the Trojan in the rotating (synodic) system.

VII. Further Considerations About the Collinear Points
The Exponents

Referback to Egs. (25.112) and (25.113). If the exponential factors are p;, p2, ps,
and pa, then since p? = ¢, we find

, (k-2 1

Pla=—5—+ 5(9k2 —8k)T > 0 (25.139)
k—2 1
P§,4 = ( 3 ) _ 5(9/(2 - 8k)% <0 (25.140)
where
1—
k= 3m + W; > 1
Pi 153

p1 and p, being evaluated at the equilibrium points. The signs of p} , and p3 , are
the signs of ¢; in Eq. (25.113b) and p; in Eq. (25.113d). Then

p1=a p3=ib
(25.141)
pr=-—a ps=—ib
where
a* = Lk — 2) + 9k — 8k)7] (25.142)
b? = —1[(k —2) — (9% — 8Kk)7] (25.143)
and where a > Oand b > 0.
Motion in the Primary Plane near a Collinear Equilibrium Point
Forthiscase, A=1+2k,B =0,C =1 —k, where
1—
k=" (25.144)

M
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where p; and p, are the distances of the equilibrium point from the primaries. Here

X=Xxo+«
(25.145)
y=25
The linearized equations (25.83) take the form
@—=2B=00+2ku (25.146a)
B+2a=(1—kp (25.146b)
The solution for either « or 8 is a linear combination of €%, £ 797, %7 and ¢ ~#7,

where a and b are given by Egs. (25.142) and (25.143). A real solution is a linear
combination of £77, 797 cos bt, and sin bt.

Suppose we consider only those orbits that are bounded and periodic. For such
orbits, « and B will be linear combinations of cos bt and sin b7, expressible as

o = kycos(bt + ¢1) (25.147a)
B = kasin(bt + ¢2) (25.147b)

where the £’s and ¢’s are constants. It is understood that the initial conditions are
such as to yield zero coefficients for £4* and £ 7%*.

The Orbit Is an Ellipse

‘We shall next show that an orbit that remains near a collinear equilibrium point
and that is periodic is an ellipse in the rotating system. To show this, we first insert
the expressions (25.147) into Eqgs. (25.146), thereby obtaining

—kib? cos(bt + ¢1) — 2kyb cos(bT + )

= (1 4 2k)k; cos(bt + ¢;) (25.148a)
—kob? sin(bT + ) — 2k b sin(bt + @)
= (1 — k)k, sin(bt + ¢) (25.148b)

These equations hold for all values of 7. Let us first put bt = O and bt = 7 /2
in Eq. (25.148a). The results are

— k1b% cos ¢y — 2kab cos ¢y = (1 + 2k)k; cos ¢y (25.149a)
ki b2 sin ¢y + 2kyb sin ¢y = —(1 + 2k)k; sin ¢, (25.149b)
Doing the same in Eq. (25.148b) gives
—kob? sin ¢y — 2k bsing; = (1 — k)k, sin ¢, (25.150a)
—kyb? cos ¢y — 2kybcos ¢y = (1 — k)ky cos ¢, (25.150b)
Multiply Eq. (25.149b) by i, and add the result to Eq. (25.149a) to obtain
— k BPe T — kb e = (1 + 2k)k1e ™I (25.151a)

— kab%6' — 2k e = (1 — k)koe'®? (25.151b)
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On multiplying Eq. (25.151a) by £/%* and Eq. (25.152b) by ¢ ~**!, we find that if

=¢2— ¢ (25.152)
—k1b2E'® — 2kob = (1 + 2k)k 6™ (25.153a)
—ky b2 — 2k1b = (1 — k)koe'? (25.153b)
or

[(1 4+ 2k)k; + k1 57]6™® = —2k3b (25.154a)
[(1 = k)ky + kob*]e™® = —2k1b (25.154b)

All quantities in Eqgs. (25.154) are manifestly real, except £'. It follows that
sing =0 (25.155a)
cos¢ = +£1 (25.155b)

We may choose either sign in Eq. (25.155b). If we choose plus, then ¢ = 0,
and k,/k, comes out minus. Because the signs of £; and k; in Eqs. (25.147) are
arbitrary, we may choose either sign, and then the sine and cosine in Eqgs. (25.147)
have the same argument. Then

o = ki cos(bT + ¢) (25.156a)
B = kysin(bt + ¢1) (25.156b)
where k; and k; are opposite in sign. It follows that
o B
k_12 + k—% =1 (25.157)

so that the orbit in the rotating system is an ellipse, with principal axes along the
axes of the primary system.

The Amplitudes k; and k,

We have to examine k;/k; to find which axis, « or 8, is the major axis and to
find the eccentricity of the ellipse. From Eq. (25.154a), with ¢ = 0

ky 142k 4+ b2

o — (25.158a)
ky 2b
_— 25.158b
ki 1—k+b? (25.1580)
If we equate Eqgs. (25.158a) and (25.158b), we find
P4+ k-2 +1 421 -k)=0 (25.159)

with solutions

b2 = 1@ — k) £ 9k — 8k)?] (25.160)
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Because k > 1, we have 9k? — 8k = 8k — 8k + k? > k2. Using the minus sign
in Eq. (25.160) would yield b> < 0, so that we must use the plus sign, and then

26 =2 — k + (9k* — 8k)*?
in agreement with Eq. (25.143). Thus

k k 1+ 2k +b?
R= k_? - _i _ Lok + b 2b+ (25.161)
Because k£ > 1, this gives
2R > b+ (3/b) (25.162)
The function
Y(b) =b+ (3/b) (25.163)
has the minimum value 2+/3, so that
R>A3 (25.164)

Now |k, / k] is the ratio of the B axis to the « axis, so that the 8 axis is the major
axis. If e is the eccentricity

1—e?=R7?<1/3

and e > 2/3, so that e > (2/3)1/? ~ 0.816. Of course, 1 — e? = R~2, and either
of Egs. (25.158), along with Eq. (25.143), will yield the eccentricity as an explicit
function of

k= -mp;* +mp;?

a rather complicated function. What is worthy of note is that e depends only on
m, p1, and p,, i.e., only on the primary masses and their separation, and not at all
on the initial conditions. The initial conditions must be such as to make the motion
bounded and periodic.

The Sense of Circulation

If we use polar coordinates 7 and § for the displacement of the orbiter from the
collinear equilibrium point, then

o = ncosf
(25.165)
B =rnsing
Therefore,
tanf = B/«
) (25.166)
6 Secz 0 = M

ol
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If the motion is periodic, Egs. (25.156) have to be satisfied. Then

o = kycos(bt + ¢1) (25.156a)
B = ky sin(bt + ¢1) (25.156b)
& = —k;bsin(bt + ¢1) (25.167a)
B = kabcos(bt + ¢y) (25.167b)
and
af = bk, cos* (bt + ¢1)
Ba = —bkiky sin®(bt + ¢1)
so that
apf — Ba = bkik, (25.168)
From Egs. (25.166) and (25.168)
fsec? 6 = bklzk 2 (25.169)
o
Here, k; and k, are opposite in sign and b > 0. Thus
6 <0 (25.170)

The circulation of the orbiter around a collinear equilibrium point, when the motion
is bounded and periodic, is retrograde relative to the motion of the primaries around
their center of mass.
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Chapter 26

Staeckel Systems

I. Staeckel’s Theorem

EPARABLE systems occur often in the theory of orbits, and they have all
been of the Staeckel type, which we shall now consider.
For an orthogonal coordinate system with metric

3
ds? =) Ar'dg} (26.1)
k=1
the kinetic energy of a particle of unit mass is
1S,
T=> Al (26.2)
k=1
The generalized momenta are
aT 1.
Pr= 5= Ay Gk (26.3)
Gk
If the potential energy is
V=V, q,q3)
the Hamiltonian is
13
H=> ZAkp,f +V (26.4)
k=t

and the Hamilton—Jacobi equation is
1L aw\*
= > Al — Vig) = 26.5
2; k(aqk) +V) = (26.5)

Staeckel’s theorem states that, the A, being all positive, the HJ equation is separable
if and only if there exists a 3 x 3 matrix (¢y;), where ¢; depends only on g, and
a column matrix (Y1, ¥2, ¥3), where ¥ depends only on gy, such that

3
Y Ardiilar) = 81, (26.6)
k=1

3

Y Avllg) =V (26.7)
k=1

329
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Proof of Necessity: Given a solution of Eq. (26.5), viz.,
W = Wi(q1, on, 02, a3) + Wa(ga, a1, 02, a3) + Walgs, o1, 03, 03)  (26.8)

show that functions ¢y;(gx) and ¥ (qx) exist, satisfying Eqs. (26.6) and (26.7).
In proving this statement, we shall let Eq. (26.8) be a complete integral of
Eq. (26.5). This is one depending on three arbitrary constants «;, o, and a3 with

determinant

W

det [ ] #0 (26.9)
dqrdo;

To prove necessity, substitute Eq. (26.8) into Eq. (26.5). Then

_ZAk<aWk) +V(@) = (26.10)

Differentiate Eq. (26.10) successively with respect to ¢, t;, and o3 to find

AW, 92W
ZA —* =1 (26.11a)
k=1 aqk 351k3051
3

aW, 2w
> Ae— _k =0 (26.11b)

k=1 aq/c a(IkaClz

3

aW, 92W
> A =0 (26.11c)
k=1 aqk 3‘1k3043

This is a system of linear equations for the A;’s with determinant
aW, oW, oW, [ 3w :l
= det
8q1 8q2 3Q3 3qk30tj

(26.12)

by the hypothesis of the completeness of the integral, so that Eqgs. (26.11) are all
independent.

The coefficient of each A; in Egs. (26.11) is a function only of g. Thus, there
exist functions ¢y;(gx) satisfying Eq. (26.6). They are

AWy 2w
26.13
Prilgr) = aq barda ( a)
aW, 22W
Do) = —= (26.13b)
dqr dgrdo
aW, 2W
balqe) = — (26.13¢)
3Qk dqidas

Next, we have to show that functions ¥ (q;) exist, satisfying Eq. (26.7). From
Eq. (26.5)

V=a1—%ZA (awk> (26.14)
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because d W /dqy = 9 Wy /dqi. Now, since we have shown that the functions ¢y (gy)
satisfy Eq. (26.6) with &;; = 1, we have

3 3
o =01 ) Aulge) =) A (g (26.15)
k=1 k=1
Inserting Eq. (26.15) into Eq. (26.14), we find
3 2
1/0W,
V = A — = — 26.16
; k{mm](qk) Z(aqk) } (26.16)
so that Eq. (26.7) is satisfied, with
oW,
Vilqe) = e (o) — = (Wk) (26.17)
k

This completes the proof of necessity.
To prove sufficiency, we have to begin with Eqs. (26.6) and (26.7) and show
that they lead to the separability of Eq. (26.5). To do so, first insert Eq. (26.7) into

Eq. (26.5):
% i (ﬁ) + ki: Atilq) = o (26.18)
Next, from Eq. (26.6) .
23: Ardia(g) =0 (26.192)
k:l
kZ:; Ardis(ge) =0 (26.19b)

Multiply Eq. (26.19a) by an arbitrary constant «; and Eq. (26.19b) by an arbitrary
constant a3, add the results to Eq. (26.18) and use Eq. (26.15). We obtain

3 2 3
Z { (—) +wk<qk>]=ZAk[a@kl(quazmz(qk)+a3¢k3<qk>]
k=

k=1

(26.19¢)
or
3 3 Wk
Z — {011 (@) + aaia(@i) + cadea(q) — Yalqu)} | =0
k=
(26.19d)
Here, v and the ¢y;’s depend only on gx. The HJ equation is then satisfied if
W = Wi(g1) + Walq) + Wal(gs) (26.20)
with

AW\
(Wkk) = 2{a1u1(gu) + cadra(que) + 3dea(ge) — Yelqe)} (26.21)

1t is separable. This completes the proof of sufficiency.
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II. Staeckel Systems

We define a Staeckel system as a system described by Eq. (26.4) as its Hamilto-
nian and the auxiliary conditions (26.6) and (26.7). We may simplify this definition.
Let A be the row matrix (A1, Az, A3) and ® the square matrix [¢;(gx)]. Then

by Eq. (26.6)
A® =(1,0,0) (26.22)
With the requirement that &1 exists, we find
A=(1,0,00p! (26.23)
On writing this out, we find
(A1, Az, A3) = (@], @, O7 (26.24)
or
Ax = (@ )y (26.25)

Now, if @ is a 3 x 3 square matrix and x is a column matrix of three elements,
then

dx =y (26.25a)

is also a column matrix of three elements. Equation (26.25a) is a set of three linear
equations for the x’s. Solution of Eq. (26.25a) by Kramer’s rule gives

x1 = AT (31 My + y2 Moy + y3Map) (26.25b)

where A is the determinant of ® and M, is the cofactor of ®;; in &. From
Eq. (26.25a), we can also write

x =y (26.25¢)
so that
x1 = Oy + Oy + 0 ys (26.25d)
Comparison of Eqs. (26.25d) and (26.25b) shows that
M
(@ Ny =4 (26.25¢)
A
We may now redefine a Staeckel system as an orthogonal system with Hamil-
tonian
13
H==) Adq, g2 ¢)pi+V 26.26
> ; (g1, 92, 43)P} + (26.26)
where there exist functions ¢;(gx) and ¥(gx) such that
A = (@, (26.27)
3
V=>" Actilqr) (26.28)

k=1
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where
O =dhilq)] A=detd#0
and
M
(@ Ny = % (26.29)

M, being the cofactor of ¢ in A.
We can now write the Hamiltonian (26.26) as

3
1
H=) (@Yl =p? = 26.30
I;( m(zpk + qu)) o (26.30)
or
1o+ ()
| 1p2 4+ yn(gy) =H=uo (26.31)
P+ Usey |/,
This is satisfied if
1p}+ vida) o
7| Ip2+yalq) | = [062] (26.32)
1p2 + ¥sgs) o
where o, and a3 are arbitrary constants. This gives
1, o
2Pt Vilg) = | @ | @2 (26.33)
a3 k
or
1 3
P gD = ) du@) (26.34)

i=1

but Eq. (26.34) leads to separability at once. Thus, in Eq. (26.26), with V given
by Eq. (26.28), the condition

Ap = (@7 Dy (26.35)

where the elements of ® are ¢;;(gx), is necessary and sufficient that the HJ equation
(26.18) be separable. This condition (26.35) is called the Staeckel condition.

III. The Staeckel Integrals
From Eq. (26.32) we have

1 3 3
3 Y@ ypt+ Y @ Y@ = k=1,2,3 (26.36)
=1 =1
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For each value of k, Eq. (26.36) gives an integral of the motion. If we multiply
Eq. (26.32) by @ on the left, we obtain

5P+l o
33+ () | =@ I:az] (26.37)
3P+ ¥3(g3) *
leading to equations for the p’s, viz.,
3
pi = —2¥lqi) + 2 Z Dpige) (26.38)

j=1

IV. An Example: The Kepler Problem
By Chapter 6, if 6 is the latitude, the Hamiltonian for the Kepler problem is

1 P} Py w“
He(ppPoy _Po N _K_ 26.39
2(17, + r2 + r200529> r “ ( )

To agree with the notation of this chapter, one has to replace the oy and a3 of

Chapter 6 as follows:
ol — 20
(26.40)
a2 — 203
If p, = p1, pe = p2, Py = P3, the equations of Chapter 6 become
p12 = r—2(_2a2 +2ur + 20[11"2) (26.41a)
p? =205 — 203 sec? 6 (26.41b)
p3 =203 (26.41c)
If we compare Egs. (26.41) with Eq. (26.38), we obtain
Yi=—u/r  Yp=0  Y3=0 (26.42)
1 —r2 0
P=10 1 —sec? 6 (26.43)
0 0 1
Because A = det ® = 1, we have
(®71)jk = Myj/A = My; (26.44)
Thus
. 1 72 r2sec?o
=10 1 sec? 0 (26.45)
0o 0 1
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If we solve Egs. (26.41) for the «’s, we find
1 1 sec? 7
oy == 2+222+2 p%——

1, 56062

oy = 5[72 + ) P3 (2646)
1
a3 = 51’%

On writing out Eq. (26.36), with use of Eqgs. (26.42), we obtain

1 1 1 -
o =0 pl+ - q’21’2"‘24’31”% ‘Dul

L o5 p? 1<1> @, qr‘ 26.47
® =3 211’1'|‘2 22P2+2 . 21 (26.47)

et o Loi o 1o Hp-1
o =Sy pit 5P pit E‘Daalpg — =Py

Comparison of Egs. (26.46) and (26.47) yields

—1 1 r~2 r2sec?s
=10 1 sec2 6 (26.48)
0 0 1

in agreement with Eq. (26.45).

V. General Remarks About Separable Systems

References 1 and 2 illustrated that all the separable cases of particle motion in
Euclidean space are Staeckelian or reducible to Staeckelian by a point transforma-
tion. The qualification is easily explained. In oblique coordinates, the motion of a
projectile in a uniform field is not Staeckelian but is reducible to such by a point
transformation to rectangular coordinates.

The list of the 11 possible coordinate systems for separability of particle mo-
tion in Euclidean space is’: rectangular, spherical, cylindrical, parabolic, prolate
spheroidal, oblate spheroidal, parabolic cylindrical, conical, elliptic cylindrical,
paraboloidal, and ellipsoidal.

Systems may be classified as follows: 1) Staeckelian and Euclidean (Kepler
problem); 2) Staeckelian and non-Euclidean (spherical pendulum and particle in a
parabolic bowl); 3) Separable and non-Euclidean, but not Staeckelian (symmetric
top, with one point fixed, in a uniform field; the cross-product terms in the momenta
making it non-Staeckelian); 4) Euclidean, if properly scaled, but not separable
(three-body problem); and 5) non-Euclidean and nonseparable (asymmetric top)
(see Fig. 26.1).

V1. Motion According to x, = F(x)

This section is a necessary preliminary to the next one on conditionally periodic
systems; for more details see Ref. 4.
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Separable: Shaded

1, 2: Staeckelian

1, 47 Euclidean

3, 5: Non-Staeckelian and
Non-Euclidean

Nonseparable:  Otherwise
Fig. 26.1 A set-theoretical diagram.

Suppose a particle with coordinate x moves according to
2= F(x)
If F(x) has a zero at x = g, it may be a simple zero, so that

F(x) = (a —x)y(x)

(26.49)

(26.50)

where (x) has no factor a — x. (It happens to be convenient here to write @ — x
rather than x —a.) It may also be a multiple zero, the curve y = F(x) being tangent

to the x axis at x = a. Then

F(x)=(a—x)¥(x)

(26.51)

where s > 1. For values of x close to a, we can see what is happening by taking

¥ to be a constant k2. Then
F(x) =k*@a—x)'
and by Egs. (26.49) and (26.52)

x = k(a — x)*?

(26.52)

(26.53)

where it is convenient to choose the plus sign, in order to consider motion from

x =a—ntox =a. Thus
dr =k Ya—x)"dx

The time At for passage fromx =a —ntox =ais
a
At = k7! / (@ —x)"%dx
a1
Ifu =a— x, then
n
A=kt [Tt au
0

If s = 1, this becomes

At =2k"'p2

(26.54)

(26.55)

(26.56)

(26.57)
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but it diverges for s > 1. Thus, any zero at x = a leads to accessibility of the
particle to x = a only in an infinite time, unless it is a simple zero, for which
s = 1. A simple zero can be reached in a finite time.

If we are dealing with Staeckel systems by Hamiltonian methods, we have to
deal with equations such as p,f = F(qx), where F depends only on the single
coordinate gy, and p; will always be proportional to §;. Near a zero of F(gy), we
shall have, approximately, that

gt = ki F(qy) (26.58)

where k; > 0. The preceding analysis showed that any zero of F(g;) must be a
simple zero if it can be reached in finite time. Furthermore, if g, oscillates between
two values a and b, it follows that the necessary form for F(qy) is

Flgr) = (gx — a)b — q)¥(q) (26.59)

where ¥(g;) has no zeros and

a<q=<b (26.60)

VII. Conditionally Periodic Staeckel Systems

The physical pendulum is a simple Staeckel system. It can have three types of
motion. It may move as in a clock, back and forth from an angle —8,, to +6,,; this
is libration. It may have enough energy to keep going in a circle; this is circulation.
Finally, it may have just enough energy to approach 6 = 180° in an infinite time;
this is asymptotic motion.

A bounded Staeckel system can, in general, have ¢’s that vary in all three ways.
If it has only circulational and librational coordinates, it is called conditionally
periodic.

Circulational Coordinates

A coordinate g is circulational if all these conditions hold:

1) If it is an angle.

) If p,% = F(qy), with p; > Ofor g, > Oand p;, < Oforg, <O.

3) If F; is so bounded that there exist constants ¢y, and ¢y satisfying ¢ >
Fr(qe) = e > 0.

4)If Fi(ge + 27) = Filqe).
Note that ¢j; > 0 rules out asymptotic motion and that the condition 4 may be
either periodicity or constancy. For an artificial satellite, for example, p¢ = const
if the potential V does not depend on ¢, the right ascension.

From the preceding conditions

prz(cwt it @ >0
Pe < —(e)? if  4<0
In either case

13
vy = / pi dgy (26.61)

qro
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in a single-valued differentiable (SVD) function of g, with dv,/dqg; existing and
positive for all g,. It is a monotonically increasing function of g;. Conversely, gi
is a SVD function of vg.

Librational Coordinates

A librational coordinate is one that fluctuates back and forth between values
ay and bg. From the previous section, this means that p} = F(gz) has zeros
only at a; and by and that they are simple zeros. These facts lead to the following
specification: gy is librational if there exist constants ay, by, c1x, Cox, and a function
Gr(gy) such that

con = Grlqe) Z e > 0 for a=q=<bh (26.61a)
with a; < gx(0) < by, where g,(0) is the initial value of g, as a function of time ¢
and where
Pi = (gx — a)(bx — q)Gk(qx) (26.62)
It may be difficult to find G(q«). Consider the Kepler problem with
P2 =2 — a¥sec’d (26.63)
where 6 is the latitude. The inclination I is given by
cosl =a3/ay (26.63a)
so that
pa = a3(1 —cos® I sec®8) = F(9) (26.64)

For direct orbits, F(6) has zeros for 8 = 1. To show that Eq. (26.64) can be
put into the form of Eq. (26.62), note that

dF
% = —2a§ cos? I sec? 6 tan 6 (26.65)
For
F(
dre) dé ) _ F20 tan [ (26.66)

Thus, for I # 0, the derivative does not vanish at the zeros of F(8), so that these
zeros are simple zeros. This completes the proof that Eq. (26.64) can be expressed
in the form of Eq. (26.62), which becomes

pi=U*~-6G®) (26.67)

but it does not find the upper and lower limits on G(6).
By Eq. (26.63a)

of = ol sec’ I (26.68)
Then by Egs. (26.64) and (26.68)

p2 = a2(sec’ I — sec’ §) = ai(tan® I — tan®0) (26.69)
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By Eqs. (26.67) and (26.69)
,tan’? ] — tan?6

GO) = a3 g2 (26.70)
an even function of 4. To investigate its behavior, we need consider only the range
0<8<I<m/2 (26.70a)
Note that
G(0) = (o] tan® I/1%) (26.71)
At 9 = I, G(0) takes the form 0/0, but by L' Hospital’s rule
G() = agﬂ sec® (26.72)

1

One suspects that G(0) and G([) are the lower and upper limits of G(6). To verify
that G(0) is the lower limit, form

tan® I — tan? 4 _ tan? [ _ 1292 tan? [ B tan 6 (26.73)
12 — 32 12 12(12 _ 92) I2 92
Now, from Pierce’s integral tables®
t 2 2x?
LA D e N T 0 (26.74)
X 3 15
sothatfor0 <@ <1 <m/2
tan[  tan®6
2 g (26.75)
Therefore, by Egs. (26.70) and (26.75)
2 tan? |
GO) = = (26.76)
and G(0) is the lower limit.
For the upper limit, write
tan? I — tan? 6 _ fan I +tanf tan] —tand 26.77)
12 — 92 146 I-6
Compare (tan I)/I with the first factor on the right and sec? I with the second
factor.
tan [ tan1+tan9_9tan1—1tan9_ 0 tan/ tan@ >0
I I+6 —  Id+6) — d+0)\ I 6 )~
(26.78)
for0 <6 < I <m/2.
Now
inJ cosf — Ising
tan I — tan§ = —nt SOSY — COS 1N (26.79)
cos [ cosf
tan] — tan 6 in(I — 6
Fesec?] — 200 Y sec?g sidf — 6) (26.80)

-6 (I —6)cosIcosf
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ForO<0 <1 <m/2

sin(l — 6)
— <1
I1—-6
Thus
f = sec? I —secsect > seclI(secl —sec) >0
so that
tan ] —tan6 <sec? ]
T—o < sec

From Egs. (26.77), (26.78), and (26.81)

tan? I — tan®6 - tan /
r—g2  ~ 1

Thus, G(I) is the upper limit of G(6).
We now define v; as before, viz.,

L'/ .
Vg = / p,: qu
i

ec? I

From Eq. (26.62)

[’73 1
o = f (e — ar)bx — g)Ga(g) ™} dgy
gk

(26.81)

(26.82)

(26.83)

(26.84)

Because p, > O for g, > 0 and p; < O for g, < O, the upper sign goes with
dqy > 0 and the lower with dq; < 0. To show also in this case that v; is a SVD
function of g, introduce a uniformizing variable E, such that E; > Oforall ¢, and

2gy = ax + by + (ax — br)cosEy, (26.85)
This gives maximum g; = b forcos E; = —1 and minimum g = g; forcos E; = 1.
This definition of Ej covers all values of g; in the interval ¢, < g < by.
2(qx — ax) = (br — ar)(1 — cos Ey) (26.86)
2(bx — qx) = (bx — ar)(1 + cos Ey) (26.87)
4gx — a)(be — qi) = (b — @)’ sin® E; (26.88)
[(gx — @) Bk — g1 = 2(bi — @)~ Isin Byl ™ (26.89)
From Eq. (26.85)
dg, = %(bk —ap)sin Ep dE; (26.90)
so that
+[(qr — a)(be — g1 dgg = iw (26.91)

| sin Ey|

We saw that in Eq. (26.84) the upper sign goes with dg; > 0 and the lower with
dqi < 0. By Eq. (26.90), because dE; > O for all g4, it follows that sin £ > 0
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for the upper sign and sin E; < O for the lower sign. Thus, Eq. (26.91) becomes

+[(qe — ar)be — g0)] 7 dge = dEj (26.92)
Insertion of this into Eq. (26.84) gives

E
v = / G, dE; (26.93)
E,

k0

Because ¢y, > Gilgy) > cix > 0, it follows that v, is a SVD function of E;,
monotonically increasing with E;. This means Ey is a SVD function of v;. From
Eq. (26.85), gi is a SVD function of E;. Thus, g is a SVD function of v;.

Summary

In a conditionally periodic system, each coordinate is a single-valued differen-
tiable function of

qx
v = / py dgy (26.94)

iy

VIII. Action and Angle Variables

Before we can go further with conditionally periodic systems, we need to intro-
duce a new set of canonical variables, called action and angle variables.

We first define a single cycle of g, as an increase of 27 if g, is circulational and
as a round-trip from a; to by if g, is librational. A small circle on an integral sign
will denote an integral over one cycle.

The following quantities J; are called action variables:

Ty = f pedgr k=1,2,3 (26.95)

By Eg. (26.38), we have for a Staeckel system

‘ 3 3
pe=1=% [—wk(qk) +2) d>k,»<qk>a,»] (26.96)
i=1
Thus
3 1
Ji = f i[—zwk(qk) +2) <1>k,»<qk)a,»] dgy (26.97)
i=1
so that
Jy = Jilay, @, o3) (26.98)

The J;’s are functions of the o’s. If we express the a’s as functions of the J’s, then
the HJ function W becomes expressible as

W=Wgg,J) (26.99)
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Let this be the generating function for a canonical transformation, where the ¢’s
are the “old” coordinates and the J’s are the “new” momenta. If we denote the
“new” coordinates by wy (k = 1, 2, 3), then

aW(g, J
oo = V4. 9) (26.100a)
gy
aWq, J
we = V4. D) (26.100b)
3Tk

Here, the w’s are called angle variables, and the J’s are the action variables.
They are canonical with respect to the Hamiltonian, which may now be expressed

as
H = a(J1, Ja, J3) (26.101)
and
jk=—%=—%:)—1= (26.102a)
Wy = 8—(1—1%4@ (26.102b)
By Eq. (26.102a), the J’s are constants, so that by Eq. (26.102b)
Wy = const = v (26.103)
Thus
wy = Vet + 8 (26.104)

The new set of canonical variables has J’s as constants and w’s as linear functions
of the time. Here

_dan(Jy, Sy, J3)

26.105
3l ( )

Vi
is called the kth fundamental frequency. In a general Staeckel system, a given
coordinate g; may go through successive cycles in different times. It is one of the
main points of this chapter, however, to show that the mean frequency of each g
of a conditionally periodic Staeckel system is equal to the fundamental frequency
V.

IX. Keplerian Action Variables

The Keplerian example will help to clarify our ideas. For simplicity, use the «’s
of Chapter 6. Then

=

pr=r"" (—ot% + 2ur + 2ayr?) (26.106a)

1
po = (03 — o] sec? 6)? (26.106b)
Py = O3 (26106C)
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Then
ry 1
Ji= f prdr = 2/ r_l(—ag +2ur + 20{1r2)2 dr
n
r —1{_~2 2 2 2
- / r (e 2 + alrl)dr (26.107a)
no(—of + 2ur + 20r?)?
where
rn=a(l —e) rs=a(l +e) 26.107b)

1

2002\ 2

a=—————-u >0 e = 1+—a1a2> <1
20y u?

Write the denominator in Eq. (26.107a) as [—20;(r — r)(r; — r)]%. Then

T = 220y} /m (ot 2ur 2 (26.108)
= —_ i 2 .
‘ W e —r)r -

1 2 [ rldr n dr
= 2(—2y)" 2 _0‘2/ T —I—2,uf -
n [(r=r)ra—n))2 n [r —r)(ra —n)]2

+ 20 / ” rdr ] (26.109)
n [(r=r)(ra—1)]2

If we place
a(l — e _ a(l — eDesin f
V) = —————— )y - -
1+ecos f (1+ecos f)?
in the first integral, along with Eq. (26.107b), we obtain

df (26.110)

esin ae(1 — e?)?|sin
r“dr=ﬁ27i—f-df [ = ri)ra = P)]7 = (Hezo'sf /|
and
r=ldr _ 1 sin f 4 = df
[(r —r)(ra =17 a(l = e?)z |sin f] a(l — e?)1
since sin f = | ’sin f| as r increases from r; to r. Then
/m rdr I — 26.111)
n [ =r)ra—r]>  a(l —e?)?

In the next two integrals in Eq. (26.109), use .

r=a(l —ecoskE)
(26.112)
dr = aesin EdE
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Then
d inE
r _ 51.n E — dE
[(r —ri)(ra—r)lz  [sinE|
rdr

- =a(l —ecos E)dE
[(r = ri)(ry ~1)]2

(26.113)

(26.114)

The second and third integrals in Eq. (26.109) become 7 and ma, so that

J1 = 2(—2(11)_% {—a%L, +2umr + 2aywa

a(l —e?)2
Usinga = —p/(2oy) and 1 — % = —2ay02 /pu?, we find

Jy = 2(=20y) " {—man(~201)F + )

or
Jy = 2oy + 27rp,(—2a1)“%
Next
911133( emax
J2=¢p9d9=2f p9d9=4/ pgd@
0min 0
since Oy = —6Omin and py is even in 6. Here, G, is given by

COS Omax = |aeal/cta
Onax = 1 for direct orbits
Opax =7 — 1 for retrograde orbits
Abbreviate 6, to 6,, and use

po = (o — o sec? 9)%

so that
9"1 l
J = 4/ (o — o3 sec?6)? do
0
=4f9"‘ ot% —a%secze _do
0 (af —adsec?6)’
= 4(0[%N1 - (X%Nz)
where

=
I

Om
f (o3 —oe3zsec29)_% do
0

Om

-1
Ny = (o — o sec’8) 2 sec’ 6 do

S~

] (26.115)

(26.1152)

(26.116)

(26.117)

- (26.117a)

(26.117b)

(26.117¢)

(26.117d)
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Now
N f"m cos @ df /9'" cosd dg
1= _— - =
0 (eZcos20—ad)? Jo (o —oF—alsin?e)}
(26.118)
2 Nl Om sin® -1
Ny ={a; —a3) ? 1- cosf dg
: ( 2 3) ./0 ( sin? 1)
since
2_ 2
cosT =22 sin?f=2_2 (26.1182)
oy (12
Put
in6 6do
=M = (26.118b)
sin/ sin/
and ¥ = 1 when 6 = 6,,. Thus
1
N, = ((x% - ozg)_% sin [ / (1 — 4%)7 du
0
1 (26.119)
Ny = (7/2)(e3 — o) ?sinl
but
1
2, 2\3
sin] = (0!2 a3)
[2%]
by Eq. (26.118a), so that
N1 = 7t/26¥2 (26120)
For N,, put v = tan#@ in Eq. (25.117d). Then
O
Ny = f (02 — o2 — o) "t dv 26.121)
0
Because
Pz = a5 —ajsec’d
we have
sec? O = ol
2_ .2
tan® 6,, = % 2013
o3
so that

m = o3| 73 — oz%)% (26.122)
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From Eq. (26.121)

( 2 aot [T v\
N, = (o5 —« _7[ (l——) dv
2 3 o vrzn
Next, put
V= Upn
Then
1
1 _1
Ny = (a3 — o3) va/ (1—n»H"2dy
0
_1
=7t/2(oz%—a_%) 2 Um
or

Ny = /23]
By Egs. (26.117b), (26.119), and (26.126)

I, = 4((1%% - agﬁ) =27 (ata — |aa])

Also
J3 =2,
Adding J; and J,, we find
I+ o =2m(=2e) "t = 2wl

and

Ji+ Jy+ Jisgnas = 27tu(—2a1)‘%
Thus
~ 2722

(J1 + L2+ J3sgnas)?

The fundamental frequencies are

] =

da(Jy, J2, J3) dm?u?
Vi = =3
: aJy (Ji + Jo + J3sgnas)?
doy(Jy, Ja, J3)
v =T =y
aJy
r = dan(Jr, J2, J3) _ by sgna
e i 3
From Eq. (26.130)

(—20)3

-3 _
(J1+ 2+ J3sgnaz)” = 8

(26.123)

(26.124)

(26.125)

(26.126)

(26.127)

(26.128)

(26.129)

(26.130)

(26.131)

(26.132)

(26.133)

(26.134)

(26.135)
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and from Eqgs. (26.132) and (26.135)

1 3
v = =—(~20)}
2

or
3
le)
Vp=—1—
2ru\a
o (26.136)
2rvy = ula i =n
the mean motion. Thus, 27 v; = 27v; = 27 |v3| = n.
X. Conditionally Periodic Staeckel Systems, Continued
We saw in Sec. VII that each
4k
v = [ pr !t dgr (26.137)

4k

is a SVD function of g, and conversely that each g, is a SVD function of v;. We
now proceed to prove the theorem that the mean frequency of each g is equal
to the fundamental frequency vi. To do so, we must know how the v;’s behave
as functions of the angle variables wy;. Such knowledge will tell us how the g;’s
behave as functions of the wy’s.

We begin with

Jk=¢‘pkqu k=1,2,3

oW, )
wy = ——
aJy
o (J1, Jo, J-
Wy = __(11(_1_2_3) = v, = const (26.137a)
3Jx
The Jacobi B’s are given by
aW(q,
t+ = W)
3&1
aW(q,
p, = W@ (26.138)
30[2
aW(g, o
By = (g, )
30!3

where W is the separated solution for the HJ equation for the Staeckel system.

These equations can be inverted to give the g’s as functions of t. We shall not follow

that usual procedure here, but that possibility is mentioned only to show that ¢’s

can be expressed as functions of the w’s, because the w’s are linear functions of ¢.
Let us put

ﬂi +13y;, = B; (26139)
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By Egs. (26.138) and (26.139)

aW(q,
PRAACIL)) (26.140)

8(1,'

If we now introduce the J’s and the w’s, we can write
3
oW(q,J)aJ; .
B; = B =1,2,3 26.141

=2 8w ( )

k=1

{1t is of course to be understood that W(g, J) does not have the same functional
form in the ¢’s and J’s as does W(g, «) in the g’s and o’s.]

If we put
aJ
oy = — (26.142)
3(1,'
then
[ori] = (26.143)
is a square matrix. From Eqs. (26.141), (26.142), and (26.137a), we find
3
B =) wiawy (26.144)
k=1
The differential of B; in terms of the dw’s is
3
dB; =) dwewy (26.145)
k=1
or
3
dB; = Z[(dw)T Ql; (26.1452)
k=1
where
(dw)T = (dwy, dw,, dws) (26.146)

is a row matrix, the transpose of the column matrix of dw,, dw,, and dws.
We can now express dB; in another way. Because

3
W=>" Wiq (26.147)
k=1
and
aw,
e = W _ W, (26.148)
oqr g
we have

3 'l
W= / i dgi (26.149)
k=1 Y qxo
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From Egs. (26.140) and (26.149)
3W(g, @) }3: /‘ﬂ apk<q “ 4

da;

B; = (26.150)

The differential of B; in terms of the dg’s is given by dropping the integral signs
in Eq. (26.150), so that

3
= dpr(q, @)
d, =Y L1 7y 26.151
; ; ot (26.151)
or
1 G p2dge 1~ dp?
dB; =) —HE— =% kg (26.152)
2 =1 3(1,' Pk 2 =1 o;
with use of
d
Sk _ gy,
Pk
from Eq. (26.137).
Now, by Eq. (26.38)
3
pi = —20n(@) +2)_ (g (26.38)
j=1
so that
8 2
5& = 20y (qx) (26.153)
o;
By Egs. (26.152) and (26.153),
3
dB; =} | du@y(qe) = [(dv)' @], (26.154)
k=1

where
(dv)" = (dvy, dv,, dvs)

a row matrix. Comparison of Egs. (26.145a) and (26.154) shows that

(dv)T® = (dw)'Q (26.155)
Because @ is a nonsingular matrix for a Staeckel system, &~! exists, so that
@) = ([dw) Qo! (26.156)
or
3
dv; = ) dup(Qd ™)y (26.157)
Thus
v
L = (@07 (26.158)

awk
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Before we can draw any conclusions from Eq. (26.158), we need to show that
the domain Q of the g’s for which all the p’s are real corresponds exactly to w
space, which is the space of all real numbers. This means that if all the p’s are
real, so are all the w’s and vice versa. To show this, note that

3
= = 2Y(qe) + 2 ) _ Pri(godes (26.38)
and
3 L3
W= Z / P dg (26.149)
k=1 ¥ k0
Then
aW(g,J 2. % 9p? d
w, = V@) _ / 9Pic 99 (26.159)
aJ; k=1 "o 3J; 2pk
However, by Eq. (26.38)
9
opi =2Z k,(qk) (26.159a)
3J;
Thus
3 % 1 3
wj =y / o > <I>k,(qk)— dgi (26.159b)
k=1 Ya Pk =1 ]

This shows that if all the p’s are real, so are all the w’s. Also, from Eq. (26.159b)

dw; 1 Z’: ( )Z)a, 26.160)
= Drilgr) 5 -

g e 9

Here the sum is real. Also, if all the w’s are real, so are all the dw;/dqy; then all
the p’s are real. Thus, the domain Q corresponds exactly to the set of all possible
values for the w’s. From this fact and from Eq. (26.158), we have the result that
each v; is a SVD function of the w’s. However, we just showed that each g; is a
SVD function of the corresponding vy. Thus, for a conditionally periodic Staeckel
system, each gy is a SVD function of the w’s:

= fe(wr, wa, w3) ' (26.161)

with f; single valued and differentiable.

Periodic Properties of g, = fi(w1, wz, w3)
Because
3. 1w
W= Zf pilq, ) dg; (26.162)
i=1 Yai0

we have

Wy = qi (26 163)

3W(q, J) i /% i@ D)
ek =),
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The change of wy with changes in the ¢’s alone is given by

3
opi(g, J)
dwy = Z} i’a—‘jk—— dg; (26.164)
i=

Mathematically, we may let each coordinate g; go through an integer number of
cycles. [Such an event may not be possible physically, but we are concerned here
only with the mathematical structure and behavior of the functions fi(w;, wy, ws).]
What happens to the w’s? If each coordinate g; goes through m; cycles, then by

Eq. (26.164)
3 3
aPi Bp,
Aw = f —dg; = m'¢—-dq'
¢ ; m; cycle dJx ! ; ! aJy :
3 3
aJy ;mlfpl 9
3 3
= '(,)—z Zm, J;
i=1
= Mk (26.165)

If each of the functions g = fi(wi, w,, w3) goes through my; cycles, each wy
increases by the integer my.
This means that if, initially,

qr = fi(wy, w2, w3) (26.166)
then if each gy goes through an integer number my, of cycles, the resulting g’s will
be given by

gi = f(wi +my, wy + my, w3 + m3) (26.167)

Now consider the inverse problem, where each wy increases by m;. What hap-
pens to the g? If we begin with Eq. (26.166), the resulting ¢’s will be

g = filwy + my, wy + ma, w3 + m3) (26.168)

This is the same as Eq. (26.167), since the functions f; are single valued. In
Eq. (26.167), however, the librational ¢’s are unchanged from Eq. (26.166), and
each of the circulational g’s has increased by 2w m;. That is, each of the circu-
lational ¢’s has gone through my cycles, and each of the librational g’s has gone
through an integer number t; of cycles. By Egs. (26.165), Awy for a librational
coordinate equals 7, but, by the hypothesis of the inverse problem, Aw;, = my, so
that 7, = my. Thus, for either type of coordinate, if the corresponding Awy = my,
that coordinate has gone through m; cycles.

The Mean Frequencies

If, in a time interval T, the number of complete cycles passed through by any
coordinate is Ng, the corresponding mean frequency is defined by

ng = Tlingo(Nk/T) (26.169)

if the limit exists.
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We now wish to show that
_ aoq
A

for any conditionally periodic Staeckel system. To do so, note that if vy, v, v3 are
all commensurable, there exists a vy and positive integers m, m,, m3 such that

ng = v (26.170)

Vi = my vy k=1,2,3 (26.171)
Here, we may choose vy to be the greatest common divisor of the v’s. From
Wi = Vgt + & (26.172)
and Eq. (26.171), we may write
wy = My Vol + O (26.173)

In the time interval 7 = 1/vy, we have _
Aw, = my (26.174)

By the result for the preceding inverse problem, each g, goes through exactly m;
cycles in this time, so that the motion is truly periodic, with period T = 1/vy. In
the time interval

T=utr+e¢ (26.175)
where u is an integer and € a positive proper fraction of the period 1/vg, the number
of complete cycles passed through by gy is pmy. Then

my . pumg oy

ne = lim 2% — lim = e =w (26.176)
T—00 T n—oo T + € T

This completes the proof of the theorem for the commensurable case.

The incommensurable case is treated in Ref. 6. Physically, one cannot distin-
guish between a rational number and an irrational number, so that the preceding
result should hold in all cases of bounded Staeckel systems without asymptotic
coordinates. The main reason for giving the proof of the incommensurable case is
to verify the correctness of the mathematical formulation.
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Appendix A

Coordinate Systems and Coordinate
Transformations

OR theories of satellite orbits and ballistic trajectories, appropriate coordinates

are rectangular, spherical, and oblate spheroidal. In the appendices, the Earth-
centered inertial (ECI) coordinate system is the rectangular coordinate system un-
less otherwise specified. Special perturbations methods solve the equations of mo-
tion by numerical integration. Traditional methods of general perturbations seek the
solution of the equations of motion by series expansion and term-by-term analytic
integration of the disturbed acceleration. Brouwer’s method, which is a traditional
general perturbations method, performs contact transformations on the Delaunay
variables. Vinti’s method, which is not a traditional general perturbations method,
solves the Hamilton—Jacobi equation in the oblate spheroidal coordinate system.

If the position and velocity vectors of a satellite or a ballistic object can be
computed at any time, then the equations of motion for the object are essentially
solved. The algebraic approach is to determine six integration constants of motion.
The geometrical approach is to draw a figure of the desired coordinate systems
and then deduce the position and velocity vectors from it. This is simple for the
position vector. The velocity vector is obtained from the three-dimensional metric
as in theoretical physics.

To describe a coordinate system, the origin of the coordinate system must be
defined first. In trajectory mechanics, the center of mass must be defined with
respect to a coordinate system in which the trajectories are described. In other
words, the geometrical and physical principles must be clearly defined before a
theory can be developed. Vinti! gives the general theory and physical principles
for inclusion of the third zonal harmonic J3 of a planet’s gravitational potential
in an accurate reference orbit of an artificial satellite. Here, we provide a few
figures to supplement his geometrical interpretation of the coordinate systems and
coordinate transformations. This may help the reader to visualize the coordinate
systems and physical principles underlying the Vinti spheroidal method. Finally,
if the translation and rotation between two coordinate systems can be depicted in a
figure, then the figure can be a useful aid in deriving the coordinate transformation
between two coordinate systems.

I. Coordinate Systems
Spherical Coordinate System

The center of mass of the Earth is always at the origin of the ECI coordinate
system. If the Earth were a perfect sphere and the motion of an object unperturbed,

353



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

354 G.J. DER

Fig. A1 An ECI position vector expressed in terms of the spherical coordinates.

then the solution of the equations of motion would be Keplerian. In Fig. A.1,x, y, z
are the rectangular coordinates of the ECI coordinate system, and r, 6, ¢ are those
of the spherical coordinate system. The equation of the sphere of radius r can be
expressed in the form

X2 y? 22

=3 + ) + 2= 1 (A.1)

and the ECI position vector can be expressed in terms of r, 6, ¢ as

X rcosfcos¢
r=|y])=1{rcosfsing (A2)
z r sin@

The metric (As)?, which is the square of the magnitude of the differential posi-
tion vector As, is given by

(As)? = (Ar)? + (rA8)? + (r cos O Ag)? (A3)
Dividing Eq. (A.3) by (At)? and taking to the limit At — 0, we find
§2 =F2 4+ (r9)? + (r cos 0¢)? (A4)

The three terms on the right side of Eq. (A.4) are the square of the components
of the velocity vector in the spherical coordinate system that are identical to the
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3D metric

r cos 0 Ag

Fig. A.2 An ECI differential position vector expressed in terms of the spherical
coordinates.

square of the components of the three-dimensional metric divided by (A¢)? as
shown in Fig. A.2. The kinetic energy and the momenta in the spherical coordinate
system can be derived, and the Kepler problem can be solved by the Hamilton—
Jacobi procedure as shown in Chapter 6. After the position and velocity vectors
at any time are solved in the spherical coordinate system, they are required to be
transformed back to the ECI coordinate system. Taking the derivative of Eq. (A.2)
with respect to time, the ECI velocity vector becomes

% i cos B cos ¢ — rd sin6 cos ¢ — r cos O¢ sin ¢
F= (y) = | 7cos@sing — rdsind sing + r cosH¢ cos ¢ (A.5)
z Fsiné + ré cos @

Oblate Spheroidal Coordinate System

The oblate spheroidal coordinates p, 7, ¢ are depicted in Figs. A.3 and A 4.
The p coordinate describes the surface of an oblate spheroid, and p > 0 every-
where for real motion. The 1 coordinate describes the surface of a hyperboloid of
one sheet,and 0 < np < 1forz > Oand —1 < 5 < 0 for z < 0. (The sheet is
a surface of revolution, not a solid object.) The ¢ coordinate is the plane through
the polar z axis. For clarity, we first use the 1959 Vinti potential models such that
the origin of the ECI coordinate system coincides with the origin of the oblate
spheroidal coordinate system. The equations of an oblate spheroid and a hyper-
boloid of one sheet can be expressed, respectively, in the form

x2 + y2 22
a? b2
x2 +y2 22
A2 B2

=1 (A.6)

=1 (A7)
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Oblate spheroidal coordinates = (p, n, ¢) Equation of an oblate spheroid

x Dcos ¢ of semi-axes a and b
r = |yl = | Dsin¢g x4+ y? 2
— t ;—2— = 1
z pn a
=a= {02+ 2
D = ‘ﬁp2+cz)(]_n2) z OA=a pe+c
OB =b
D

P =P, 0 < p, £ ®©
spheroid

Fig. A.3 An ECI position vector expressed in terms of the oblate spheroidal coordi-
nates with respect to an oblate spheroid.

The ECI position vector can be expressed in terms of p, 17, ¢ as

X \/(pTcz)(lTnZ—) cos ¢
"=<Y>— Vp? + )1 — p?)sing (A.8)
‘ pn

where ¢ = r2J, and r, is the Earth equatorial radius. Now, for the 1966 Vinti
potential models, we have ¢? = r2J,[1— J2/(4J3)]. The constant, c(~210km) as
shown in Fig. A.4, is the radius of a focal circle in the spheroidal equatorial plane
(see also Chapter 8, Sec. II). The portion of the equatorial plane inside the focal
circle is the surface p = 0, while the portion outside is the surface n = 0. Note that
for large r, p = r and 1 = sinf. The magnitudes of the spheroidal coordinates
p,n,¢ arebounded by p > 0,1 >n > 1,27 > ¢ > 0 for real motion. We shall
revisit the focal circle later in the physical principles of this appendix.

The intersection of the two surfaces of revolution (an oblate spheroid surface and
a hyperboloid surface) is depicted in Fig. A.5. The foci belong to both the oblate
spheroid and hyperboloid. Note that the 1966 Vinti potential model requires the
origin of the oblate spheroidal coordinate system be shifted to a negative distance
8(~7 km) along the Earth axis of rotation (z axis); thus, z is replaced by z + §
in Eqgs. (A.6)—(A.8). For example, the § in Eq. (A.8) can be rearranged, and then
the third component becomes pn — 8. Physically, the origin of the ECI coordinate
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Oblate spheroidal coordinates = (p, n, ¢)

x Dcos¢
r = y = Dsing
z 7
L] "=
D = y(p? +c2)(l—n2) lines

Equation of a hyperboloid of one sheet
with semi-axes A and B

n = n, -1<y <1

hyperboloid of one sheet

2y o2
A B focus Jy
A=c] 11—+
B=cn
Pz=D=]x+ ¥

no=
- yusurface:

Fig. A4 An ECI position vector expressed in terms of the oblate spheroidal coordi-
nates with respect to a hyperboloid of one sheet.

Fig. A.5 An ECI position vector in the oblate spheroidal coordinates is a point on
the intersection of an oblate spheroid surface and a hyperboloid surface.
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system is approximately 7 km north of the origin of the oblate spheroidal coordinate
system.

The metric (As)?, which is the square of the magnitude of the differential posi-
tion vector As, is given by

(As)? = (hi1Ap) + (haAn)* + (h3Ag) (A.9)

where the coefficients 41, 4;, and k3 can be derived from

o (2N (Y () ke
" \ap ap ) P2+ D)

ax\*  [ay\® | [(9z\* o+’
() 5
27 \op an an 1=n%

5 (5) 4 (3) () - s
3 8¢ 3¢ el

as shown by Ref. 2. Dividing Eq. (A.9) by (Az)? and taking to the limit Az — 0,
we find

§% = (h1p)* + (han)* + (h3g)? (A.1D)

The three terms on the right side of Eq. (A.11) are the square of the components
of the velocity vector in the oblate spheroidal coordinate system, which are iden-
tical to the square of the components of the three-dimensional metric divided by
(At)? as shown in Fig. A.6. Thus, the kinetic energy and the momenta in the oblate
spheroidal coordinate system can be derived, and the Kepler problem can be solved
by the Hamilton—-Jacobi procedure as described in Chapter 8. After the position
and velocity vectors at any time are determined in the oblate spheroidal coordinate
system, they are required to be transformed back to the ECI coordinate system.
Taking the derivative of Eq. (A.8) with respect to time, the ECI velocity vector

becomes
% Dcos¢p — dDsing
r‘=(y')= Dsing — ¢D cos¢ (A.12)
z on+ pi
where
D = (o + A1 ~n?)
D =[pp(1 = 1°) = ni(p* + /D
Physical Principles

Vinti' gives the general theory and physical principles for inclusion of the third
zonal harmonic J3 of a planet’s gravitational potential in an accurate reference
orbit of an artificial satellite. Traditional methods of general perturbations seek to
develop a perturbed Keplerian orbit, and, therefore, the reference orbit is Keplerian.
Vinti’s reference orbit is not Keplerian. Vinti® indicates that his accurate reference
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n o= N .
hyperbola

> n o= N+ Ay
hyperbola

) y
l
n=0
line
______ PS = h, Ap
PQ = h,An
PR = h,A¢

|
Oblate spheroidal coordinates = (p, n, ¢)
45> = (mAp)? + (hpan)’ + (h349)

oy &

Fig. A.6 An ECI differential position vector expressed in terms of the oblate
spheroidal coordinates.

112 = [ﬂ-) +
2= )+ g+ (kg )’ : ap

orbit is a Newtonian approximation to the general relativistic orbit since the poten-
tial has a vanishing Laplacian. The Vinti spheroidal method, which is developed
from the Hamilton—Jacobian formulation of Newtonian mechanics, belongs to a
separate class of methods of general perturbations.

The physical significance of & or the translation of the origin of the spheroidal
coordinate system verifies the motion of Earth satellites in some “equatorial” and
polar orbits. The underlying physical principles should be of great interest in the
fields of orbital and celestial mechanics. However, for the general reader, this
translation of the origin may raise the disturbing question: Where is the mass
center after the translation? Here, we shall answer this question and re-emphasize
several basic concepts of coordinate systems for the Vinti spheroidal method.

Figure A.7 results if we could discard the top half of the sphere in Fig. A.l.
The mass center is at the origin O of the spherical coordinate system. When the
oblate spheroidal coordinate system degenerates into the spherical coordinate sys-
tem, the foci coincide at the mass center. A satellite trajectory described by the
position vector r is Keplerian if the force acting on the satellite is due only to the
gravitational potential —u/r. Using this potential and puttingc =0and § =0, a
Vinti trajectory degenerates into a Keplerian trajectory.

Figure A.8 results if we could discard the top half of the oblate spheroid in
Fig. A.3. The mass center is at the origin O of the ECI coordinate system and is
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Spherical coordinate system:

z ECI position vector
* Keplerian trajectory, if vV = —p /7 .

* Mass center at origin of coordinate system O * 7 cosd cosg
* Foci coincide at mass center - r = |y| = | rcosf sing
c=0 and §=0 = z r sin@

r
Earth equatorial plane I
o ! Y
7
=) y

X,

half sphere

Fig. A.7 The basic concept and coordinate system of a Keplerian trajectory.

identical to that of the oblate spheroidal coordinate system. A satellite trajectory
described by the position vector r is a Vinti trajectory if the force acting on the
satellite is due only to the gravitational potential V = —up(p? + ¢?5?)~!. This
1959 Vinti potential model requires that ¢> = r2J, and § = 0. Physically, the foci
of the oblate spheroid are at a distance £ ¢ km from the mass center, and there is no
translation of the oblate spheroidal coordinate system. The spheroidal equatorial
plane, which is perpendicular to the polar z axis, passes through the center of mass
at O and is a plane of symmetry of the 1959 Vinti potential V.

1959 Vinti potential model, even zonal harmonics only

* Earth Centered Coordinate coordinates = (x, y, z) origin at O

Oblate spheroidal coordinates = (p, ., ¢) origin at O EC1 position vector

»*

x Dcos ¢
* Vinti trajectory z _ | = | Dsing
* Mass center at origin of ECIand OSC coordinate systems O A B
* Foci at distance ¢ from mass center z on

c=210 km and 6=0 n=1
line

Spheroidal equatorial plane
and Earth cquatorial plane coincide

. n=0
line

p = 0y 0< [

spheroid

Fig. A8 The basic concept and coordinate system of the 1959 Vinti trajectory.
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1966 Vinti potential model, even zonal harmonics plus /4

-

Earth Centered Coordinate coordinates = (x, y, ) origin at O

Oblate spheroidat coordinates = (p. n. ¢) origin at O’ ECT position vector

-

x Dcos ¢
* Vinti trajectory .
* Mass center at origin of ECI coordinate system O r=1y| = | Dsing
* Foci at distance + ¢ from OSC origin at O 4 . on -6

c¢= 210 km, 8=7 km

Earth equatorial

Spheroidal
equatorial plane

Fig. A9 The basic concept and coordinate system of the 1966 Vinti trajectory.

Figure A.9 results if we again discard the top half of the oblate spheroid in
Fig. A.3. The mass center is still at the origin O of the ECI coordinate sys-
tem, while the origin of the oblate spheroidal coordinate system is translated
a negative distance to O’ along the Earth rotational z axis. Vinti assumes that
the z axis is also the axis of symmetry; i.e., the small wobbling motion of the
polar z axis is neglected. A satellite trajectory described by the position vec-
tor r is a Vinti trajectory if the force acting on the satellite is due only to the
gravitational potential V = —u(p + 8n)(p? + ¢*1?)~!. This 1966 Vinti poten-
tial model requires that ¢ = r2J,[1 — J2/(4J3)] and § = —r,J3/(2J,). Phys-
ically, the foci of the oblate spheroid are at a distance ¢ km from the origin
O’ of the oblate spheroidal coordinate system. The inclusion of J3 reduces the
original ¢ of the 1959 potential model by 2 parts in 1000, and c is still approx-
imately 210 km from the origin O’ of the oblate spheroidal coordinate system.
The ECI coordinate system is inertial or fixed with respect to some stars at a ref-
erence date; i.e., the J2000 coordinate system for orbital mechanics and the FK5
coordinate system for celestial mechanics; they are identical and referenced to
exactly noon on Jan. 1, 2000. Naturally, the origin of the oblate spheroidal co-
ordinate system must be translated, and the distance § is approximately —7 km,
taken positive northward, from the origin O of the ECI coordinate system. The
spheroidal equatorial plane, which is perpendicular to the polar z axis, does not pass
through the center of mass at O and is not a plane of symmetry of the 1966 Vinti
potential V.

Figure A.10 results if we could discard the portion of the oblate spheroid
above the spheroidal equatorial plane. The mass center, which is at the origin
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1966 Vinti potential model, even zonal harmonics plus J3

* Kepler trajectory possible everywhere
* Vinti trajectory possible everywhere except those passing through the focal circle
* Focl at distance +¢ from OSC origin at O'

¢ = 210 km, é =7 km

focal circle

Spheroidal
equatorial pl

Fig. A.10 The focal circle or the forbidden zone of the Vinti spheroidal method.

O of the ECI coordinate system, is still the attraction center for any real mo-
tion. Any real trajectory or its extension must pass through the Earth equatorial
plane. The focal circle, whose radius is ¢, lies on the spheroidal equatorial plane.
Only when § vanishes, the focal circle lies on the equatorial planes of both the
ECI and oblate spheroidal coordinate systems. Very few real trajectories pass
through the focal circle, but for a rocket shooting straight up with an eccentric-
ity very close to unity, it may. Thus, this type of trajectory exists. If the exten-
sion of a real trajectory passes the focal circle or the forbidden zone of the Vinti
spheroidal method, then an analytic Vinti representation of this trajectory does not
exist.

Figure A.11 depicts a satellite orbit and its two foci. These are not the same foci
as described previously in the oblate spheroidal coordinate system. The center of
mass is, of course, at the origin of the ECI coordinate system O, and it coincides
with the satellite orbit focus F1. We did not specifically name the foci of the oblate
spheroidal coordinate system to avoid confusion with the trajectory foci (F1 and
F2) of the ECI coordinate system.

In Fig. A.12, the ballistic object is an exo-atmospheric interceptor, which has
an apogee altitude of approximately 150 km above the surface of the Earth. The
hypothetical perigee of this ballistic object passes inside the Vinti focal circle or
the Vinti forbidden zone, and no analytic Vinti representation of this trajectory is
possible. In this case, a Keplerian or numerically integrated solution must be used.
This is a very special case because there is no analytic Vinti trajectory even though
the motion of the physical object is real. Since this type of trajectory is very short,
a Keplerian trajectory is used in the vinti6 computer routine to circumvent this
special case.
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ECI coordinate system origin at O
Satellite orbit foci, F1 and F2

O coincides with orbit focus FI, O =FI

Satellite

Satellite orbit

Fig. A.11 The satellite orbit focus F1 at the origin of the ECI origin and mass center.

ECI coordinate system origin at O
real ballistic trajectory focus at F1
perigee passes through the Vinti forbidden zone,

batlistic Keplerian trajectory only
object

Earth

Fig. A.12 Real ballistic trajectory that passes the Vinti forbidden zone.
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II. Coordinate Transformations

The state vectors (position and velocity vectors) in the ECI and oblate spheroidal
coordinate (OSC) systems are defined as

[N R I
b
i
SV I

If the ECI state vector x is given, then the OSC state vector can be obtained from

[0.5d + 0.5/d? + 4c2(z + 8)2]z

P
n (z+8)/p
¢ tan~!(y/x)

X=1"1|= (A.13
P VF J(p* + c*n?) :
'? VG [(p* + )
¢ (xy + xy)/D?

where
r?=x2+y2+2°
rF=xx+yy—+zz
d=0*=A+8Q2z+98)
VF = ori + (c*n +8p)z
VG = —nri- — (81— p)z
D =@+ (1 —n?)

Note that for real motion, F > Oand G > O with p > Oand —1 < n < 1. The
case of p = 0 implies that a trajectory or its extension passes inside or on the focal

circle.
If the OSC state vector X is given, then the ECI state vector x can be obtained
from
X Dcos¢
y Dsing
x=|? . =38 (A14)
x Dcos¢p —¢pDsing
y Dsing + ¢Dcos¢
z on+ pn
where

D =[pp(t —n?) = ni(p® +cH)]/D
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The input and output of a Kepler or Vinti algorithm are the ECI state vectors, x(f)
atthe initial time 7y and x(¢) at the final time ¢. Equation (A.13) is used to transform
the given ECI state vector x(fy) to the OSC form at time #y. The Vinti spheroidal
method solves the equations of motion in the OSC system, giving the OSC state
vector X (¢) at time ¢. Equation (A.14) is used to transform the OSC state vector
back to the ECI form x(¢) at time ¢.

An ECI state vector x consisting of the position and velocity vectors can be
transformed to an arbitrary set of osculating orbital elements (a, ¢, I, 2, @, M).
This coordinate transformation involves only instantaneous conversion since time
is not changed. The osculating orbital elements (a, ¢, I, Q, w, M), which are the
classical orbital elements, are different from the mean orbital elements as used for
the input of the simplified general perturbations (SGP) algorithms. Given an initial
ECI state vector, an initialization procedure to convert from the initial ECI state
vector to the SGP mean elements is necessary. The output of an SGP algorithm is
in the ECI form, and, therefore, no conversion is needed at the final time.

For the sake of completeness, we provide a set of computer routines for the
conversion of osculating elements to SGP mean elements. These SGP routines,
which were downloaded via the Internet from a computer at the U.S. Air Force
Institute of Technology, have been slightly modified to achieve true double pre-
cision computation. The conversion routines are developed from the epoch point
conversion method of Walter.* A more robust epoch point conversion method is
developed by Der and Danchick.’ Since the conversion is instantaneous, Izsak’s
method, described by Uphoff, is also applicable.® Differential correction methods
for the determination of mean orbital elements are expensive and unnecessary for
this purpose.
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Appendix B

Vinti Spheroidal Method Computational
Procedure and Trajectory Propagators

HE algorithmic implementation of a theory and the code realization (or com-

puter routine) of the algorithm are different aspects of applying the theory to
produce useful numbers. Conceptually, the theory of the Vinti spheroidal method
for satellite orbits and ballistic trajectories can be reduced to three steps:

1) Transform the given ECI state vector x(#;) to the oblate spheroidal form at
time ¢;.

2) Solve the kinematical equations for the oblate spheroidal state vector X(zy)
at time £.

3) Transform the oblate spheroidal state vector X (¢ ) back to the ECl state vector
x(t5) at time zy.

The six computer routines provided in this appendix were developed on the basis
of the preceding theory. However, the six algorithms differ in the second step.

An algorithm may be defined as a set of equations arranged in their order of
execution or a cookbook format. Vinti! provided the algorithms for both his 1959
and 1966 potential models. With the exception of the vinti3 and vinti4 routines of
Bonavito® and Lang,* none of the other four computer routines follow the original
Vinti algorithms. A computer routine is written in lower case bold characters, i.e.,
vinti3. In Chapter 8, the equations used in the algorithm for the 1959 Vinti model
are described. The extension of the algorithm to the 1966 Vinti model requires
only a few more equations and additional terms, but the order of execution is
the same. The first three algorithms use classical orbital elements, while the last
three use universal variables. The less obvious difference between the algorithms
is the use of elliptic integrals; Vinti tried to avoid them, but Getchell® showed their
advantages.

The implementation of an algorithm results in the computational procedure of a
computer routine. Even using the same algorithm, a computational procedure can
be different if the code developer chooses to implement a subset of equations in
the algorithm using his own favorite method or changes the order of execution of a
subset of equations to avoid a singularity. In this appendix, we shall describe only
the computational procedures in the vinti3 and vinti6 routines, which are based
primarily on Refs. 2, 4, works of Bonavito,? Getchell,* Monuki,’ and Der.® The
critical equations are listed without proof, but the interested reader can find the
answers in this text, Bonavito,” and Getchell.* The computational procedures used
in vinti3 and vinti6 are depicted in Fig. B.1.

367
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Given:
[xCe), 1., 1,] 4. Initialize the
. g — coefficients for the
R and N integrals
Ap,A,Aq for R's

1. Transform ECI to B, forN's for vinti3
spheroidal coordinates § | | — — — — — -~

( 0. ; '¢3) Ay, W, for R's
s 7, =
skt TerCiurCopsTi forN's

At ¢; , also determine u >17 'Il;rar;(st;orréla
and % for vinti§ ack 1o
coordinates
2. Calculate the (x,9.2,%,9,2)
Jacobi constants o's 5. Calculate the
a = a(X(4)) Jacobi constants B's
At t; , find the eccentric
anomaly E; for vinti3 or
the universal variable %
- - for vintié Solution:
3. Factorize the quartics [x(,)]
F(p),G (I”) 6. Solve the Generalized L
numerically Kepler Equation
Py *Pys P1Pys As B, At 1, find the eccentric
1, £, for vinti3 anomaly E . for vinti3 or
I the universal variable %
Y PYy AL By for vinti6
Ql, PI , P, SI for vinti6

Fig. B.1 The Vinti computational procedures used in vinti3 and vinti6.

I. The Kepler Problem

Given the initial ECI state vector (position and velocity vectors) x(#;), the initial
time #;, and the final time ¢4, find the final ECI state vector x(ty); units are
kilometers and seconds.

II. Given Constants

The following set of constants are used for calculating trajectories about the
planet Earth. However, if the four constants—geocentric gravitational constant
1, the equatorial radius r,, and the zonal gravitational harmonics J; and Js—are
replaced by those of another solar system planet, then the Vinti routines compute
trajectories in the same way without any change in the algorithms. The Vinti
routines, which are applicable to orbital and celestial mechanics, remove all doubts
that Vinti’s works are not just theory. This book provides not just a complete
theoretical treatment of these fields, but the computer source code to prove that
Vinti’s theory is years ahead of its time.

w =3.986005 x 10° km?/s? (the gravitational constant in vinti3)
= 1.0 (the normalized gravitational constant in vinti6)

re = 6378.137 km (Earth equatorial radius in vinti3)
= 1.0 (normalized Earth equatorial radius in vinti6)

J, = 1082.62999 x 1076
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Js = —2.53215 x 10~¢
Js = —1.61099 x 1076

c? =r5212(1 4]3) km?
§ = —%J;‘- km

III. The vinti3 Computation Procedure
1) Transform the given ECI state vector x(1;) to the oblate spheroidal form at
time ¢;:

[0.5d + 0.5y/d% + 4c2(z; + )23

" @+3)/p,

& tan~" (y:/x;)
Xw=1p|= JF/(p? + cnf)

o VG /(p? +c*nf)

(x:3i + % yi)/ D?
where x;, y;, z;, X;, ¥, and Z; are the components of x(z;), and
d=(r}—c*)+8Q2z +9)
f=xl4yl +o
rify = X% 4 yiyi + 2iZ
F=ck oz3 (pl +c )(—oz% +2up; + 2oqpi2)
G = —a3 + (1 — n})(03 + 2usn; + 201¢*n})
D* = (o +¢*)(1 =)
2) Compute the first half of the Jacobi constants (¢, o3, a3):
om0
o3 = X;Yi = Yiki
o = ~2encn} — 2udm + (1= n?) " [(o} + Pn}) 0] + o]
3} Factor the quartics, F(p) and G(n):
F(p) =’ + (p* + A (= + 2up + 201 p°)
F(p) = ~201(p ~ p1)(p2 ~ p)(p* + Ap + B)
G(n) = —03 + (1 — n*)(a3 + 2u8n + 2a1¢*n?)
G = (&5 —e3)n* (2 = ng?) (072 = n3?)

Comparing the two equations for F'(p), we find py + p3, p102, 4, and B, while
comparing the two equations for G(n), we find +ng and +17,. After factorization,



JAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

370 G.J. DER

the prime constants (ag, po, €o, o, . . .) and the mutual constants (a, p, e, I, ...) are
completely determined. The conversion of the eight constants from factorization
between Bonavito? and Getchell* (vinti3 and vinti5/vinti6) are listed as follows:

2 P
—(p1+p)=— pLp = —
Y Y

A= -=-2A B = B,
S=S/Si P=P
Ci=P Cy =0,

The constants on the left side are from Bonavito? and on the right side are from
Getchell.* Note that 2a; == uyy1 = uyo and @2 — a2 = pupoSo.
4) Initialize the coefficients of the six integrals (R, Rz, R3, Ny, Ny, N3)

2
R = (—20(1)_% [blE +a(E —esinE)+ vA| + ZAU sinjv]
j=1

4
R2 = (—20[1)_% |:UA2 -+ Z Agj Sil’ljv:l

j=1

4
R; = (—20(1)"% |:vA3 + Z Asj sinjv}

j=1

For R’s, we need the secular coefficients A, Az, and A3 and the periodic coeffi-
cients Ay, Azj, and As;. Because by = —(A/2), the R integrals can be determined
if the eccentric anomaly E is known.

2

~1 24+ qg2\ . '
N1=(Ol§‘0t§) 2778[311//—( 8q )s1n21ﬂ+%sm4w+...i|

[N

— 2 . 3 4 )
N, = (Ol% - Ol%) ﬂg[lelf - %(4 + 3q2)sln21[/ + »2—‘5!—6- sindyr + - - :|

_1 _1 _1
N3 = (a% —oz32) 2[)(no(_l — n%) 2(1 — ;72“2) 2

3 .
+ Bsy+ omgny sin 2y + -+ ]

For N’s, we need the variables v, q, B, B2, B3, X, Ym, V1, V2, .- ..
5) Compute the second half of the Jacobi constants (81, B2, B3):

ti + B = Ri(p:) + c*N1(m;)

B2 = —aaRa(0;) + caNo (1)
Bs = ¢; + asRs3(p;) — asN3(n:)
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using initial conditions and initialized coefficients. In the computer routine,
Bi=-T (capt), time of perigee passage
Br=w (somega), argument of perigee
By = (comega), longitude of the ascending node

It is critical that the eccentric anomaly E; be determined exactly at ¢;. Here, E; is
not the Kepler or two-body solution at #;.

6) Substitute the Jacobi constants (a1, o3, o3, Bi, B2, B3) back into the kinemat-
ical equations and solve for py, 7¢, and ¢ at the given final time ¢;.

ty + B1 = Rilps) + Ni(ny)
B2 = —aaRa(pf) + caNa(735)
Bs = &5 + c*a3R3(pr) — asN3(np)

We have three equations for three unknowns. The first kinematical equation is
the generalized Keplerian equation. The initial guess of the anomaly £ = E is
critical to guarantee an accurately converged Keplerian solution.

7) Transform the oblate spheroidal state vector X(t 1) back to the ECT state vector
x(ty) attime ty:

Xf Dcos¢y
yf Dsin ¢y
N 7 O Y 2 Vel
x(t) = X | 7 | Dcosgy — ¢ Dsings
):’f D sin‘(bf + ¢3fD.cos ofs
Zy b+ oy

where

D= /(67 +)(1 - n})

D =[psps(1=n2) —ngpip (o2 +%)]/D

IV. The vinti6 Computation Procedure

1) Transform the given ECI state vector x(¢;) to the oblate spheroidal form at
time ¢;:

[0.5 + 0.5/d2 + 4c2(z; + 8)*]3

i (z+8)/pi

& tan™! (y; /x;)
B N R I/ G Ry

ni

x VB (52 + )

(xi 31 + %;y;)/ D*
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where x;, y;, z;, Xi, ¥i, and Z; are the components of x(¢;), and

d=(r}—c*) +8Q2z +9)
rf=x+yl 47
VF = piriti + (g + 8p) 2
VG = —nirity — @n; — pi) 2
rifi = XiXi + yiyi + 2ii;
D? = (p! + ) (1 = n7)

2) Compute the first half of the Jacobi constants (¢, o3, o2):

1, 5. 2. .2 w(p; +8n;)
oy = —{x"+ vy +27) - ——————
1 2( i yz l) Pi2+027l,'2
a3 = X ¥ — YiX
2
o} = —2¢* %y — 2u8n; + (1 — 1) " [(F + n?) i + o)

3) Factor the quartics F(p) and G(n):

F(p) = p[c?po(1 = So) + (p* + ) (vop® + 20 — po)]
F(p) = pyi(yp® +2p — p)(p*> +2A10 + By)
G(m) = u[ — po(1 = So) + (1 — n*)(po + 287 + *yon’) ]
G(n) = uSipo(S +2Pn —n*)(1+ Pin — Qin’)

Comparing the two equations for F'(p), we find y1, py1, A1, and B;, while com-
paring the two equations for G(n), we find O, P, P, and S;.
4) Initialize the coefficients of the six integrals (R1, Rz, R3, N1, N2, N3)

4
_1 ~ A —1
= (uy)"? {(pl +ADR+el +p71 ) :Amwk}
k=0

6
= (po/y) " [P"% > Aka:l
k=0

Rs = as(upy1) 1 [Wa + A W3 + (Ay — AW,
+(As — A1cHWs + (Ag — Axc® + cHWs]

For R’s, we need A, and Wy, where Ag = 1, A; found by factorization, etc., and
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Wy = Vp = W is the true anomaly, W1 = (W + eV;)/p, V) =sinW, etc.

6
Ny = (Dl/az)[z CkQ"Tk]
k=0

Ny = Difu+ kiTo/2+ ki T2 /2 + 3kiT4/8 + Sk; Te/16]

Dy < Dy <
N3 = digi +daotrz ~ —— Y CilB1Of Ty — —— > Cal(FQ)' Ty
l—a= 1+a pard
For N’s, we need Cy, Cix, Cax, and Ty, where
Co=ad> C,=2ab,...
6
Cu = Z (da/BY)
a=k+1
6
Cy = Z (d./B5)
a=k+1
To=u Ti=1—cosu

T = [k — DTy — cosusin'u]/k  k=2,...,6

It is critical that the amplitude u of the elliptic integral and the universal variable
% are determined exactly at ¢;. Note that this % is the Vinti solution at ;.
5) Compute the second half of the Jacobi constants (81, 82, 83):

ti+ 1= Ri(o)) + 2 Ni(mi)
B2 = —o2Ra(p:) + caaNo(my)
B3 = ¢i + PasRa(or) — asN3 ()
using initial conditions and initialized coefficients. In the computer routine,
Br=-T (capt), time of perigee passage
B=w (somega), argument of perigee
B3 = (comega), longitude of the ascending node

6) Substitute the Jacobi constants (¢, a3, a3, B1, B2, B3) back into the kinemat-
ical equations and solve for py, 7, and ¢ at the given final time ¢;.

ty + B1 = Ri(ps) + *Ni(ng)
B2 = —aaRy(py) + aaNa(ny)
Bs = ¢r + CasRi(ps) — wsN3(ny)
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The first kinematical equation is the generalized Keplerian equation. The initial
guess of the universal variable (xhatQ) is critical and is computed by the rou-
tine Kepler1, which guarantees an accurately converged Keplerian solution. Once
the oblate spheroidal coordinates are computed, the derivatives are calculated

from
by V) (6} + )
)=l e/ )
/

as/[(0F + ) (1= n})]

giving the oblate spheroidal state vector X (/) at the given final time ;. Here, the
quartics are computed from

F = cag + (o} + ) (= o3 + 2ups + 21 07)
G = —oj3 + (1 = n5) (e + 2udns + 2a1¢°n7)

7) Transform the oblate spheroidal state vector X (¢ ) back to the ECl state vector
x(ty)attime ty:

Xp chsgb,«
yr D sin ¢y
B 72 D I L e
x(tp) = if | Dcos¢y —¢Dsingy
yr Dsings + ¢ ;D cos ¢y
s priy+ pority

where

D = J(6} +)(1 =)

D =[pspr(l —n7) —nsip(o} + )] /D

V. Summary of the Vinti Trajectory Propagators

Six computer routines, which have been developed by different organizations
and individuals since the early 1960s, are listed as follows: 1) vintil: Wadsworth
(Bell Laboratory, 1963), 2) vinti2: Izsak—Borchers (unknown location, no date),
3) vinti3: Bonavito (Goddard Space Flight Center and TRW, 1966), 4) vinti4: Lang
(MIT, 1968), 5) vinti5: Getchell (National Security Agency and TRW, 1970), and
6) vinti6: Der—Monuki (TRW, 1996).

Table B.1 shows the regions of applicability and singularities (or limitations) of
our six computer routines. The incomplete source code of the vintil and vinti4
computer routines are included as an exercise for the interested readers. Because
there are published papers on Vinti’s method by others in China, France, Japan,
and Russia, we may assume that Vinti computer routines in these countries exist,
but their capabilities are unknown.

The first three routines are formulated in terms of classical orbital elements for
circular and elliptic trajectories. The last three routines are formulated in terms of
universal variables, and theoretically they are applicable to all conic trajectories.
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Table B.1 Regions of applicability and singularities of vintil to vintié

Computer
Formulation routine Circle Ellipse Parabola Hyperbola  Singularity

Classical vintil —_ — No No —
elements vinti2 Yes Yes No No ix0,e~1
vinti3 Yes Yes No No e~ 1
Universal vinti4 — — — Yes —_
variables vintiS Yes Yes No Yes e~ 1
vinti6 Yes Yes Yes Yes None

However, vinti4 and vinti5 have never been applied to parabolic trajectories; there-
fore, vinti6 was initiated to solve this problem. Note that a parabolic trajectory in
the oblate spheroidal coordinate system is rare. Except for vinti2, all the source
code was intended to be readable. Even though these routines are not optimized
for computational efficiency, they are more computationally efficient than other
types of analytic trajectory predictors.

The first five routines were coded before 1970, while the sixth routine was com-
pleted in 1997. The last routine not only applies to parabolic orbits but guarantees
the convergence of the generalized Kepler equation and avoids all possible sin-
gularities including the Vinti forbidden zone. Simulation results of these routines,
which are given in Appendix C, demonstrate that a Vinti trajectory is always more
accurate than the corresponding Kepler trajectory.

vintil

Wadsworth” (1963) developed this routine to predict accurately the free-flight
motion of a rocket near the surface of the Earth. Part of the original source code
from Wadsworth is included. Developing a Vinti computer routine is not a simple

task. However, we present this as a challenging exercise for the interested reader
to complete this computer routine.

vinti2

This Izsak—Borchers® routine was developed for the onboard targeting software
of a long-range rocket. Onboard computer memory was very limited 30 years
ago, and the source code was written to save memory. The reader can immedi-
ately find out that the source code is practically useless without a programmer’s
cookbook. This computer routine is included to illustrate how a simple, elegant

theory can be developed into a sophisticated algorithm and then programmed to
be unreadable.

vinti3
Bonavito® followed almost exactly the algorithm Vinti might have written for

his 1966 model. This routine has been used as a workhorse at TRW for drag-free
satellite trajectory propagation over long time spans.
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vinti4

Lang? (1968) developed this routine under Vinti at the Massachusetts Institute
of Technology to begin the universal variable approach to the Vinti spheroidal
method. Lang’s excellent thesis, which complements the short paper of Getchell,
presents the fundamental concepts, useful formulas, and the analytic method of
factorization. Note that a simple numerical method of factorization as used in both
vinti3 and vinti6 gives more accurate results. Part of the original source code from
Lang is included as an exercise.

vinti5

Getchell* developed this routine to predict accurately the motion of satellites
using universal variables and the Vinti 1966 potential model. Vinti and many
others computed the Jacobi constants «; before the factorization process or the
computation of the F and G quartics. However, Getchell reversed the order to
simplify the coordinate transformation at the initial time. Getchell also used elliptic
integrals to simplify the iterative solution of the generalized Kepler equation.

vinti6
Der® and Monuki® developed this routine to remove the remaining limitations
in the previous five computer routines. No new algorithms were invented, but old

tricks were applied. This routine guarantees a Vinti solution for circular, elliptic,
parabolic, and hyperbolic trajectories.

References

Winti, J. P., Astronomical Journal, Vol. 74, 1969, pp. 25-34.

2Bonavito, N. L., NASA Technical Note, D-3562, 1966.

3Lang, T., “Vinti Unbounded Trajectories,” master thesis, Dept. of Aeronautics and As-
tronautics, Massachusetts Institute of Technology, Cambridge, MA, 1966.

4Getchell, B. C., Journal of Spacecraft and Rockets, Vol. 7, No. 4, 1970.

*Monuki, A. T., Vinzi Potential, Unpublished TRW Rept., 1979.

Der, G. J., Vinti Trajectory Propagators, Unpublished Paper, 1996.

7Wadsworth, D.V., “Vinti Solution for Free-Flight Rocket Trajectories,” AIAA Journal,
Vol. 1, June 1963, pp. 1351-1354.

$Borchers, R. V., “A Satellite Orbit Computation Program for Izsak’s Second-Order
Solution of Vinti’s Dynamical Problem,” Goddard Space Flight Center Technical Note,
NASA TN D-1539, Feb. 1965.



GAIAA

e Wars orum far koo Lodesip. PUrChiased from American I nstitute of Aeronautics and Astronautics

Appendix C

Examples

OR satellite orbits and ballistic trajectories disturbed by the oblateness of the

Earth, it is well known that the Keplerian solution is the first-order approxi-
mation to the Vinti solution. It is less obvious that the Keplerian solution is also
the key to the Vinti solution. The kepler1 routine provided by this text guarantees
an accurately converged Keplerian solution. The vinti6 routine, which takes ad-
vantage of the Keplerian solution, always computes an accurate Vinti solution for
any conic trajectory.

The primary purpose of this appendix is to provide numerical solutions of the
analytic vintié routine with which other analytic or numerical solutions can be
compared. Though only a small sample of our computer test cases is provided in
this appendix, they include circular, elliptic, parabolic, and hyperbolic trajectories
at various inclinations (0, 63.4, 90°). These example trajectories, except the first
one, exhibit singularities or difficulties for all other analytic method. The reader
can, of course, use the computer routines to solve easier problems by changing the
input conditions in the given input data files.

In the following examples, the initial time #; is assumed to be zero without
loss of generality. In a Vinti routine, the initial and final time, ¢; and ¢, are both
arbitrary. The given initial state is x(¢;). The computed final states for the Keplerian,
Vinti, and numerical trajectories are, respectively, x g (t7), Xy (t5), and x y(t7). The
numerical solution is computed by a seventh-order, 11-iterations-per-step, classical
Runge—Kutta integrator (RK711) using a WGS84 Earth gravity model with only
the zonal harmonics J;, J3, and Jy. In other words, we are comparing the analytic
solutions against the numerical solutions with the Earth potential model. We shall
also introduce a Vinti numerical exact solution, so that the analytic Vinti solutions
can be evaluated against the Vinti potential model.

Again, the Vinti potential, V=—u(o+8n)(02+c*n*)~!, in the oblate spheroidal
coordinate system is well known, but the Vinti potential in the ECI coordinate sys-
tem is not. The ECI Vinti potential has little value if the analytic Vinti solutions
cannot be computed. If the equations of motion are numerically integrated in the
ECI coordinate system using a particular acceleration model, then the solution is
“almost” exact for that model. We may use the Vinti oblate spheroidal potential,
but the gravitational acceleration vector —V V must be expressed in the ECI form
for numerical integration. The complete expression of the ECI gravitational accel-
eration due to the Vinti potential will be given in a future paper. All we need is
the 3 x 3 Jacobian of the position components of the ECI and oblate spheroidal
coordinate systems. A numerical exact Vinti solution represents the best Vinti solu-
tion that any analytic Vinti solution can achieve. The neglected or truncated terms
in the formulation of an analytic Vinti solution are represented by the difference
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between the analytic and numerical exact Vinti solutions. Simulation results show
that each component of the state vector of a vinti6é solution and the corresponding
numerical exact Vinti solution match to at least 12 significant digits in all of our test
cases. Therefore, we conclude that the neglected terms in Getchell’s formulation
are insignificant.

In addition to presenting the 10 examples, we use four tables to compare the
accuracy of analytic trajectories against numerical reference trajectories. A ref-
erence trajectory is computed by the classical Runge—Kutta integrator (RK711)
using a WGS84 Earth gravity model with only the zonal harmonics, J;, J3, and
Jsy. The numerical exact Vinti solution is also given for completeness. A number
in the matrix represents the averaged number of significant digits matched with
the reference position vector components.

If the computer CPU time for a Kepler solution is defined as one time-unit, then
the Vinti and SGP solutions take, on the average, 5 and 10 time-units, respectively.
In a 143-Mhz Sun workstation with an ULTRA SPARC processor, one time-unit
is approximately 20 ws, while on a 200-Mhz Pentium-Pro personal computer, it is
10 ws. Although every computer routine is likely to have bugs just as every book
probably has typographical errors, our simulation results show that the keplerl
and vinti6 are extremely accurate and reliable. A Vinti solution, which is at least
a few orders of magnitude more accurate than a Kepler solution, is just a few
microseconds slower in real time.

I. Low-Earth Orbit

This simple example is provided so that the SGP4 routine can compute a solu-
tion without any problem. We shall use this low-Earth orbit to compare numerical
accuracy in Table C.1. The given initial and final times are ; = 0, t; = 10,000 s,
where

osculating classical orbital elements at 7p = 0
semi-major axis = 6640.262815499317000 km

eccentricity =9.496210216913872E—-003
inclination =72.853838974525400 deg
ascending node =115.962302753882600 deg
argument of perigee = 57.735018723715720 deg
mean anomaly =105.534231958634600 deg
2328.965%4 —500.5832559961
—5995.21600 —3075.2376202228
x(t) = 1719.97894 xx(ts) = 5822.4061243021
' 291110113 r 39383267135
—0.98164053 —6.1032449766
—7.09049922 —2.8166618485
—485.5222682585 —479.1990953029
—3123.5190458862 —3132.5319528031
xv(ty) = 5796.3841118105 Xu(ty) = 5790.4839771675
3.9097618929 3.9111905123
—6.0846992371 —6.0775687486

—2.8777002798 —2.8918513134
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Table C.1 Elliptic low-Earth orbit, 72° inclination®?

. . Numerical
Propagation Analytic predictors extra Vinti
time, s Kepler SGP4 Vinti2 Vinti3 Vintis Vinti6 RK711
1 9 8 8 9 11 11 13
10 6 7 8 9 9 9 11
100 5 6 6 7 7 7 8
1,000 2 5 6 6 6 6 6
10,000 1 2 2 2 2 2 2

*The inaccurate solutions at 10,000 s are due to atmospheric drag.
°A number in the matrix represents the averaged number of significant digits matched with the reference
position vector components.

II. High-Earth Orbit

When the eccentricity is zero, the SGP4 routine must be replaced by the less
accurate SGP routine to avoid the singularity. We shall also use this high-Earth
orbit to compare numerical accuracy in Table C.2. The given initial and final times
are t; =0, t; = 10,000 s, where

osculating classical orbital elements at 7o = 0
semi-major axis = 7878.135704119925000 km

eccentricity = (0.000000000000000E+000
inclination =29.999999981223680 deg
ascending node =137.217976698769400 deg
argument of perigee = 0.000000000000000E+000 deg
mean anomaly = 35.999999974203660 deg
2328.96594 6693.9937332156
—5995.21600 —4053.6749275797
x(t) = 1719.97894 xxty) = —907.2876049643
291110113 2.8690496198
—0.98164053 55123917721
~7.09049922 —3.4609097997
6712.0609670035 6712.0572667907
—3985.3574556181 —3985.361473247
xv(t,) = —981.32635365161 xu(ts) = —981.3375535940
: 2.7986992751 : 2.7986983307
5.5685271109 5.5685290662
—3.4494924890 —3.4494902230

III. Molniya Orbit

This example tests the critical inclination on a 12-h satellite orbit. The given
initial and final times are ; = 0, f; = 86,400 s, where
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Table C.2 Circular high-Earth orbit, 0° inclination®

. . Numerical
Propagation Analytic predictors extra Vinti
time, s Kepler SGP Vinti2 Vinti3  Vinti5  Vinti6 RK711
1 9 3 7 5 11 11 11
10 7 3 6 5 10 10 10
100 4 3 5 5 8 8 8
1,000 2 3 5 5 6 6 6
10,000 1 1 2 5 5 5 5

YA number in the matrix represents the averaged number of significant digits matched with the
reference position vector components.

osculating classical orbital elements at zp = 0
semi-major axis =26,628.136194743230000 km

eccentricity =7.416966410816510E—001
inclination = 63.400000000279700 deg
ascending node = 119.999999995627700 deg
argument of perigee = 359.999998521220600 deg
mean anomaly = 144.008864736199700 deg
[ 19,850.34032 19,766.0536122
—40,076.98531 —40,042.8145765
x(t) = 5,686.51314 xx(ty) = 5,798.16095975
0.9622473922 0.96977866348
—0.3840200243 —0.39925120750
| —1.2806877932 —1.27850448490
[ 19,663.9353084 19,663.9664163
—40,094.4781151 —40,094.4541867
xy(ty) = 5,795.9262619 xuty) = 5,795.8734577
0.9686039103 0.96860045712
—0.4014772083 —0.40146845120
L —1.2785482612 —1.2785505095

IV. Geosynchronous Orbit

This example tests both the zero eccentricity and inclination. Note that there is
no “equatorial” orbit in the Vinti solution, which implies that equatorial orbits do
not exist in real motion. The given initial and final times are t; = 0, t; = 86,4005,
where

osculating classical orbital elements at fp = 0
semi-major axis =42,164.171587425180000 km

eccentricity = (0.000000000000000E+000
inclination = 0.000000000000000E+000 deg
ascending node = 0.000000000000000E+000 deg

argument of perigee = 0.000000000000000E+000 deg
mean anomaly = 250.000000003011600 deg
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—14,420.99601
—39,621.36091
0
x(t) =
—1.0515957400
0.

—13,727.98920329
—39,866.77387685
—0.0002772068
xy(ty) =
—1.0010590414
—0.0000000003

2.8892355501 U

2.9071320167 *nlty) =

—13,737.29692824
—39,863.56782061
0.
2.9068975587
—1.0017396107
0.

—13,718.67926054
—39,869.97849942
—0.000000086551
2.90736571383
—1.00038011634
—0.0000000007

V. Parabolic Orbit of 0° Inclination

If ECI input is parabolic, then there is no “parabolic” orbit in the spheroidal
coordinate system. The final orbit is highly eccentric. The given initial and final

times are t; = 0, t; = 21,600 s, where

osculating classical orbital elements at fp = 0

semi-major axis = 1.000000000000000E+030 km

eccentricity = 1.000000000000000
inclination = (0.000000000000000E+000 deg
ascending node = (0.000000000000000E+000 deg
argument of perigee = 0.000000000000000E+000 deg
mean anomaly = (1.000000000000000E+000 deg
10,000. —65,371.81216572
0. 54,907.85450761
_ 0. _ 0.
*(t) = 0. kU= ) 8712690908
8.9286113142 1.0458500397
0. 0.

—65,386.51048664
54,824.07404366
—0.0427413796
xy(ty) =
1.0414098075
—0.0000013464

—2.8706415782 xultr) =

—65,386.51377768
54,824.06154128
—0.04270679538
—2.87064153247

1.04140916778

—0.00000134538

381

V1. “Parabolic Orbit” of 0° Inclination in the Oblate Spheroidal System

The ECT input is slightly hyperbolic, so that it is “parabolic” in the Vinti oblate
spheroidal coordinate system (see Table C.3). That is, the total energy is zero or
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Table C.3 Parabolic orbit, 0° inclination®

. . Numerical

Propagation Analytic predictors extra Vinti
time, s Kepler SGP Vinti2 Vinti3 VintiS5 Vinti6 RK711
1 9 — — — — 13 13
100 5 — — — — 9 9
10,000 2 — — — — 8 8
86,400 2 — — — — 7 7

(1 day)
864,000 2 — — — — 6 6

(10 day)

®A number in the matrix represents the averaged number of significant digits matched with the
reference position vector components.

o) = 0. The given initial and final times are t; = 0, ¢y = 21, 600 s, where

osculating classical orbital elements at 1o = 0
semi-major axis = —2.269809983628260E+007 km
eccentricity = 1.000440565513066

inclination = 0.000000000000000E+000 deg
ascending node = 0.000000000000000E+000 deg
argument of perigee = 0.000000000000000E+000 deg
mean anomaly = (0.000000000000000E+000 deg

10,000. —65,379.23990243
0. 54.962.18246752
0. 0.
x(t) = 0. k()= 5 87740624638
8.9295946696017 1.04893952398
0. 0.
—65,393.97186689 —65,393.97516284
54.878.43471233 54.878 42221500
eyt = | 0042750659016 () — | —0-042716099436
—72.87180213163 f —2.87180208635
1.044500848346 1.04450020887
—0.00000134746 —0.0000034645

VII. Hyperbolic Orbit of 0° Inclination
This hyperbolic trajectory is artificial, because the satellite has reached a dis-

tance far from the sphere of influence of the Earth. This example demonstrates the
robustness of the vinti6 routine. The given initial and final times are t; = 0,1, =
864,000 s (10 days), where
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osculating classical orbital elements at 5 = 0

semi-major axis = —81,018.008496107870000 km
eccentricity = 1.123429348432829
inclination = 0.000000000000000E+000 deg

ascending node 0.000000000000000E+000 deg
argument of perigee = 0.000000000000000EA+000 deg

mean anomaly = (0.000000000000000E+000 deg
10,000. —1,897,260.450641
0. 1,017,055.109125
_ 0. _ 0.
Xw=1 *kUD=1 ) 0469939635
9.2 1.0488310491
0. 0.
—1,895,825.589375 —1,895,825.434780
1,013,534.429643 1,013,533.940893
oty = | —0-9236691031 ity = | 092295381665
Vi —2.0449291200 NYs —2.04492888725
1.0447195567 1.04471899026
—0.0000009786 —0.000000977894

VIII. Hyperbolic Orbit of 90° Inclination
The given initial and final times are t; = 0, t; = 864,000 s (10 days), where

osculating classical orbital elements at f5 = 0

semi-major axis = —81,018.008496107870000 km
eccentricity =1.123429348432829
inclination 90.00000000000000E+000 deg

ascending node 0.000000000000000E+000 deg
argument of perigee = 0.000000000000000E+000 deg

mean anomaly = 0.000000000000000E+000 deg
10,000. —1,897,260.45064
0. 0.
0. 1,017,055.10912
;) = t = ’ ’
x(#) 0. xx(ty) —2.0469939634
0. 0.
9.2 1.0488310491
—1,895,222.00657 —1,895,221.78154
0. 0.
xy(ty = | 1:014,670.41072 xn(t) = | 1:014,670.05463
VRIZ= 1 220442992160 NYSTT 22.0442989103
0 0

1.0459513077 1.0459508846
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Table C.4 Hyperbolic orbit, 90° inclination®

. . Numerical

Propagation Analytic predictors extra Vinti
time, s Kepler SGP Vinti2 Vinti3 Vinti5  Vinti6 RK711
1 9 — — — — 13 13
100 5 — — — — 9 9
10,600 3 — — — — 6 6
86,400 2 — — — — 6 6

(1 day)
864,000 0 — — — — 6 6

(1 day)

?A number in the matrix represents the averaged number of significant digits matched with the
reference position vector components.

IX. Long-Range Ballistic Missile Trajectory
This example illustrates a long-range ballistic missile in a retrograde trajectory
(see Table C.4). The given initial and final times are #; = 0, t; = 1000 s, where

osculating classical orbital elements at f = 0
semi-major axis = 4687.953562723175000 km

eccentricity = 6.156073264729958E—001
inclination = 133.914685183962600 deg
ascending node = 18.107803794189210 deg
argument of perigee = 335.867839344461500 deg
mean anomaly = 107.185803129158600 deg
—3158.00000 —6473.6112958366
—4647.00000 —3206.4212088435
x() = 3568.00000 xx(ty) = 1075.5765925537
—5.74500000 —0.526409920884
—0.97200000 3.389073897476
—0.89500000 —3.515561063365
—6473.0551629885 —6473.0557229332
—3206.1626988526 —3206.1637491443
xy(ty) = 1071.7467222969 xn(ty) = 1071.7459270133
—0.523319895600 —0.523320813163
3.390916610237 3.390915437503
—3.521575157896 —3.521576882969

X. Exo-Atmospheric Interceptor Trajectory

This example illustrates an exo-atmospheric interceptor that has a perigee ra-
dius of 19 km, and, therefore, the extension of the trajectory passes the focal circle
or the Vinti forbidden zone. The eccentricity is approximately 0.994. By default,
vinti6 gives the Keplerian solution, but the numerical exact Vinti solution is given
below in xv(¢;). The given initial and final times are ; = 0, ¢ = 100 s, where
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osculating classical orbital elements at 5 = 0
semi-major axis =3251.548870391171000 km

eccentricity =9.940795562606448E—001
inclination =96.057156000898360 deg
ascending node =106.928715972110900 deg
argument of perigee = 213.426009474111200 deg
mean anomaly = 166.006964173314400 deg
—1221.14362 —1210.2635448748
5288.41648 5275.0167907335
x(t) = 3502.50807 xx(ty) = 3563.8283386621
! 0.0192755409 ! 0.1977767393
0.2545356003 —-0.5209724863
0.8722443619 0.3534817097
—1210.2762310557 —1210.2754882091
5275.0431119839 5275.0427800469
xy(ty) = 3563.7555575245 xn(ts) = 3563.7548164270
0.197565823142 7 0.19758054893989
—0.520405921315 —0.52041272393527

0.352124771187 0.35210988750489
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Appendix D

How to Use the Vinti Routines

N THE floppy, there are two folders: source and examples. The source
folder has all the source code, the input data files, and a subfolder named
others. The examples folder has the output data files that were generated for the
10 examples in Appendix C. These routines were originally developed on a UNIX
workstation and then ported to a personal computer (PC) with the WINDOWS 95
operating system. On the PC, we use the Microsoft Fortran PowerStation 4.0 to
compile, link, and run the program, and this is the preferred configuration.
In this book, we provide two extremely accurate and robust Kepler and Vinti
routines (keplerL.f and vinti6.f). These routines, which use universal variables to
simplify the conic trajectories, are also free of singularities.

1. The Source Folder

The computer routines that are illustrated in Fig. D.1 are listed as follows.
1) Input data file: input.txt

2) Output data file: v_prop.log

3) Main program: propagate.for (which calls the following subroutines):

kepler.f

sgp-driver.f (which calls sgp.f, sgp4.f, sgp8.f,
sdp4.f, sdp8)

vinti2.f

vinti3.f

vintiS.f

vinti6.f (which calls kepler1.f)

Note that the input.txt file is created using the Notepad utility. The 10 input
data files are named accordingly. The routines kepler.f and kepler1.f are identical
except that keplerl.f returns with the universal variable needed by vinti6.f. The
remaining routines are utility codes for output purposes.

The subfolder others contains all the C routines and the two partially completed
Vinti Fortran routines (vintil.f and vinti4.f).

II. The Examples Folder

This folder contains all the output data files of the 10 examples. The v_prop.log
output files are renamed to:

387
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Main Program: propagate.for

call kepler

Input: input.txt Output: v_prop.lo
£ g call sgp_driver pu- v, Prop-o8
State vector: x(1))
Initial time: s, call vinti2 State vector: x(z;)
Final time: ¢,
call vinti3

call vintiS

call vinti6

Fig. D.1 An overview of the source code.

Exl.leo.log = output file of Example 1 for the low-Earth orbit satellite

Ex2_heo.log = output file of Example 2 for the high-Earth orbit satellite
of zero eccentricity

Ex3_mol.log = output file of Example 3 for the Molniya orbit satellite
of critical inclination

Ex4_geo.log = output file of Example 4 for the geosynchronous Earth
orbit satellite

ExS5_par0.Jog = output file of Example 5 for the parabolic orbit satellite
of zero inclination

Ex6_parOx.log = output file of Example 6 for the “Vinti” parabolic orbit
satellite of zero inclination

Ex7_hypO.log = output file of Example 7 for the hyperbolic orbit satellite
of zero inclination

Ex8_hyp90.log = output file of Example 8 for the hyperbolic orbit satellite
of 90° inclination

Ex9_kwaj.log = output file of Example 9 for a ballistic missile trajectory

Ex10.intr.log = output file of Example 10 for an exo-atmospheric
interceptor trajectory at approximately 80 km altitude

III. The Users

We envision three types of users. A user may follow the relevant procedures to
retrieve the source code and example results from the floppy.

User Who Wants to Use All the Fortran Source Code on the Floppy

1) Create a new directory (UNIX) or folder (PC) and name it Vinti.

2) Copy or drag the examples and source folders into the Vinti folder and go
to the source folder.

3) Create a makefile (UNIX) or a workspace (PC, Microsoft Fortran) to compile
the code.

4) Compile and link all the source code.

5) Copy the appropriate input file (i.e., inputgeo.txt) to replace input.txt (input-
leo.txt is the input.txt by default).
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6) Run the main program.
7) Compare the newly generated output data file v_prop.log with that in the
examples folder (i.e., ex4_geo.log).

User Who Wants to Replace His/Her kepler Fortran
Subroutine with keplerl or vintié

1) Copy or drag the vinti6.f and keplerl.f of the source folder into the directory
or workspace that has the kepler subroutine. (Note that vinti6.f calls kepler1.f for
the Keplerian final state and universal variable at the given final time; kepler1.fis
the only external routine called by vinti6.f.)

2) Make sure the calling parameters match with those of keplerl.f or vinti6.f.

3) Replace the kepler subroutine by keplerl.f or vinti6.f; recompile and run
the program.

User Who Wants to Replace His/Her kepler C Subroutine
with keplerl or vinti6

The C routines were originally developed on a PC with the WINDOWS 95
operating system. On the PC, we use the Microsoft Visual-C++ PowerStation 4.0
to compile, link, and run.

1) Open the subdirectory or subfolder (PC) others source in the source folder.

2) Copy or drag keplerl.cpp or Vinti6.cpp into your directory or folder.

3) Make sure the calling parameters match with those of keplerl.cpp or
Vinti6.cpp.

4) Replace the kepler subroutine with keplerl.cpp or Vinti6.cpp; recompile
and run the program.

IV. Some Editing Problems

Some difficulties were encountered in using the Layhey Fortran compiler on
a PC. To circumvent such problems, the user may open the problem routine by
Microsoft Word and then immediately save the routine as text with line breaks.
The newly saved routine should work.

When a computer routine is copied into a directory of a UNIX workstation,
using a vi editor, the user may see a strange symbol “*M.” This is also due to a
line break in a DOS routine, which is not recognized by the UNIX vi editor. The
user may delete this by using a vi editor command “:1, $s/*M//g.” To type the
symbol “*M,” the keys control and v are pressed simultaneously for *, and then
the keys control and m are pressed simultaneously for M.
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